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THE CLASS OF DOUBLE MS-ALGEBRAS SATISFYING
THE COMPLEMENT PROPERTY

Luo Congwen

Abstract

We construct a functor from the category of de Morgan algebras into the category of
double MS-algebras which satisfy a certain condition, called the complement property
and show that this functor has a left adjoint.

1. Intreduction

An MS-algebra <A, V,» A,°,0,1 > is an algebra of type < 2,2,1,0,0> such
that < A, V, A,0,1>>is a bounded distributive lattice and °® is a unary operation sat-
isfying z << 2%, (x A »)° = 2° V 3°, 1° = 0. These algebras belong to the class of
Ockham algebras introduced by Berman [1]. A double MS-algebrais an algebra <
A,%,t> such that < A,° > and its dual << A,.*> are MS-algebras and for every x €
L, 2% = 2%, 2% = 7™, T.S. Blyth and J. C. Varlet in [ 3] pointed out that every
de Morgan algebra L can be represented non-trivially as the skeleton of the double
MS-algebra L' = {(a, b) € L X Lt a <{ b} . In this paper we consider the class of
double MS-algebras satisfying the complement property which is related to the con-
struction due to T. S. Blyth and J. C. Varlet and investigate the role of the complete-
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ment property in the theory of double MS-algebras. Our main result is that the com-
plement property associates a double MS-algebra K (L) with each de Morgan algebra
L. More precisely, we show that K is a functor from the category M of de Morgan al-
gebras and de Morgan algebra homomorphisms into the category V of double MS-al-
gebras which satisfy a certain condition called the complement property and double
MS—algebra homomorphisms and that the functor K has a left adjoint L. As a conse-
quence of the construction we obtain an important property of the left adjoint L. of K;
for each double MS-algebra A satisfying the complement property, the congruence
lattice of A is isomorphic to the congruence lattice of the lattice L(A) .

The main tools we use in the proof of the results mentioned above are the duality
between double MS-algebras and certain ordered topological spaces developed by T.
S. Blyth and J. C. Varlet in [5]. We recall here the main results that we shall need.

Since double MS-algebras are bounded distributive lattices, they are dually e-
quivalent to some suitable category of Priestley spaces(i. e. , compact totally order
disconnected spaces) and order-preserving continuous functions. In fact, a double
MS-space is a Priestley space X endowed with two continuous order-reversing maps
g1» g2: X — X satisfying the following conditions;

L <z

() gy >=x

(3) g2(g1(x)) = gi(x)

(4) g1 (g (x)) = gh ().

If <X, g, g2 >>is a double MS-space, then we can define two unary operations
© ,* onO(X), the latfice of clopen decreasing sets of X , by setting

= X\g7' (D, I'"= X\g7' (D
for each I € O(X) , and thereby obtain a double MS-algebra. Conversely, if < A,
¢ ,*> is a double MS-algebra, then we can define two maps g, , g;on the ordered set
X (A) of prime ideals of A by setting
g(p)={a€ A:a" & p}s g2(p) ={a € A:a" ¢ p}
for each p € X(A) , and thereby obtain a double MS-space, which will be denoted by
SCA). These constructions give a dual equivalence.

A subset Y of a double MS-space < X, g1, g2 > is said to be a g; - invariant

subset if it satisfies the condition
rEeY=>g(x)eY,ie I=1{1,2}.

According to Urquhart in [ 8], if A is a double MS-algebra, then the congruence
lattice of the MS—algebra < A,® > is dually isomorphic to the lattice of all closed g,
- invariant subsets of the MS-space <Z X, g; > . Duallly, the congruence lattice of the
dual MS-algebra < A,* > is dually isomorphic to the lattice of all closed g; - invariant
subsets of the dual MS-space < X, g» >. Therefore, the congruence lattice of the
double MS-algebra A is dually isomorphic to the lattice of all closed g; -invariant sub-
sets of the double MS-space << X, g1, g >. U #(Y) is the congruence associated
with the closed g -invariant subset Y , then

b=c YW I{BNY=CNY
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where B, C are the clopen decreasing subsets that represent b,c.
Clearly, g1(X) is a closed g, -invariant subset of X and g, (X) = g{(X), (XD
is a closed go -invariant subset of X and g.(X) = gi(X).

