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FRECHET VALUED REAL ANALYTIC FUNCTIONS

Dietmar Vogt

Abstract

We characterize those Fréchet spaces E for which Proj! 4(Q), E) = 0, where A(Q, E)
is the (PLB)-space of E-valued real analytic functions on the open set O € RY.
This has various consequences, among those a characterization of all (LB)-spaces
X for which Ext'(X, 4(Q)) = 0 in the category of (PLB)-spaces, which means that
every exact sequence

0 —— AQ) ——— Y 4 X —— 0

where Y is of type (PLB) splits.

Let E be a Fréchet space, || |1 < | li2 € ... a fundamental system of seminorms,
Q0 C R open and A(Q, E) the space of E-valued real analytic functions on €, i.e. of
those E-valued functions f on Q for which yo f € A(Q)) for all y € E/. By Ei, k€ N
we denote the local Banach spaces and by j¥ : E, — Ey forn > k, j* : E — Ey
the canonical linking maps. Then we can describe A(Q, E) also as the space of all
E-valued functions f on Q so that j5 o f € A(Q, E;) for all k£ € N. Here A(Q, Ey) is
the space of all Fy-valued functions which can be expanded onto their Taylor series in
a neighborhood of any point of Q. Therefore A(Q, EY) can be written in a natural way
as projective limit
A(Q), E) = limproj, H(Kn, Ey)

where K CIQQC K, C ... is a compact exhaustion of Q and H(K,, E,) denotes the
(LB)-space of germs of E,-valued holomorphic functions on K,,. So A(Q2, E) is a (PLB)-
space, i.e. a countable projective limit of (LB)-spaces, and we may ask the question,
when Proj' A(Q, E) =0.

Let us recall that for a (PLB)-space Y = limproj, Y, all reduced defining spectra
(Y;)n of (LB)-spaces are equivalent. Therefore Proj'Y = Proj! Y; does not depend
on the (reduced) spectrum (Y3), and is one of the most important invariants of such
a space. Its vanishing is, at least in the case of a (PLS)-space, equivalent to Y being
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ultrabornological. Its main significance is that it is the “cohomology of Y. Proj' ¥ =0
for a (PLB)-space Y allows to conclude from “local surjectivity” to surjectivity for
linear maps where Y appears as kernel. Spaces like 2'(2) of distributions, A(Q) of real
analytic functions or L(E, F) of continuous linear maps, where E and F' are Fréchet
spaces, arc (PLB)-spaces. For the first two we have Proj' Y = 0. The fact that
Proj' A(2) = 0 or, equivalently, that A(Q) is ultrabornological played an important role
in the proof in [9] that A(2) does not have a basis. For nuclear Fréchet spaces we have
Proj'L(E, F) = Ext}(E, F), hence Proj' L(E, F) = 0 means that every exact sequence
0— F — G — E — 0 of Fréchet spaces splits. A similar connection we will usc below
to give a characterization of those (LB)-spaces for which Exth; 5(X, A(Q)) = 0. See
for that also the final remarks of §3.

Throughout the paper we use common terminology for locally convex spaces, in par-
ticular Fréchet spaces. For all this we refer to [24], for homological concepts to [32].

The author thanks P. Domanski for useful conversations and remarks.

1 Main theorem

The answer to our problem is given in the first of our two main theorems. Throughout
this paper E will always denote a Fréchet space.

Theorem 1.1 Proj' A(Q. E) =0 if ond only if E has property (6)
A Fréchet space with a fundamental sequence of seminorms (|| -[|,) defining the topology
is said to have property (Q) if

Vk3LVndeol 3CVYueE  ullf <Cllullt i,

Here || - ||* denotes the dual norm for ||-||. Property (£2) is a linear topological invariant.
For its role see [29], [9], [2], [6], [23]. From [24, Lemma 29.13] we obtain the following
equivalence.

Remark E has (6) if and only if
VEIILVny>03IC Vr>0 U[CrUn—+—%Uk,
-

where Uy = {z € F | ||z||x < 1}.

Before we can prove Theorem 1.1 we need some preparations. In the following lemma
we do for (Q) exactly what is done for (Q) in [24, Lemma 29.16].

