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HYPOCONTINUOUS MULTILINEAR MAPPINGS
IN TOPOLOGICAL MODULES

Clandia F.R. CONCORDIDO and Dinamérico P. POMBO Jr.

Abstract. Basic results concerning equibypocontinuous sets of multilinear mappings

between topological modules are obtained.

The study of the notion of a hypocontinuous bilinear mapping, a notion which is
intermediate between that of a continuous bilinear mapping and that of a separately
continuous bilinear mapping, is well-known in Functional Analysis [2]. Although less
discussed than hypocontinuous bilinear mappings, hypocontinuous multilinear mappings
may be found, for example, in [8].

In this paper we initiate the investigation of the concept of equihypocontinuity for sets
of multilinear mappings between topological modules, by proving that basic facts of the
ciassical theory remain valid in this quite general context. Our main result, whose proof
depends on a version of the Banach-Steinhaus theorem for continuous linear mappings be-
tween topological modules, asserts that, under certain conditions, separate equicontinuity
implies equiliypocontinuity. Clarifying examples are also included in the paper.

Throughout this paper R denotes a commutative topological ring with a non-zero
identity element. E, F, Ei,..., E,, denote unitary topological B-modules, where m is an
integer with m > 2, L,(E1,..., Ey; F) denotes the R-module of all m-linear mappings
from Ey X -+ x E,, into F and L({F; F) denotes the R-module of all continuous linear
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mappings from E into F.

Definition 1. A set X C L,(Fy,...,E,; F) is said to be separately equicontinuous if,
for each j € {1,...,m} and for each z; € E; (i € {1,...,m},i # 7), the set of linear

mappings
{l’j (S Ej = A(.’El,. vy Tj-1, L4, Tirly - - .,(L‘m) eEF;A€ }:}

is equicontinuous.
In the case where X consists of a single mapping A, we shall say that A is separately

continuous.

Example 2. Let M be a covering of E by bounded sets, and consider £(E; F') endowed
with the R-module topology of M-convergence. Then the bilinear mapping

u: Ex L(E;F) — F,

given by u(z, A) = A(z) for z € F and A € L(E; F), is separately continuous. In partic-
ular, u is separately continuous when L£(E; F') is endowed with the R-module topology 7,
of pointwise convergence or with the R-module topology 7, of bounded convergence.

Indeed, for each A € L(F; F), the mapping u(-,A): v € Ew u(-,A)(z) = Alz) € F
is obviously continuous. On the other hand, let us see that, for each z € E, the mapping
u(z, ): A € L(E;F) — u(z,A) € F is continuous. In fact, let W be an arbitrary
neighborhood of 0 in F. By assumption, there exists a B € M such that x € B. Since
U={A¢€ L(E;F); A(B) C W} is a neighborhood of 0 for the topology of M-convergence
and the relation A € U implies u(z, A) € W, then u(z, - ) is continuous.

Definition 3. For each ¢ € {1,...,m} let M; be a set of bounded subsets of E;. For a
fixedj € {1,...,m} aset X C Ly(F, ..., En; F)issaid to be (My, ..., Mj_1, My, ...,
M, )-equihypocontinuous if:

(a) each A € X is separately continuous;

(b) for each B; € M; (i € {1,...,m},i# j) the set of linear mappings
{z; € Bj = Az, ..., 251,24, Tjs1y- - -1 Tm) € Fyz; € By for i # j, A € X}

is equicontinuous.
If X consists of a single mapping A, we shall say that Ais (My,..., Mo, My, ...,

M, )-hypocontinuous.
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Aset X C Ly(Fy, ..., E..: F) is said to be (M,,. .., M )-equihypocontinuous if X is

(My, o My M, ..., My, )- equiliypocontinuous for all j € {1,...,m]}.
If X consists of a single mapping A, we shall say that 4 is (M, ..., M., )-hypocontinu-

ous.

Remark 4. If M; is a covering of E; forall j € {1,.. . m}and f X C Ly(Ey,...,Eni F)

satisfles (b) for all j € {1...., m}, then X is separately equicontinuous.
Example 5. Let (R, || - [|) be a commutative nornied ring with an identity element 1 such

that |{1]| = 1 and such that there exists an invertible element A € R with ||Al] < 1. Let E
be an infrabarrelled topological R-module [5] and F an arbitrary topological B-module.
Let M; De the set of all bounded subsets of £ and let M, be the set of all 7,-bounded
subsets of L(E: F'), and consider u as in Example 2. Then u is (M, M,)-hypocontinuous.
Indeed, it is clear that u is M;-hypocontinuous for arbitrary £. On the other hand, if
X C L(E: F) is mp-bounded. then the set

{reE—ulz.A)e FAcX)

(which is precisely X) is equicontinnous by Theorem 14 of [5]. Therefore u is M-

hypocontinuous.