2. The complement property

Definition 2. 1. A double MS-space << X, g, g- > is said 1o satisfy the complement
property if the equations g,(X) U g:(X) = X, &1(X) [} g:(X) = & hold. In other
words, X is the disjoint union of g; (X) and g:(X). A double MS-algebra A is said to
satisfy the complement property if the double MS-space S(A) satisfies it,
In what {ollows the complement property will be denoted by (CP).

Example 2. 1. For every Boolean algebra << B, V, A, ,0,1> ,let B¥ = {(a, &) €
L XLta<{h). B2 is a double Stone algebra which satisfies (CP),where the pseud-
ocomplement of (a,b) is (b",b") ,the dual pseudocomplement of (a,®) is (a’s a’).

Theorem 2. 1. Let A be a double MS-algebra and << X, gi, g, >= S(A). Thenthe
following are equivalent conditions:

(1) Asatisfies (CP).

(i1) Givenb, cin A such thath = b, c = ®and b < c, then there exists a unique
elementd € Asuch thatd™ = b, d%° = c.

Proof. We are going to show that the following conditions (1) and (3) are equiva-
lent, and that so are conditions (2) and (4).

(D aXD)Ug(XD=X

)y e (XD Ng(XD=4g

(3) Given b, ¢ in A such that 8 = &, " = ™, thend = c.

(4) Givenb, cin A such thatb = ", ¢ = ¢*, b<{c, then there exists an element
d € Asuch thatd* = b, d*° = c.

The following B, C, D represent b, ¢, d respectively.

(1)&(3). Since b = ¢, p®° = X iff p'= ", * = (°
Hf X\g7"(B) = X\g7"(O), X\gi"(B) = X\gi;"(O)
iff g1 (B) = g7 (O, g’ (B) = gi'(O)
Hg'[(B\O) U (OBl =&, gi'[(B\O U (O\B)] = (&
iHf (B\C) U (C\B) & X\g.(X), (B\O) U (C\B) € X\g1 (XD
iff (B\C) U (C\B) < X\ (g, (XD U g.(X»
BN (@XD) U gX)N=CN (g (XD U g(X»)
ffb=c (g (XD U XN
1f (3) holds, that is, ¢ = &, then (g, (X) U g:(X)) = w (i. e. , the zero congru-
ence), g1 (X) U £:(X) = X. If (1) holds, that is, g1 (X) U g£:(X) = X, then
Mg (XD U g:(X)) =w, c=50(g,(X) U g:(X)) implies c = b,

(2)e=(4). 1 (2) holds and b= 8", ¢ =", 6<Cc, then B= X\g7' (X\g7'(B)),

= X\g"(X\gi'(C)), B < C, that is, B = gi’(B), C = g7’((0). Setting
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D= (CN & (X U B, therefore we have that D is a clopen decreasing set of S(A).
21(X) N g=:(X) = & implies that NBS CN g (XD S g1 (XD S X\g (XD, O\D =
ONB YU g(X) € Qg (X)) < X\g (X)), hence we obtain that X\g;'(D) =
X\g:' ' (B), X\g,'(C) = X\g, (D), that is, d*=0", &’ = d7 =™ = b, d¥
= " = ¢. Therelore (4) holds.

H (4) holds and there exists an element d € A such that ™ =5=6", d° = c = ",
that is, d"= 6", &® = ¢, then X\g7' (D) = X\g7' (B), X\gi' (D) = X\gi'(O) , hence,
we have that (B\D) U (D\B) € X\ g (XD, (C\D) U (DA\O) € X\g (X). It follows that
B < DC Cfrom the fact thatb = d™ << d << d” = ¢, and so N\BC X\g. (XD, O\DC
XN\gi (X0, OB X\ (g (X0 N g (X)), Fixb=0, c=1, then B=J, C= X, it follows
that g, (X) N &(X) = &. O

Theorem 2.2. Let<<L, V> As’s 0y 1> bea de Morgan algebra and let K(L) =
{(as YELXL t a<b}. Forevery (a,b) € K (L) ,define (a,b)° = (&' ,b") and (a,
)t = (a’,a’). Then <K(L),° ,*>>isa double MS-algebra satisfying (CP).