Lemma 1.2 The Fréchet space E has property (6) if, and only if, there exists a
bounded Banach disk B C E having the following property:
For each p € N there exists ¢ € N so that for every v > 0 there is D > 0 with

D
Ug CrB+ — U, forallr >0 (1)
r

If E is a Fréchet-Hilbert space, then B can be chosen as a Hilbert disk.
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Proof: Obviously the given condition implies that E has the property (ﬁ) To prove
the reverse implication we proceed, mutatis mutandis, exactly as in the proof of (24,
Lemma 29.16]. We indicate here, for the convenience of the reader, only the necessary
changes.

Instead of formula [24, Lemma 29.16, (1)] we choose ¢ € N with ¢ > p in accordance
with property (Q). Then we let C; := 1 and choose, for each n € Nyn > 2, a C, >
max(n, C'~]) with
C
U, CcrUn + TTZUP for all » > 0. (2)
This replaces formula [24, Lemma 29.16, (1)]. Now we choose £ := min (3, CILEQ) and
arrive instead of formula [24, Lemma 29.16, (4)] at

c
UquM+<L+—"

e r2“> Uy, forall >0 and neN, n>p. (3)
n+l

o 1 1
For r > C’;’;{ we choose n € N with n > p, so that CF < r < C2}] and obtain

2
Uy C 7M + = U (4)

1

This holds for r > C’E‘ Replacing 2 by a bigger constant, if necessary, we have it for

all r > 0. O

For the next three results we will assume that E has property (Q2), B is as in Lemma
1.2 and for given p € N we have chosen q € N so that for every v > 0 we have (1).

Corollary 1.3 There are an increasing function h and a decreasing function g, so that
for large r

h(r) = O(r°) for everye >0
1
g(r) = O(ﬁ) for everym € N
and
Ug Ch(r) B+ g(r) Up
for every r > 0.

Proof: We use Lemma 1.2 and set

go(r) := sup inf [z —yl,.

lzllg<1 VETB ’
Then gg is decreasing and has the required asymptotic property and for every decreasing
91 > go with the same asymptotic property we have Uy C 7 B+g,(r) U, for every r > 0.
By a standard construction we find now an increasing h so that h and g := gy o h have
the required asymptotic properties and g is decreasing. m)

For entire functions gi,...,gm on C% and 7 >0,7=1...,mweput U= {z¢€ Cce .
max; |g;(z)| < 1}. This is an analytic polyhedron. We will assume that it is bounded.
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Lemma 1.4 For cvery f € H(U, E,) there exist g € H(C% E,) and h € H(U, Eg) so
that jo f =g+ jPoh on U.

Proof: We may assume that U C D? where DY = {z € C? : |2]o < 1} and use the
classical method of Oka. For z € U we put ¢(z) = (2,91(2),...,9m(2)) € Cd+m = ¢V,
This defines a biholomorphic map ¢ from U onto a closed complex submanifold ¢(U) of
DV. From the Cartan-Oka theory [18, Th. 7.2.7] and a tensor argument we conclude:
for every f € H(U, E,) there is F € H(DY | E,) with Fop = f.

We expand F into its power series

Then Cauchy’s inequalities yield: for every s > 0 there is Cs > 0 so that

laglly < CseslPl, g e NY.

Therefore we can find a sequence s; \, 0 and a constant C so that

laglly < Ce*s Pl g e NYY.

For given f we set r = /Al and, by Lemma 1.3, find

ug € emPlpEflyp
vg € esmHﬂig(elﬁI)UP

so that j5(ag) = jP(ug) +vg for all B € NY. We set
hz)= Y use(2)?, g(e)= ) vge(z)’
BeNy BeNY

They obviously fulfill the assertion. a

Lemma 1.5 Let K C R? be compact and f € H(K, E,), then there ezist g € H(C, E,)
and h € H(K,Eg) so that j7 o f =g+ jPoh in H(K, E,).

Proof: This is an immediate consequence of Lemma 1.4 and the fact that K has a
neighborhood basis of analytic polyhedra (see [16, Lemma 5.4.1]). a

We are now in the position to prove Theorem 1.1.

