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The Beurling-Roumieu space
D(SUIXM’}(@ X Q/)

Jean SCHMETS Manuel VALDIVIA*

Abstract

In [10], we started the study of the countable intersections of non
quasi-analytic classes of ultradifferentiable functions. In particular
the Beurling and the Roumieu intersections coincide as vector spaces.
We then studied the countable Beurling-Beurling intersections in [11]
and [12], up to tensor product characterizations and kernel theorems.
In this paper, we present a study of the countable Beurling-Roumieu
intersections.
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1 Introduction

In [10], we introduced countable intersections of non quasi-analytic classes of
ultradifferentiable functions of Beurling and of Roumieu type. In particular,
we proved that as vector spaces, they coincide but are in general new spaces,
developed some general properties (about denseness, for example) and gave
a condition under which these spaces are nuclear.

In [11] and [12], we introduced the countable Beurling-Beurling intersec-
tions

5(M><M’)<Q X Q/),D(MXM/)(Q X Q/> and D(MXM’)(K X K/),

of non quasi-analytic classes of ultradifferentiable functions and presented a
study of their properties up to tensor product characterizations and kernel
theorems.
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In this paper we study the remaining Beurling-Roumieu case, i.e. we study
the spaces
DMMY (¢ 5 K'Y and DMMH(Q x Q).

It is appropriate to mention that a huge literature exists on non quasi-
analytic classes of ultradifferentiable functions, and on their duals, the spaces
of ultradistributions. Basic references are [4] and [1]. Moreover kernel theo-
rems have already been obtained in this setting, such as [5], [6] and [7].

2 Notations

All functions we consider are complex-valued and all vector spaces are C-
vector spaces. The euclidean norm of x € R™ is designated by |z|. If f is a
function on A C R™, then || f||, is defined by || f]| 4 = sup,ea | f(2)].

If £ is a Hausdorff locally convex topological vector space (in short, a
locally convex space), we designate by E’ its topological dual endowed with
the strong topology B(E’, E'). We refer to [3] and [8] for properties of locally
convex spaces.

Whenever m is a sequence (my)pen, of real numbers, the notation M
designates as usual the sequence (M),),en, Where M, = mq...m, for every
p € Ny. Such a sequence m is:

(a) normalized if my =1 and m, > 1 for every p € N;
(b) non quasi-analytic if 37 1/m,, < .

A semi-regular matriz is a matrix of the type m = (m;,)jenpen, of real
numbers such that, for every j € N, the sequence m; = (m;,)yen, is increas-
ing, normalized, non quasi-analytic and such that:
(a) m;, > mjiq, for every p € Ny;
(b) limy, oo M1/ = 0.

From now on and unless explicitely stated,
a) r and s are positive integers;
b) Q and " are non empty open subsets of R” and R® respectively;
c) m' = (m,)pen, is an increasing, normalized and non quasi-analytic se-
quence and we set M' = (M))pen,- Moreover, from Paragraph 6 on, we
require that M’ is stable under differential operators, i.e. M’ verifies the con-
dition (M.2)’ of [4]: there are constants A, H > 1 such that M,,, < AHPM]
for every p € Nj.
d) m is a semi-regular matrix and we set M ; = (M;,)pen, for every j € N
and M = (M;p)jenpeny-
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3 The spaces DIM} ([ x K')
and DPMI () x (V)

Definition. For every j € N, o > 0 and k > 0, BMixMOAk(RT » R?)
is the Banach space of the C'*°-functions f on R” x R® such that

D fllar e
1Flps = sup o
PRET ey BRI o M,

endowed with the norm ||.||;, ;-

For every h > 0 and k > 0, the Fréchet space BM*M)E(R™ x R?) is the
projective limit of the spaces BMixM)Ak(R™ x R#).