Example 6. Let (R, ]| - ||) be as in Example 5.
(a) Let E be a topological R-module which is not barrelled [7], [4]. By Theorem 9 of
[4], there exist a topological R-module F' and a 7,-bounded subset of £(E; F) which is
not equicontinuous. Let M, be the set of all bounded subsets of E and let M5 be the
set of all 7,-bounded subsets of L{F: F), and consider u as in Example 2. Then u is
M-hypocontinuous but u is not My-hypocontinucus.
(b) Let E be a topological R-module which is not infrabarrelled. By Theorem 14 of
[5], there exist a topological R-module F' and a 7,-bounded subset of £(E; F) which is
not equicentinucus. Let M, be the set of all bounded subsets of E and let My be the
set of all T,-bounded subsets of L(E; F), and consider u as in Example 2. Then u is
M;-hypocontinuous but v is not My-hypocontinuous.

Before we proceed, let us recall the following

Definition 7 [3]. R satisfies condition (N) if, for all neighborhoods L, and L, of 0 in R,
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the set L; Ly is a neighborhood of 0 in R.

Proposition 8. Assume that R satisfies condition (N) and that the product of any
neighborhood of 0 in R by any neighborhood of 0 in E; is a neighborhood of 0 in E; for
ie{l,...,m}. ¥X C LyEy,...,Emn;F) is equicontinuous, then X is (My,..., My)-
equihypocontinuous.

Proof. Let j € {1,...,m} be fixed and let us prove that X is (My,..., M1, M, ...,
M )-equihypocontinuous. For this purpose, let B; € M, be arbitrary for 1 +# j, and let
W be an arbitrary neighborhood of 0 in F. By the equicontinuity of X at (0,...,0) €
E; x -+ x E,,, there exists a neighborhood V; of 0 in E; (¢ = 1,...,m) such that
Alzy,...,zm) € W for all z; € V; and for all A € X. By the boundedness of B;, there
exists a neighborhood L of 0 in R such that LB; C V; for ¢ # j. Consequently,

A(By X »++ X Bjy X (L™ V) X Bjp1 X +++ X B)
= A((LB1) x -+ x (LBju1) x V; X (LBj41) X - - X (LBy))

CAVIx - x Vi xVyx Vigg x oo x Vi) CW

for all A € X {where L™ ! = {A.. . Ape13 M, -s Ame1 € L)), L™V being a neigh-
horhood of 0 in E; by hypothesis. Therefore X is (M; X <+ X M1 X M X -0 ¥
M )-equiliypocontinuous. Finally, by the arbitrariness of j, X is (M; x -+ X Mpy,)-

equihypocontinuous, as asserted.

The converse of Proposition 8 is not true in general, as the following example shows.

Example 9. Let (K.| - |) be a spherically complete field and E a separated locally convex
space over K {9]. Let E} be the vector space E’ over K of all continuous linear forms on
E endowed with the locally convex topology 7, of bounded convergence. We claim that
u: E x E; — K is continuous if and only if £ is normable (u being as in Example 2).

Indeed, if u is continuous, there exists a neighborhood U of 0 in F and a K-convex,
bounded and closed subset B of E such that therelations z € U, ¢ € B? imply |u(z, )] =
le(z)] < 1, where BP = {p € E';|o(z)] < 1 for all z € B}. Thus U C (BP)? = B (where
(BP)» = {x € E;|p(x)] <1 for all ¢ € BP}), the last equality being a consequence of
Proposition 2.1 of [10]. Therefore B is a neighborhood of 0 in F, and hence E is normable
([6], 2.3}.

Conversely, assume that there exists a norm || - || on £ which defines its topology.
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lp(z)]

, and the inequality
||z}

Then 7, is defined by the norm ||¢}| = sup
T#£0

lu(z, o) = le(@)| < llellllz]] (z€ B, ¢ E)

guarantees the continuity of u.

Now assume that F is metrizable but is not normable. Then F is an infrabarrelled
topological vector space over K by Proposition 3 of [1] and Corollary 16 of {5]. Moreover,
by Example 5 and what we have just seen above, the mapping u: EXE} — Kis (M1, M;)-
hypocontinuous but is not continuous, where M; (resp. Ms) is the set of all bounded
subsets of F (resp. Ej}).