Proof: A(Q) has a complemented subspace F' isomorphic to the 27-periodic real
analytic functions in one dimension. For d = 1 this follows from [21], for d > 1 we may
use any circle in Q and [4, Lemma 4.4] (more precise: the remark after this Lemma).
Since F' is isomorphic to Aj(n) = {£ € C?: sup, |£q]e™ < +oo for some t < 0}, the
result follows from [30, Theorem 4.2]. Notice that 0 = Proj!(F, E) = Ext!(Ao(n), E).
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To prove the converse we may assume that the fundamental system of seminorms is
chosen so that with a closed, bounded, absolutely convex set B

C
Vky>03C Vr>0: Uk+1C7'B+7_—7Uk-

Let functions fi € H(K, Ex) be given. We have to find a sequence of functions
Fy € H(Ky, Ey) so that fr = Fj —jt_‘_l o Fiy, forall k.

First we use Lemma 1.5 to find, for k = 2,3,..., functions gx € H(C? Ex_{) and
hy € H(Kx, Eg) so that jf~' o fi = gx + 7%~} o hy in H(Ky, Ep).

Clearly we have Proj,H(C?, E)) = 0, hence there are Gy € H(CY E}) so that gy, =
Gk—ijonH for k € N, '

Since Ep is a Banach space we have Proji H(Ky, Eg) = Proj'A(§), Ep) = 0. The
latter because of the same reason, as Proj' A(Q) = 0 (see e.g. [10, Proposition 1.5]).
Hence there are Hy € H(Ky, Eg) so that hy = Hy, — Hyyy forall k =23,....

Finally we set Fy, = fi 4+ ges1 + Jiy, © Grsr + 5¥ 0 Heyy € H(K. E}) to obtain
F. — Fyy1 = fi for all k € N and therefore the result. a

2 Real analytic functions on subvarieties of R?

Let Q0 € R? be open and let X be a coherent subvariety of Q. This means that there is
an open pseudoconvex set Qo C C? as and a closed complex subvariety V of Qg so that
X = VNR? and for any point € X the ideal of X in 4, coincides with the ideal
of V in 4&,, i.e. every germ of a holomorphic function at = which vanishes on X also
vanishes on V.

A function f on X is called real analytic if it can be represented in a neighborhood
of any point by a power series. f then extends uniquely into a holomorphic function
F defined on a neighborhood of X in V. Since, by the Cartan-Grauert theorem (see
[5, 13]), © has a neighborhood basis in C? of pseudoconvex sets, F' can be extended
into a holomorphic function defined on a neighborhood of 2.

For any open w C  we set
Gx(w) ={f€Aw): flx =0}

This defines a subsheaf ¥x of the sheaf & of real analytic functions on Q. It is the
restriction to Q of the ideal sheaf _#y of V, which is a coherent subsheaf of 4&. This
implies that for every compact K C 2 there are finitely many generators fi,..., f; €
Jx(Q0o) := I'(Qo, £x) such that the map

l
S H(K) — Gx(K), S, a) = 0if5,
=1

is surjective (see {18, 7.1.6, 7.2.5]).
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Here G x (K') denotes the sections of ¥x over K and it is clear that
Gx(K) = limind,JZ(Un)

where U,, is a basis of complex neighborhoods of K and J§(U,) are the bounded

7

sections on U, with the sup-norm. So Gx(K) is a nuclear (LB)-space and the map
S is open, by the open mapping theorem for (LB)-spaces. Moreover, by [24, 26.26],
Gx(K) C H(K) as a topological subspace.

Since, by (8, Proposition 1.2], Gx(w) as a closed subspace of A(w) is an (PLB)-space,
we have that Gx(w) = Hmproj,enGx(Kn) if Kt C Ko C ... is an exhaustion of
wC Q.

If E is a locally convex space then we set for w C  open
Gx(w, E) ={f € Aw,E) : fIx =0}.
This defines a sheaf ¥¥ of E-valued real analytic functions on €.