Proof. By Theorem 2. 3 in [3], <<K(L)," ,*>> is a double MS-algebra.
Let (asd), (¢ d) € K(L) such that (a,b) = (a. 5", (c,d) = (¢,d)* and (a,b)
< (¢sd). Thena = 6. c = dand a < ¢, hence (a,0) EK(L), (a )t =(a,a), (a,
)% ={(c,c). Suppose that there exists some (a,,c;) € K(L) such that (a,,¢,; )™ =
00 —

(a,o)" = (asa), (a;+,¢;)® = (a,c)® = (¢cyc). This means thata=a,, c=c¢;, 1. e. s
(asc¢) = (a;-c1). According to Theorem 2.1, K(L) satisfies (CP). O

Lemma 2.1. Letl ., L,bede Morgan algebras and leth : L—IL,bea 0-1-preserving
de Morgan algebra homomorphism. Foreach (x,y) in K{(L) define K(h) ((x,y)) =
(h(x) ,h(y)). Then K(h) is a double MS-algebra homomorphism from K(L) into
KL . O

According to Theorem 2. 2 and Lemma 2. 1, we obtain a functor K from the category
of de Morgan algebras and de Morgan algebra homomorphisms into the category of
double MS-algebras and MS-algebra homomorphisms,

Lemma 2.2. LetAbe a double MS-algebra and let LIAY = {x € A+ x=2z"}. Then
L(A) isa de Morgan algebra. [

Lemma 2.3, LetA, A, bedouble MS-algebras and let h be a double MS-algebra ho-
momor phism, define L(h)(x) = h(x) foreach x € L(A). ThenL(h) isa de Morgan
algebra homomorphism from L(A) into L(A;).

Proof. It suffices to show that the definition of LL(4) is reasonable . Forx € L(A),x €
Aand x = z*°, We have h{x) = h(2®) = h(x)®, thus h(x) € L(A)). ]
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MS-algebras and double MS-algebra homomorphisms into the category of de Morgan
algebras and de Morgan algebra homomorphisms.
The f{ollowing will be devoted to prove that L is a left adjoint of K .

Theorem 2.3. LetL be a de Morgan algebra and let LIK(L)) = {2 € K(L) : x =
2}, Then LLK(L)) L L.

Proof. It is plain that LCK(L)) is a de Morgan algebra, whose elements have the
form (a,a), a € L. Define P, : (a,a) — a. It is easy to show that P is an isomor-
phism from L(K(L)) into L . Ul

Theorem 2.4. Let A be a double MS-algebra satisfying (CP). Define J s(a) =
(a*t, a®) foreacha € A. Then] 4is a double MS-algebra isomomorphism from A
into K(L(A)).

Proof. Since (a*)® = g™ and (a®)%® = a%,we deduce thata™, a® € L(A) . By ob-
serving that at* < a®, we have (a™,a%) € K(L(A)), which implies that the defini-
tion of Jsis reasonable . Since
Jaa V)= {aV O, @V 5)®) =@t Vi, a* Ve
= (g*,a®) V (b7, 8%) = Jala) V Ja(®),
Jala A& = (a A BT, (a A B®) = (att A B, a® A D)
= (at",a®) A (BT, b)) = Jala) A Ja(B),
Jais a lattice homomorphism. .

Moreover, J4(a®) = (a®", a®®) = (a°, @®), (Ja(a))® = (a*t, a®)° = (a"°,
a®) = (&, a®), hence J4(a®) = (Ja€a))°. Similarly, Js(a™) = (Ja(a))*. So we
obtain that J4is a double MS-algebra homomorphism. To see that J4 is also an iso-
morphism, suppose (at*, a®) = (4", ). By Theorem 2.1, we havea = . This
means that J ,is one-one. Since, for any (z,y) € K(L(A)) , thatis, z,y € L(A) and
z <y, by Theorem 2.1, there exists some ¢ € A such that ¢** = x, ¢® = y, and
hence, Ja(c) = (xsy). This means that J, is an onto mapping. O

According to Theorems 2. 3 and 2. 4, it is easy to check that the mappings J, and P,
define natural transformations J : 1y — KL and P : LK — 1y, where 1y and 1y are the
identity functors in the categories V and M respectively. More precisely, we have:

Theorem 2. 5. <<L, K, J, P> isan adjunction, with unit J and counit P .