Proposition 10. Let j € {1,...,m} and let X C L,(Es,..., En; F) be (My,..., M;_y,
M1, ..., Mmn)-equihypocontinuous. Then, for each B; € M; (i # j) and for each
bounded subset B of Ej;, the set

X(B1x - xBjoi X BX Bjgy X -+« X Bp)
= {A(@1, .., Tjo1, B}, Tjs1,- -, Tm); & € By for i # j,x; € B, A € X}

is bounded.

Proof. Let W be an arbitrary neighborhood of 0 in F'. By hypothesis, there exists a
neighborhood V; of 0 in E; such that the relations z; € B; (i #j), z; €V;, A€ X
imply Ale:,...,2j-1, %5 %j41,..-.Zm) € W. By the boundedness of B, there exists a
neighborhood L of 0 in R such that LB C V}; hence

L%(Bl X X Bj-—l X B x Bj+1 X e X Bm) c W
Therefore X(B; X - -+ x Bj_; x B x Bjy1 X -+ X.Bp,) is bounded, as was to be shown.

Proposition 11. Assume that M; is a covering of E; for i = 1,...,m and that X C
Lo(Ey, ..., Ep; F)is (My, ..., Mpy)-equihypocontinuous. Then, for each j € {1,...,m}
and for each B; € M; (¢ # j), the set

{(;I’l,...,$j_1,$j,$j+1,...,ﬂ7m) €B; X X Bj._l X Ej X Bj+1 XX By

HA(CL‘},...,l‘j_l,xj,$j+1,...,$m> e F A Ex}
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is equicontinuous.

Proof. Let (al,‘..,aj_l,aj,aj+1,...,am) € By x-- X Bj—-l X Ej X Bj+1 X -++ X B, be
arbitrary and let W be an arbitrary neighborhood of 0 in F. Take a neighborhood W; of
Oin F such that Wy + .-+ W, C W.

[ -4

m times
For all (.’El,...,$j_1,$j,$j+1,...,$m) S El X oo X E]’_l X EJ X Ej+1 X oo X Em and

for all A€ L,(Ey,..., Ey; F), we have

Alzy, .. zm) — Alar, ... am) = Az ~ a1, 82, -, ) + A(Z1, 22 — ag, a3, . .. , G,)
+e- 4+ A(fiﬁl,. sy Ljm2y Tj—1 = B5-1, G5y Qjt1, - - .,am)
Feee A(mlr c o Tm-2, Tm—1 — a‘m—lyam) +A($1; sy -1y, T — am)-

Since M; is a covering of Ej, there exists a B; € M such that a; € B;. By hy-
pothesis, for each i € {1,..., m} there exists a neighborhood V; of 0 in E; such that

the relations ) € Bi,...,2-1 € Bi_y,2; € Vi,Zis1 € Bity,...,Tm € B, A € ¥ im-

ply A(z1,...,%i—1, %i, Tiz1,- - ., Tm) € Wi. Therefore the relations z; € Bi,...,zj_1 €
Bj1,7; € Ej,2j41 € Bjy, .. & € B2y —a1 € VA, ... 2501 — aj-1 € Viop, 75 — a; €
Viszjei—a1 € Vig1, .., Zn—0m € Vi, A € Ximply A(zy, ..., ZTm)—A(ar, ..., am) € W.
By the arbitrariness of (as,...,aj-1,8;,@j41,--.,0m), the proof is complete.

Remark 12. In the bilinear case the assumption that A € L (Fy, Ey; F) is M;-
hypocontinuous is sufficient to ensure the continuity of the mapping

(f])],!Eg) [ Bl X E2 — A(.’L‘l,$2) c F,

where M, and M, are arbitrary and B, € M.

Indeed, let (ay,a;) € By x E; be arbitrary and let W be an arbitrary neighborhood
of 0 in F'. Take a neighborhood W) of 0 in F such that Wy + W; < W. For all (z1,22) €
FE; x Es, we have

Az, 22) — Alar, a0y = Az — ay,a2) + Az, 73 — ag).

Since A is separately continuous, there exists a neighborhood Vi of 0 in F; such that
Alzy —ay,a0) € Wy if 71 € By and 7, — a; € V;. By the M;-hypocontinuity of A, there
exists a neighborhood V; of 0 in £, such that A(z;, 2y —ag) € Wi if 2, € By, 23 € E» and
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T2 —az € Vy. Consequently, A(zy, z2) — Alay, a0) € Wy + W, C W if (21,22) € By X Ey,
zy—a; € V1 and 23 — as € ¥y, proving our claim.