Therefore, by a simple tensor argument, for every Banach space B also the map
L
S®idg: H(K,B)' — Gx(K,B).  S®idglgr,-...q) =Y _g;f;.  (5)
7=1

is surjective.
Let us observe also that if Ky C Ko C ... is an exhaustion of w C Q, then
GX(W\ E) = lim projneNcX(Kny Eﬂ.)'

In particular, Gx(w, E) is a (PLB)-space. We obtain:
Lemma 2.1 If E has property (ﬁ) then Proj'Gx (Q, E) = 0.

Proof: We apply Lemma 1.5 to the functions ¢;, g, ... in (5) and proceed as in the
proof of Theorem 1.1. a
Since for every compact K C Q we have an exact sequence

0 —— Gy(K) —— H(K) —— H(XNK) — 0

where 7 is the imbedding and ¢ the restriction map, the same holds Banach valued.
Therefore we have for every n an exact sequence

iEn En
0 — Gx(Kn En) — H(Kn, Ep) —— H(XN Ky, En) —— 0.

Since A(X, E) = limproj,, H(X N K,, F,) we obtain a long exact sequence

E B
0 — Gx(Q,B) 5 AQE) 5 A(X,E) — Proj'Gx (9, E) —
— Proj'A(Q, E) — Proj'A(X,E) — 0.

Now we are able to extend our main theorem to the case of real analytic varieties.
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Theorem 2.2 Ifdim X > 1 then ProjlA(X, E) = 0 if and only if E has property (ﬁ)
In this case every E-valued real analytic function on X can be extended to Q.

Proof: If F has property (2) then the fourth and fifth term in the long exact sequence
above vanish by Theorem 1.1 and Lemma 2.1, respectively. Therefore every E-valued
real analytic function on X can be extended to Q and Proj'A(X, E) = 0.

We have to show necessity of property (). Let dg = dim X. We choose zg € X so that
X is a manifold of dimension at least dy in a neighborhood of zg. For dp > 2 let S be a
real analytic diffeomorphic copy of the unit circle in this neighborhood, then S is a real
analytic submanifold of R4, By [31] there is an extension operator to the whole of R4,
hence to X, and therefore Proj' A(S, F) = 0 which implies that X has (Q). For dy = 1
we may assume that o = 0 and that R := {(¢,0,...,0) : t € R} is a tangent to X in
0. Then there is a neighborhood U of 0 in X and € > 0 so that for m : z — z; the map
¢ = m |y is a real analytic diffeomorphismus from U onto {—¢,e). We choose r < ¢
and find a projection Py from A(—¢,¢) onto the space & of r-periodic real analytic
functions on R. Then P : f — (Py(f o9~ 1)) o m|x is a projection in A(X) onto a
subspace isomorphic to 24 = H(S'). Now we proceed as previously. a
For dim X = 0, which means that X is a discrete subset of {2, we have A(X, F) = EX
hence Proj' A(X, E) = 0. Moreover, due to a tensor argument, g% is surjective for any

Fréchet space E, since for every f € A(X, E) we find even F' € H(), E') with F|x = f.
So this is a special case, interpolation is always possible.

Even for dim X > 1 we cannot expect to conclude much about E from the surjectivity
of gF. There are varieties X so that there is a continuous extension operator A(X) —
A(Q2). A characterization in the compact case is given in [31]. Any compact real
analytic submanifold has this property. A concrete extension operator for the case of
the unit circle in R? is given in [4]. if X has this property then clearly ¢ is surjective
for any Fréchet space E. However Proj'@x (X, E) need not to be zero.

3 Examples

Before we go on in the theory we want to study some consequences of Theorems 1.1
and 2.2 for solving equations with real analytic parameters. We will use the following
Lemma.

Lemma 3.1 If 0 — E — F %5 G — 0 is an ezact sequence of Fréchet spaces
then we obtain an ezact sequence

0— A(QE) — AL F) £5 A(Q,G) — Proj! A(Q, E) —
— Proj' A(Q, F) — Proj' A(Q,G) — 0.
Proof: We may assume that for every n we have an exact sequence 0 — E, —
F, — G, — 0 of local Banach spaces which yields an exact sequence

0 — A(Kn, En) — A(Kn, F,) — A(Kp, Gn) — 0.
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This proves the claim. O

We derive immediately the following corollary. We use the notation of Lemma 3.1.