Definition.  Let us introduce our main spaces DM*M} (K x K’) and
DMXME(Q 5 ).
With the notations 7 € N, h > 0, £ > 0, K a non void compact subset of
R" and K’ a non void compact subset of R®, we successively set:
a) DMi*MO k(K x K') is the Banach subspace of BMixM)hk(R" x R®)
the elements of which have their support contained in K x K’;
b) 'D(MXM’),h,k(K % K/) _ 1@D(MjXM/)’h’k(K « K,);
jEN
C) fD(MxM’),k(K % K/) — @ID(MXM/),h,k(K « K’);
h>0
d) DMMHEK x K') = imDMMI* (K x K');
k>0
e) DMMI(Q x V)= lim DMMIK x K').
KbQ,K'bg

Definition. A subset B of R™ has the local displacement property if
every * € B has a neighbourhood W such that, for every ¢ > 0, there is
a € R™ such that |a| <eand a+ (BNW) C B°.

If By, ..., B, are a finite number of closed balls of R" such that B;NBy, # ()
implies B; N By # (), one can chek that their union has the local displacement
property. Moreover if the compact subsets K of R” and K’ of R® have the
local displacement property, it is clear that K x K’ also has this property.

Therefore, we may consider exhaustions (K,)nen and (K)),en of © and
Y respectively, made of non void compact sets having the local displacement
property and such that K, C K, , and K, C K}’ , for every n € N. In
particular, we have

D(MXM/}(Q v Q/) _ ILHD(MXM’}(KH « K»:l) — hi)nD(MXM’)m(Kn X K;l)

neN neN
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Proposition 9.1 of [9] states that, for every j e N, 0 < h < h/; 0 <k <K
and compact subsets K of R” and K’ of R*, the canonical injection

J: D(MjXM/),h,k‘(K % K/) N D(MjXM’),h'7k'(K % K/)

is a compact linear map. Therefore
a) DMXMOE(E 5 K'Y is a (FS)-space;
b) DMMH(K x K') and DM*MH(Q x Q') are (LFS)-spaces.

For the sake of clarity, let us recall the following facts (cf. [4]).

If m is an increasing, normalized and non quasi-analytic sequence, then
a) for every h > 0 and non void compact subset K of R”, DM (K) is the
Banach space of the functions f € £(R™) having their support contained in
K and such that

D% flr

sup < 00
a€eNg h‘a|M|a\

A1, =

endowed with the norm ||.||,;
b) the (FS)-space D) (K) is the projective limit of the spaces DM (K);
c) the (DFS)-space DM} (K) is the inductive limit of the spaces DM)"(K).
d) the (DFS)-space DIM}(Q) is the inductive limit of the spaces DIM}(K,)
hence of the spaces DM (K,).

This leads to the following definitions:
e) the (FS)-space DM(K) is the projective limit of the spaces D) (K)
and, in order to avoid any confusion, we shall denote by ||.[|;, the norm ||.|,
of the space DM (K);
f) the (LFS)-space D™ () is the strict inductive limit of the spaces DM (K,).

4 First properties
Proposition 4.1 For every f € DM(K) and g € DMVF(K'), it is im-
mediate that f ® g belongs to DM*MVE(K x K') and verifies ||f & Illjnr =

1£1l;1 gl for every j € N and h > 0.
Therefore

®@: DM(K) x DMV (') - DMMOK(F s K'Y (fg) — f®yg

is a well defined continuous bilinear map and the canonical injection from
DM(K) @, DMIE(K') into DM*MIF(K x K') is continuous.y

Proposition 4.2 The multiplication maps

A B(MXM’),h,k(Rr « RS)2 N B(MXM’)Qth(Rr « RS>
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and
A B(MXM/),h,k<Rr % RS) > 'D(MXM/)’h’k<K % K/) - ID(MXM/),Zh,Qk<K « K/)
defined by A(f,g) = fg are well defined, continuous and bilinear.

Proof.  This is a direct consequence of the Leibniz formula.g

Definition. ~We designate by £P'¢)(R" x R?) the space of the func-
tions f € £(R"**) such that

D Fl e s
|f|K><K/h = sup
’ (a,B)ENGxN§ hlal+18l 31

< 00

for every h > 0 and non void compact subsets K of R” and K’ of R*, endowed
with the system of norms {|.|x, 5/, : £ €R", K" € R*,h > 0}. It clearly is
a Fréchet space but more can be said.