Proof. Since we have already noted that J ¢+ 1y - KL and P : KL — 1lyare natural
transformations, according to a result in [7, ch.iv, Theorem 2(v)], to complete the
proof, we have to show that the following two conditions hold, where 1xdenotes the
identity for the object X .

(1) For each de Morgan algebra L, K(Pugw ) Jrw = lxw » and
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(1) For each de Morgan algebra L ,K{(Pix,)Jxw, = lkw s and
(2)For each double MS-algebra A satisfying (CP), Prxica (L(Ja)) = lis.
The prove (1), leta, b € L, a<{ b. Since
T Cas 8 = ((a,. 07, (@, 0%) = {a,a), (5.5)),
we have
K(Pixs ) Jxw, (Casb)) = (Pixay(asa)s Piga,y (6:8)) = (a,b).
To prove (2), leta € L(A), thatis, a € A, a = a*, since
Jala) = (a™,a") = (a,a) € L(KL(A)),
Prignn (LT a))(a) = Py, ((asa)) =a |

Theorem 2.6, Let << X,g1,g: > bea double MS-space satisfying (CP). Then the
correspondence T — T |J g (T) establishes an isomorphism from the lattice of all the
closed g\ -invariant subsets of g,(X) onto the lattice of all the g -invariant subsets
inX.

Proof, Since X is a compact totally order-disconnected topological space and g, (X) is
a closed set in X , hence, is compact and the continuous mapping g; |4 is closed.
Let T be a closed g, -invariant subset of g; (X). It is plain that T {J g,(T) is a closed
set in X . To prove T {J g:(T) is a gy -invariant subset in X , letx € T U g (1. If
z€ T, thengi( € g (D =Tz € gD, letxz=g:(8), t € T, thengy (x) =
g:(g:()) = g2 (1) € T. This implies that T {J g, (T) is g ~invariant. Similarly, T U
2:(T) is g, - invariant, hence, we obtain T {J g,(7) is a g; -invariant subset in X .
Foreachxz € g, (T) N ¢ (X), i.e., there existt € T, o € X such thatz = g, (&)
= g1 (xo), we have gy () = g1 (g2 (2)) = gi(¢t) € T, and so, gi(x) € T. Since gl {x)
= gt (g, (xe)) = g1 () = x, 2 € T, therefore, g, (T) N £:(X) & T and then, (T
U g (1)) N @ (X) = T. From this equality we obtain that T {J g, (TY) & S U £:(S)
iff TC S. Finally, to see that the mapping is onto, note that if Y is a gj-invariant sub-
setin X, thenY = (Y N & (X)) U YN X\gi(X)). It is enough to show that the
following two conditions hold:

(LY N &1(X) is a gi-invariant subset of g, (X) .

@)Y N X\a(X) = g(Y N & (XD).

The prove (1), note thatif y € Y N g (X)), theny € Y, y € g1 (X) and hence
s EY, g1y € g¢o(@ (X)) & g,(X), therefore, g, (v) € Y [} g1 (XD.

To see (2), note that,by (CP), s1 (X)) U (X)) =Xand ¢, (XD N g (X2 =&,
hence X\ g1 (X) = g (g (X)) . Hr € Y N X\g,(X), then there exists z, € X such
that t = g, (g1 (x)). Since Y is g; -invariant, g,(¢t) € Y, and s0, g1 (g (g1 (x))) =
gi(x) €Y, t=g:(g1(x0)) € g.(Y [} 21{X)). Suppose alternatively thatt € g, (Y
M g:1(X)), then there exists yE Y such thatt = g, (3), y€ Y N g1 (X), sinceYis g;
-invariant, t € Y, t = g:(y) € g (g (X)), .e., t € Y ) g2(g (X)) ]

From Theorem 2. 6 and topological duality for double MS-algebras, we have:

Corollary 2. 1. The lattices Con(A) and Con (L(A)) are isomorphic for each doub-
le MS-algebra A satisfying (CP). 4

58



Remark. Since the only subdirectly irreducible de Morgan algebras are the chains
with two and three elements and the four-element de Morgan algebra with two fixed
points, from the above Corollary we obtain at once that the only subdirectly irreduci-
ble double MS-algebras satisfying (CP) are the following:

l=gt=pt

i=at
a a® =d° ° — pt
=ct=d b 2 f+e=
0=a°
0=b"=¢°
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