Corol]ary_3.2 Let F' have property (ﬁ) Then . is surjective if and only if E has
property (Q).

To obtain_examples where this can be applied, we observe that any quojection has
property (ﬁ) A Fréchet space is called a quojection if it is the projective limit of Banach
spaces with surjective linking maps. Typical examples are the spaces C™(Q), L} (),
Hj (), ge?;",f(ﬂ) in the sense of Hérmander [15, Definition 2.2.1]. Here m € Ny,
1 <p<oc s€R, ka temperate weight function as defined in [15, Definition 2.1.1]
and § an open subset of R%. That for a quojection Proj' A(Q, E) = 0 has already been

observed in [2].

If Z denotes one of these spaces then A(T, Z(Q)) where Q is an open subset of R% and
T an open subset or a coherent subvariety of R? with dim7T > 1 (e.g. a submanifold
of R%), is the set of all functions f(z,t) so that for every to € T and every seminorm
|| fj on Z(£2) there is a neighborhood U, of ¢y and on this neighborhood an expansion
flat) =3 calz)(t — to)* so that 3, llcalllt — to|* < co. We may also consider the
elements of A(T, Z(Q)) = Z(Q)®, A(T) =: Z(Q, T) as functions in Z(2) depending on
a real analytic parameter ¢ running through 7.

Those spaces appear, for instance, in the following situation: let P(D) be a linear partial
differential operator with constant coefficients. We use the notation of [15, Chapter If].
Then, by [15, Theorem 2.3.4] and [15, Theorem 3.5.5], we get for P(D)-convex ) an
exact sequence

P(D

0 —— M, 5(Q) —— B%, () —— BQ) — 0 (6)

where A;J-,k(ﬂ) is the space of solutions of the homogenous equation.

We obtain the following

Proposition 3.3 For every g = g(z,t) € .%IOC(Q T) there is f € U@l"c- (Q T) so that

P(Dz)f(z,t) = g(z,t) for allt € T if and only if A 5, () has property (Q ) If P(D)
is elliptic and Q@ convez this is never fulfilled, ezcept for d=1.

Proof: The first part is an immediate consequence of Corollary 3.2, the second follows
from the fact that A 5, (Q) = {f € A(Q) : P(D)f = 0} and the latter space is a

Fréchet subspace of A(Q). If it has property (ﬁ) then it is finite dimensional (see the
proof of [9, Theorem 3.7]), which means that d = 1. 8]

Other operators for which we know that .4 5, (Q2) does not have property (5) are
the hypoelliptic operators which appear in Langenbruch [20], among which is the heat
equation.

In precisely the same way as in Proposition 3.3 we can show that an elliptic operator
P(D) on A(R?) acting only on 1 < n < d variables is never surjective. We use there
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that Proj' A(R?) = 0. This is a well known example of De Giorgi and Cattabriga [7]
for nonsurjectivity.

4 Consequences of the main theorem

There are other natural, related but not equivalent ways of considering the space
A(Q, E) as a projective limit: A(Q, E) = lim proj, A(Q, E,), where E, runs through a
fundamental system of local Banach spaces or A(Q, E) = lim proj, A(K,, E) where the
K, are a compact exhaustion of .

Proposition 4.1 For every Fréchet space E we have Proj* A(Q, E) = Proj} A(Q, E,).
Proof: We consider the canonical resolution (see {24, p. 317]) of F

0 — E —— [[,En —2— [[,En —— O

where o(x,)n = (10| Tn+1 — Zn)n and 7, is the canonical linking map. We apply
Lemma 3.1 and observe that due to

Proj' A(Q. [ En) = [[ Proj' A(Q, E,) = 0
n n

we have
Proj' A(Q, E) HE /im(o) = ProjLA(Q, E,,),

the latter by definition. a

In the following we denote by ¥ either ¥x for some variety or &/, i.e. X may be empty.
We set for the Fréchet space E and every compact K € C?

G(K, F) = limproj, G(K, Ey).

Then we have
G, E) = limproj, G(K,, E).