We let moreover H(C") designate the Fréchet space of the holomorphic
functions on C" endowed with the topology of uniform convergence on the
compact subsets of C".

Then standard holomorphic properties provide directly that the restric-
tion map R: H(C'™) — EP')N(R" x R®) defined by f + flrrxrs 45 a topo-
logical isomorphism.

Proposition 4.3 The multiplication map
\: 5(p!q!)<Rr > RS) > D(MXM/)’h’k(K % K/) - D(MXM/),Qh,Qk(K « K/>
defined by A(f,g) = fg is well defined, continuous and bilinear.

Proof.  Direct consequence of Proposition 10.2 of [9].

5 Approximation and denseness

Notation. For every m € N, 1, is the function defined on R" x R*
by
2
P (1, 0) = T D 2emmA @Oy (g ) € R x R,

Let us note that, for every f € D(R" x R*) and m € N, the convolution

product fx1,, belongs to £P'9)(R" x R?) since it has a holomorphic extension
on C"ts,
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Proposition 5.1 For every f € DMXMVRE(K 5 K'Y, (f % Ym)men 5 a
sequence converging to f in BM*XM)2h2k(Rr 5 RS).

Proof.  This is a direct consequence of Proposition 10.1 of [9] stating
that, for every j € N and g € DMiXMIME(K 5 K'Y (g % Y)men 1S a
sequence converging to g in BMixM").2h2k(R 5 R#) 4

Proposition 5.2 Let the compact subsets H, K of R" and H', K’ of R?
be such that H C K° and H' C K.

a) The closure of DM (K)@DM)(K') in DM*M)ARAk (K K'Y contains
D(MxM’),h,k(H % H/).

b) The closure of DM (K) @ DMI(K') in DM*MI4R ([ 5 K') contains
D(MxM’),k(H % H/).

Proof.  One has just to proceed as in the proof of Proposition 5.2 of [9].

Notation. Given ¢ € R"” and a function f defined on R", 7.f desig-
nates the function defined on R™ by 7.f(.) = f(. — ¢).

Proposition 5.3 For every ¢ € R" x R?®, the map 7. is an isometry of
BMMIOLE(RT x R®)onto itself.

Moreover we have limy_o7.f = f in BMMI2LI(Rr x R?) for every
f € BMMI)RER x R9).

Proof.  This is a direct consequence of Proposition 10.4 of [9].x

Proposition 5.4 If the compact subsets K of R" and K’ of R® have the
local displacement property, then
a) the closure of DM(K) @ DM)(K") in DMXMISk(I x K') contains the
space DMK 5 K7);
b) DM(K) @ DM (K") is dense in DM*M' YK x K');
¢) DM(Q) @ DM)(QY) is dense in DM*MH(Q x Q).

Proof.  One has just to proceed as in the proof of Proposition 5.4 of [9].

6 Structure of the elements of the space
/
DMK x K')
Let us recall that, from now on, we require that the sequence M’ is stable

under differential operators. This implies in particular that, for every [ € N,
there is a constant A; > 1 such that M/, < AZH”’MI’, for every p € N (in

pH
fact Ay = A'H!(=D/2 is suitable).
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Proposition 6.1 For every k > 0 and B € N, the differential map
DOP) s a well defined continuous linear map from DM*M")k/HI! (K x K')
into DMXM)E(IC x K7).

Therefore, for every B € N, D9 is a well defined continuous linear
map from DMMI (K x K') into itself.