Our next result establishes a relation between equihypocontinuity and uniform equicon-
tinuity.

Proposition 13. Let ¥ C L (Fy, ..., Ep F) be (M) x -+ x My, )-equihypocontinuous.

Then, for each B, € M. the set
{1, ) € By X o+ X By s Ay, .., &) e F,AeXx}
is uniformly equicontinuous.

Proof. Let W be an arbitrary neighborhood of 0 in F and let W, be a neighborhood of 0
i F'such that §7 + -+ + W), C W, By Lypothesis, for each i € {1,...,m} there exists a
-

m times

neighborhood V; of 0 in F; such that the relations (@1, ... Tm)s (Uts -y Ym) € By X -+ x
By .xi—y eV, Ae X imply Alzy,...,zioy, 2 — Yir Yir1, - - s Ym) € Wy . Therefore the
relations (1, .., @), (Y1, - Ym) EBiX - X By, 21— y; € V (te{l,...,m}),AeX
imply

Alxy, @) = Ay Ym) = AT~ Y1, Y2, Ym) + A1, T2 — Y2, Y3, -+ Ym)
R ‘4('*1:1: cee s Tim 1 T = Yiy Yitk s - -7y‘m)
oot AT Bty T — Ym) E W+ Wy C W,
[ ————-

m times

This completes the proof.

We close our paper by proving that, under certain conditions, separate equicontinuity

implies equihypocontinuity.

Theorem 14. Assume that there exists a j € {1,.. .,m} such that E; is a barrelled
topological R-module for all ¢ € {1,...,m}~{j}. If X C L,(Ey,..., Ep; F) is separately
equicontinuous, then X is (M, ..., M;_1. My, ..., Mp,)-equihypocontinuous for all i €
{1,...,m} - {5}.

Proof. Without loss of generality we may assume that ¢ = 1 and j = m. In fact, suppose
that ¢ < j (argue in a similar way if j < i < m). For each A € X define

A B X oo X By XoooxX  Ep X xE;j—F
—~ ——

i—th position j~th position

389



by /T(x;-,...,xl,...,xm,...,a:j) = A(Z1,. ., Ziy- -, Ty -+ -, Tm); then Ae Lo(E;, ... By,
ey By E; F). Lt is easily seen that the set = {Z, A € X} is separately equicon-
tinuous and that X is (My,.... Mi_1,, My, ..., Mp)-equihypocontinuous if and only
if Xis (My,..., My,..., Mp, ..., M;)-equihypocontinuous.

In view of what we have just seen, we will assume that ¢ = 1 and j = m, and we will
prove that X is (Mo, ..., My )-equihypocontinucus. For this purpose, let B, € M, be

arbitrary for € € {2,...,m}. We claim that the set
.‘{1 = {3)1 S E1 > A(L”L’hil’z,,. .,il'm) S F.fl}'g S Bf for ¢ > Z,A € %}

of continuous linear mappings from F; into F is equicontinuous. By Theorem 3.1 of [7},
it is enough to show that X, is pointwise bounded (E, is barrelled). In order to do so, let
us consider for each £ € {2....,m}, x; € Ey,..., & € Ee_1. the set

.%‘“___.“_1 = {Té € Ey v A(IL‘l, PR X S o 0 o S5 B ,Im) € F,

ZLir1 € B’H—lv' LT, € Bm,A € }f}

of continious linear mappings from E; into F. For all z; € Ey,...,Zm1 € Epoy,

X1, .2m1 18 equicontinuous because X is separately equicontinuous; thus Xy, . g, (Bm)
is a bounded subset of F' by Theorem 25.5 of [11]. Therefore. for all ;1 € Ey....,ap-2 €
is harrelled. By continuing in this way we finally conclude that X, (B>) is bounded for all
x; € E; . Therefore X, is pointwise bounded, which completes the proof of the theorem.

is pointwise bounded; thus X, . ., _, is equicontinuous because L,y

Corollary 15. If F, is a barrelled topological R-module for all7 € {1,...,m} and if £ C
L Ey, ..., Ey; F) is separately equicontinuous, then X is (M, ..., My )-equihypoconti-

1uous.

Proof. Follows immediately from Theorem 14.

Corollary 16. If E; is a barrelled topological R-module and if X C L (E, Ey F) is
separately equicontinuous, then X is M;-equihypocontinuous.

Proof. Follows immediately from Theorem 14.
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