We investigate this case in an analogous manner. We consider the canonical resolution

0 , G(Q) —1— 1, G(Kn) —2— T[], G(K,) —— 0

belonging to the projective limit we want to investigate. Here j{f) = (7f)n and
o(fa)n = (§241fa+1 — fo)n, where j® and j7, | are the natural restriction maps. This
yields for every p an exact sequence

0 —— G(K,, Ey) —2 [1°_, G(Kn, Ey) —n 2, —— 0

where JPf = (j2f)P_, and TP(fu)P_) = (321 fasr — fo)o) and we have set Z, =
imYP ¢ [P} G(Kn, Bp).
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It is easily seen that the projective spectra (Z,), and ([15_, G(Kx, Ep))p are equivalent.
Therefore we obtain an exact sequence

0— GO, E) -4 HGK,,,E —»HG Kn, E) — Proj'G(Q, E) -4

HProj G(Kn, E —bHPrOJ (Kn, E) — 0.
n

This case is essentially different from the previous one as the last two terms in the
long exact sequence will not vanish in general. In fact they will vanish if and only
if Proj'G(Kn, E) = 0 for all n, i.e. if E has property (Q), and in this case also

Proj! G(Q, E) = 0. So the proof of the necessity of condition {Q) fails in this case. Even
more: necessity cannot be expected. For FE with property. (DN) we can find for any
sequence f,, € G(Ky, E), n € N a bounded Banach disc B C E so that f, € G(Kp,, Eg)
for all n € N (cf. [3]). This implies Proj} G(K,, E) = 0 since the proof is reduced to
the Banach space case. However a Fréchet space belongs to the classes () and (DN) if
and only if it is finite dimensional. So the following result has only trivial intersection
with the result [3, Theorem 3].

Proposition 4.2 If E has property (ﬁ) then Proj G(K,,E) = 0.

Proof: In this case Proj'G(Q, E) = 0 and we conclude like in the proof of Proposition
4.1. a

It should be finally remarked that the results on PI‘OJ G(K,, E) = 0 remain unsatisfac-
tory and are probably far from a characterization. This is part of the difficult problem
of studying projective spectra of (PDF)-spaces and of evaluating characterizations for
the vanishing of Proj! in this case (see [11], [19]).

5 Application to the functor Ext

We are now ready to prove our second main result. We resume the notation ¥ = @x
where X is a coherent real analytic variety or ¥ = o, i.e. X = (. We need some more
notation.

Let in this section E be a complete (LB)-space. That means that E =, E,, E,, C
E,, for all n, where FE, is a Banach space with the norm || |7 and the imbeddings
are continuous. We may assume || [[;, > || ||5.;. E carries the finest locally convex
topology making all imbeddings E, — E continuous. We call it an (LS)-space if the
imbeddings F,, — En41 are compact.

We will use the following preliminary lemma.

Lemma 5.1 Let E be a barrelled (DF)- space so that E} has property (ﬁ) Let K be
a compact subset of C¢ and let for some | € N

H(K)! y 25 E » 0
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be an ezact sequence of locally convez spaces, so that for every bounded set B C E there

is a bounded set B C Y so that ¢(B) D B, then q has a continuous linear right inverse.

Proof: Weset Z = kerq, i : Z — Y the identical injection. By assumption the dual

sequence
!
1

0 B =Ly z 0 (7)

is algebraically exact, Z, and E} are Fréchet spaces, ¢’ is an isomorphic imbedding, 7' is
continuous and surjective. Moreover Z, as a quotient of H(K)l, is barrelled. Therefore
for every bounded, hence equicontinuous set M C Z,') there is an equicontiunuous, hence
bounded set M C Y}, so that V(M) > M. Since Zy is a Fréchet space, this implies that
1 is open. Therefore the sequence (7) is (topologically) exact, which implies that also
Yy is a Fréchet space (see (26, Corollary 2.4 .4]).

H(K)} is nuclear and has property (DN) (for the definition see e.g. [24, p. 368]). To
see this we apply [28, Satz 5.1] to three open neighborhoods K € ) CC 0, CC Q3 CC
C% of K. Therefore Z, C (H(K)j})" has the same properties. By an easy modification of
(30, Theorem 5.1] the sequence (7) splits. Hence there is & right inverse A € L(Z;,Y})
for .