Proof.  This is clear since, for every f € DMMBE(K x K'), j € N
and h > 0, we easily get

_1Aa12
IDC Fllnn < Ak ™ H 1] i

Proposition 6.2 a) For every f € DMMVE(K x K, the function
g: R = DM(K); g fy)
is well defined, C™ and such that [D°g(y)](.) = DOP f(.,y) for every f € N,
and y € R®.
b) Therefore, for every f € DM*M YK x K'), the function
g: R = DM(K); ye f(y)

is well defined, C= and such that [D°g(y)](.) = D(O’B)f(., y) for every § € Nj
and y € R,

Proof. a) For every j € N, f belongs to DMiMIk(K x K'). The
proof of Proposition 11.1 of [9] then applies.y

Proposition 6.3 Let S belong to DM (K)'.

a) If k > 0 is fized, then, for every f € DM*MIVE(K x K'), the func-
tion (S, f(.,y)) belongs to the space DMIF¥(K') and verifies the equality
D(S, f(.,y)) = (S, DOP f(.,9)) for every 8 € N§ and y € R®. Moreover

Dg: DMMIK(K 5 K') — DMIK(K'); - f (S, f ()

1s a well defined continuous linear map.

b) Therefore, for every f € DMM I K x K'), the function (S, f(.,y))
belongs to DM)(K') and verifies D°(S, f(.,y)) = (S, DO f(.,y)) for every
B €Ny and y € R°. Moreover

Ig: DMMY (K« K') = DIMYK), f (S, f(,y))

is a well defined continuous linear map.
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Proof. a) By the previous result, we know that (S, f(.,y)) is a C*°-
function with support contained in K’, that verifies the announced equalities.
As S belongs to DM(K)', for every j € N, there are h(j) > 0 and C; >0
such that [(S,.)] < Cj ]|, on DM (K), which leads to

1S, FL Dl < G ||f||j,h(j),k; <00
and we conclude at once.p
Proposition 6.4 For every k > 0, the map
A: DM % K') x DMK — DMIS(EY); - (f,8) = (S, £(.1))
15 well defined, bilinear and hypocontinuous.

Proof.  As DM*M)k(EK 5 K') is a Fréchet space and as DM(K) is
the strong dual of an (FS)-space, we only need to prove that the map A is well
defined and sequentially continuous. This easily follows from the following
argument.

Let the sequences (f,)nen and (S,)nen converge to 0 in respectively

D(MxM’),k(K x K') and D(M)(K)’_ As {S,: n € N} is an equicontinuous

subset of D(M)(K)/, there are j € N, h > 0 and C' > 0 such that
(Sn. )| < Cllglyn. Y9 € DM(K),
and this leads to

H<Sn7fn<uy)>||k S O||fn”j7h7k7 vnEN|

7 Structure of the elements of the space
rD(ime’)(Q % Q’)
Let us recall that M’ is supposed stable under differential operators.

Proposition 7.1 For every § € N{, DOF) s a well defined continuous
linear map from DM*MH(Q x ) into itself.

Proof.  Direct consequence of Proposition 6.1.g
Proposition 7.2 For every f € DM*MH(Q x ), the function
g: R = DM(Q); y f(y)
is well defined, C* and such that [D°g(y)](.) = DOP f(.,y) for every § € N,
and y € R,
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Proof.  Direct consequence of Proposition 6.2.4

Proposition 7.3 Let S belong to D™(Q),

a) For every f € DMXMH(Q x ), the function (S, f(.,y)) belongs to the
space DM N(Q') and verifies the equality D(S, f(.,y)) = (S, DO f(.,y)) for
every 3 € N§ and y € R,

b) The linear map

Pg: DMMIQ x @) - DIMHQ); f = (S, f(,p)
18 continuous.
Proof.  Direct consequence of Proposition 6.3.y
Proposition 7.4 The bilinear map
A DMMI(Q x ) x DM(Q)' — DIMHQ); (£,9) - (S, f(Ly)
1S hypocontinuous.

Proof.  As the space DM*M'H(Q) x Q') and DM(Q)" are barrelled, it
suffices to establish that the bilinear map A is separately continuous.

By the previous Proposition, we know that, for every S € D(M)(Q)/,
A(.,S) is a continuous linear map.