The space Z, as a quotient of H(K)!, is reflexive. Therefore the map X' € L((Y})}, Z) is
a left inverse for 1”. Since E and Z are barrelled, also Y is barrelled (see [27, Theorem
2.6, (a)] or [26, Proposition 4.2.3]). Therefore Y C (Y}), as a topological subspace and
L := MNly is a left inverse for ¢ which implies that ¢ has a right inverse. a

We are now ready to prove our second main result. We say ¢ : Y — E lifts bounded
sets with closure if for every bounded set B C F there is a bounded set B C Y so that

q(B) D B. For a thorough discussion of this see [1].

Proposition 5.2 Let E be a barrelled (Q_F}-space and ¢ a coherent sheaf of real ana-

lytic functions on Q. If E; has property () then every ezact sequence of locally convez
spaces

0 — GQ) —— Y 45 E » 0, (8)

where q lifts bounded sets with closure, splits.

Proof: We choose some exhaustion (K,)nen and apply the standard push-out con-
struction (see e.g. [32, Definition 5.1.2]) to the exact sequence (8) and the canonical
map j" : G() — G(Kn). Due to the functorial properties of the push-out we get for
every n a commutative diagram with exact rows

0 —— GKn,) —=5 Y, =, F 0
TJ'I.‘H Thi‘m Ld

0 —— G(Knp)) =5 Yooy 25 B 0
L‘"“ Th"“ Tid

0 —— G ! Y 'L E 0.
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Since every bounded set in E is in the closure of the image under ¢ of a bounded set in
Y, the same is true for every g,. For every n the space G(K,) is a quotient of H(K,)"
for some [ € N. Therefore, by Lemma 5.1 for every n the map ¢, has a right inverse

Rn € L(E,,Y,).

For every n the map R, —hl, 0 Ry gives tise to a map A, € L(E, G(K,)) which, due
to [14], can be represented by a kernel f, € G(Ky, E}), this means An(z) = (fn(), ).
By Corollary 4.2 we find g, € G(Ky, E;) so that fn = gn — gn41 in G(Kny, E}) for
all n € N, We define B, by ¢ — (gn(2),z), then B, € L(E,G(K,)) and Anz =
Bpr — Bpyz for all z € E in G(Ky).

Finally we obtain Ry — 4,0 By = jn 1 0 (Rpyt — g1 0 Bny1) so these maps define a
map R € L(E,Y) where ¥ = lim proj, Yx. :

It is immediately seen that we have a commutative diaé;ram with exact rows

0———>G(Q)—i>‘?—i—»

o s

0 — G — VY L F 0.

We conclude that g is surjective, that h is bijective and that R is a continuous linear
right inverse for §. Let L be the corresponding left inverse for i. Weset L =Loh €
L(Y,G(Q2)) and obtain Loi= Lohoi=Loi=1id. Therefore i has a left inverse. O

Remark 5.3 If E is an (LB)-space, E = limindgEy, where Ey is a Banach space, By

its unit ball, and if for every k there is a bounded set Br C Y so that q(Bk) D By, then
q lifts bounded sets with closure. This is true, because the sets By are o fundamental
system of bounded sets in E.

We use this remark in the following lemma.

Lemma 5.4 If in the ezact sequence (8) the space Y is a (PLB)-space and E an (LB)-
space, then q lifts bounded sets with closure.

Proof: Let Y = limproj, Y, where the Y;, are (LB)-spaces, Then there is m so that ¢
factorizes through Y, for all n > m, i.e. we have ¢ = g, o h, where ¢, € L(Y;, E) and
hn 1Y — Y, is the canonical map. We may assume that m = 1.

We set up the following commutative diagram with exact rows

0 — Zp, —2 Y, 2 Yo/Zyn —— 0

o T

0 — G — Vv 24~ E —0

where Z, is the closure of h,(A(Q)) in Y.
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We get for every n exact sequences

0 —— L), Z,) —2 LIGI)Ys) —2  L(O(I),Ye/Zn) — O

[rass ]hz;l 52
i a5
0 —— L(6(I), Zn+1) —F LUG(T), Yag1) —= L(61(I), Yn41/Zny1) — O.

Here we use the notation ¥*(p) := % o . The surjectivity of g} is due to a simple
application of Grothendieck’s factorization theorem [24, 24.33]. Since

Proj, L(61(1), Zn) = Proj,L(1(T),G(Ky))
Proj,G(Kn, beo(I)) = Proj' G(Q, (1)) = 0

the map ¢* : L(¢,(I),Y) — L(£,(I), E) is surjective.

Let now E = limindg £y where E) is a Banach space and By its unit ball. We choose
an index set / and a map ¢ : €;(I) — E} which maps the unit ball of ¢,(I) onto Bj.
By the previous we find 1 € L{¢,(I),Y) so that goy = . We set By = y(U) where
U is the unit ball of £,(I) and get q(By) = By. a

If, therefore, E is an (LB)-space and Y a (PLB)-space then the sequence (8) splits if

E; has property (ﬁ), without further assumptions on ¢ or £. We express this in the
following proposition.

Proposition 5.5 Whenever E is an (LB)-space and its dual E; has property (ﬁ), then

Theorem 5.6 Let E be an (LB)-space. Then Exthyg(E, A(R)) = 0 if and only if E}

has property (£2).

Proof: It remains to show necessity of (). If d = 1 then either ¥ = & or X
is a discrete set in €, hence there is g € H(Qg) so that G(Q) = g - A(). There-
fore in both cases G(2) = A(Q2) which has a complemented subspace isomorphic to
H(S'). So we have 0 = Ext!(E, H(S')) = Proj! L(E,, H(S')) = Proj' B/, &, H(S') =
Proj' L(H(S');, E.,). This implies, in particular, that Proj' E/, = 0. Therefore

Ext!(H(SY)}, E;) = Proj' L(H(S"),, E}) = 0.

By [30, Theorem 4.2] then Ej has property (ﬁ)

If d > 2 then we chose z = (z1,...,z24) € Q\ X, hence there is a small circle S =
{(¢,22,...,zq) : |E—x)| = ¢} C Q@ with SN X = . Clearly the restriction map
G(Q1) — A(S) is surjective. So we may choose a function ¢ € G(X) so that g|s = 1.
We choose a continuous linear extension operator Rg : A(S) — A(R?) (see [4, Remark
4.6]) and put R(f) = g- Ro(f) for f € A(S). This defines a continuous linear extension
operator R : A(S) — G(Q). Hence A(S) = H(S') is complemented in G(§2) which
implies Exth; g(E, H(S!)) = 0. Therefore, as before, E; has property (Q). O
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Let now X be a compact coherent subvariety of 2. We have an exact sequence

0 —— Gx(Q) — A(Q) —1— A(X) 0

where g is the restriction map. Guided by the case of a complex subvariety one could
hope to solve the problem when there is a right inverse for ¢, i.e. a continuous linear
extension map A(X) — A(Q), by looking for cases where Ext!(A(X),Gx(Q)) = 0.
This attempt however fails.

Proposition 5.7 If  is connected then Ext' (A(X),Gx(Q)) =0 if and only if X is a
finite set.

Proof: A(X), is nuclear and has property (DN) (see the proof of Lemma 5.1). If it has

also property () then, by [29], it is a nuclear Banach space, hence finite dimensional.
This means that the set X is finite. w

A complete solution of the above mentioned problem is given in [31].

Let us close with some final remarks. While for nuclear Fréchet spaces E and F there
are well known necessary and sufficient conditions for Ext!(E, F') = 0 (see [12], [30],
[32]) which can be transferred by dualization also to the case of (LB)-spaces, the case
of (PLB)-spaces is much more difficult (see [19]). Only special cases are really known:
Ext!(2', 2') = 0 [8], conditions for certain (PLB) power series spaces [19] and, related
to the present case, in [6] it was shown for a Fréchet space E that Ext!(A(Q), E) = 0 if

and only if E has property (Q2). The present result carries on this work and again shows

the important role of property () for the study of spaces of real analytic functions.
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