For every f € DM*M}(Q) x '), there are ky > 0, Ky € Q and K}, €
such that f € DMXM)ko(Ko 5 K1), As every S € DM(Q) belongs to
DM)(K,), we get

(5. f(..y)) € DM (K7) € DM (K)

with H B< ( )>‘
DPCS, )|
H(Svf(7y)>Hk0 = sup 18] 4 s ¢ = Sup|<S7g>‘
BENS ko Mg, g€B
where 0.8)
_ (D7 f () /
B := {W ﬁ S N ,UY € KO}

is a bounded subset of D™ (Kj) hence of DM (Q) since, for every j € N and
h > 0, we have

Ko

‘D(a,ﬁ)f(,, y)’
sup HQHJ h T Bsu'\IlD sg\% hla‘MJ/‘,\al

= 1l ke < 00

yeK|
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8 Tensor product characterizations

Let us recall that M’ is supposed stable under differential operators.

Definition. Given k € N, § € DM(K) and T € DMI* (K'Y we
just obtained that the semi-tensor product

SO T: DMMIK(K & K7 — €5 f s (T,(S, f(,y))
is a continuous linear functional.
Proposition 8.1 For every k € N, the bilinear map
o: DM(K) x DMk (K — DMMIk (i K'Y (S, T)— ST

18 continuous.

If the sets P ¢ DM(K) and Q
then P © Q = {S@T S e P,T €
D(MXM’),k(K % K/) ]

! DMk (K’), are equicontinuous,

C
Q} is an equicontinuous subset of

Proof.  The space DM)(K) is barrelled and DM"*(K")" is a Banach
space. So it suffices to note that, for every closed absolutely convex neigh-
bourhood U of 0 in DM*MVk(K x K'Y

M {(SeD™M(K): SoTeU}

IT|I<1
is a barrel.y

Notation. For every k € N, we designate by Gi(K x K') the topo-
logical vector subspace DM (K) @ DMVF(K') of DMXMIE(K x K.

Definition. As in [10], we say that m (or equivalently 9) is regular
if, for every j € N, there are constants A(j), H(j) > 1 such that

Mi1p41 < A(G)H ()" M;p, Vp€N.

Proposition 8.2 For every k € N,
a) the canonical injection I: Gp(K x K') — DM(K) @, DMV*(K') is con-
tinuous.
b) if M is regular, then the spaces Gr(K x K'), DM (K) @, DMV*(K') and
DM(K) @ DMK (K'Y coincide algebraically and topologically.
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Proof.  a) is a direct consequence of the second part of Proposition 8.1.
b) is then a direct consequence of Proposition 4.1 and of the fact that,
by Proposition 8.2 of [10], as 901 is regular, D™ (K) is a nuclear space.y

As DM)(K) is a Fréchet space and DM)*#(K’) a Banach space, every
separately continuous bilinear functional on D™ (K) x DM)*(K') is con-
tinuous. Therefore, by [2], we have

D(M)(K> R 'D(M/)’k(K/) _ D(M) (K) ®; 'D(M/)’k(K,)

where ®; denotes the inductive tensor product. So designating by G k(K xK')
the completion of Gi(K x K’), i.e. the closure of the space Gx(K x K') in
DMXMOE(I % K'), we obtain

~

Gi(K x K') = DM(K)8,DMI4(K') = DM ()&, DM (k)
if 9 is regular.

Theorem 8.3 If M is reqular,
a) and if the compact subsets K of R™ and K’ of R® have the local displace-
ment property, then we have

DMMY K % K') = lim D™ (K)&, DM (K").
b) we have

DPMMY () x V) = lim DM (K,)&, DM (K.

Proof.  a) For every n € N, an(K x K') is a topological vector subspace
of DM*MIn (¢ 5 K') which, by Proposition 5.4, is continuously embedded

in égn(K x K') hence
DMMI(K x K') = lim DMM)I™(K x K') = lim G, (K x K').
b) As we have
DMME(Q 5 () = lim DM M (K, x K),

—

the same procedure applies since @n(Kn x K is a topological vector sub-
space of DM*MYn (¢ K'Y which is continuously embedded in the space
Gsn (K, x K, a topological vector subspace of Gg, (Ks, X K},)a

Acknowledgement. The authors thank the referee for his valuable comments
and for providing an easier proof of Proposition 8.1.
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