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Abstract

In this study, fluid flow and heat transfer is investigated numerically on an expanded
hydrodynamic flow of Unsteady Flow in the presence of magnetic nano-fluids. In this regard,
various metals will be considered as nanoparticles with water as base fluid. Nano-fluid that
caused by the distribution of Nano -scale particles in conventional fluid, is a new generation of

fluids with great potential in industrial applications. The effects of various physical parameters of
the problem will be evaluated, such as the volume fraction of nanoparticles, different types of
nanoparticles, magnetic parameters, flotation parameters, unsteady parameter, and suction on the
curve of speed and temperature parameters. The results showed an increase in heat transfer due
to increased volume fraction of the nanoparticles.
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Introduction

Increasing the heat transfer is always one of the major issues discussed in the industry. There has

been a lot of attention recently on the heat transfer increment in many applications for heating

and cooling, especially in small dimensions. There are many ways to increase heat transfer in

heating and cooling applications. To increase the heat transfer, change the geometry, boundary

conditions and an increase in thermal conductivity of the fluid can be used. The best option for

researchers is to increase the thermal conductivity of the fluid because of the limitations of the

current geometry and boundary conditions. For this reason, this method has been widely studied.

Typical fluids that are used in heat transfer have a lower thermal conductivity, such as water,

ethylene glycol and engine oil, respectively. In contrast, the metals have a higher thermal

conductivity of the fluid. So, one way to increase the thermal conductivity of fluids used in the

heat, is to add the metal particles in the fluid.

With the development of nanotechnology and nano-sized particles make it possible to mix those

particles with fluids. Based on the description and less problems of nanoparticles, the particles
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are better compared to the particles in a micrometer and millimeter dimensions. In fact, the small

size of the particles and the low volume fraction is used, solves the problems such as corrosion

and pressure drop. One of the most important factors in choosing nano-fluids, is the stability of

nano-particles in the fluids in the heat exchanges. Finally, the smaller particles are, however, also

increases the relative level of heat transfer. As a result, the thermal efficiency of particulate

matter that is a function of the heat transfer surfaces increases by reducing the particle size.

Choi and Eastman were the first people in any National Laboratory in the United States, called

nano-fluids suspension of nano-particles in base fluid and showed an extraordinary increase in

heat transfer coefficient [1]. Experimental results show that adding 1 to 5% by volume fraction

of nano-particles can increase thermal conductivity of the mixture up to 20% compared with the

base fluid [2, and 3]. This increase in heat transfer cannot be attributed exclusively to the thermal

conductivity of the nanoparticles. Other mechanisms such as particle density, volume fraction,

Brownian motion, particle size, shape and particle surface area also has a direct impact in heat

transfer increment.

Mustafa and colleagues [4] examined the stagnation point flow on a stretching sheet of

nanofluids using the homotopy analysis and taking into account the effect of Brownian motion.

Steady flow of an incompressible viscous fluid on a rotating disk in the presence of nanofluids

numerically using finite difference method Claire box were studied by Bachok and colleagues

[5]. Aziz et al. [6] studied the natural convection flow of nanofluids on the vertical plane

numerically. As expected, in all mentioned articles, the heat transfer rate with increasing volume

fraction of nanoparticles will increase.

Also, Buongiorno [7] examined the phenomenon of convection heat transfer in nanofluids and

found that among seven slip mechanisms, Brownian diffusion and thermophoresis will lead to a

huge increase in the absolute value of the thermal conductivity of fluids. He also presented a

two-component four-equation nonhomogeneous equilibrium model for mass, momentum, and

heat transport in nanofluids, which involves the simultaneous effects of Brownian diffusion and

thermophoresis. Nazari and colleagues [8] studied water and heat transfer fluid nano alumina /

water at a constant temperature tube containing a porous material in the range of 700 to 5000

Reynolds experimentally. Mohammadpour fard [9] studied thermal and hydrodynamic behavior

of Non-Newtonian ferrofluid flow through a vertical rectangular channel and in the presence of

different magnetic fields numerically using a two-phase mixture model, power law model and

finite volume method. Ziaee rad and Kasaei poor [10] studied similarity solution for mixed-

convection copper-water nanofluid boundary layer flow over a horizontal plate using finite-

difference Keller-Box method.

The purpose of the study is to investigate the fluid flow and heat transfer in nanofluids of

unsteady fluid flow on a porous expanded plate in the presence of MHD flow using Runge-Kutta

method. Study of heat transfer on a porous expanded plate is very vital by the wide applications

in chemical engineering. Many processes in chemical engineering like as metallurgy process and

polymer extrusion process involves cooling the molten liquid and drawing it into a cooling
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system. In this process, the rate of cooling and shrinking is very impressive on the quality of the

final product.

Statement of the problem and governing equations

Unsteady two-dimensional incompressible laminar flow free movement of nano-fluids, has been

considered in the presence of an external uniform magnetic field on a vertical permeable

expanded accelerating plate. Different types of nanoparticles are considered with a water-based

fluid. It should be noted that the base fluid and particles are in thermal equilibrium with each

other and there is no slippage between them. Also, in 0t < the fluid flow and heat transfer are

steady. Unsteady fluid flow and heat transfer start at 0t = and velocity of expanding the plate is

assumed as ( ) ( ), 1wu x t a x ct= − along the x axis. The mass transfer velocity of expanding

perpendicular to the plane is considered as ( )wv t . Ambient temperature (T∞ ) has been fixed.

The wall temperature was considered greater than ambient temperature( )wT T∞> , which is

intended to represent the assisting flow. For the assisting flow, the induced tension and the

thermal buoyancy help each other. The plate is spread by two different directions and equal force

that is applied along the X axis. The effects of Brownian motion and thermal diffusion of

nanoparticles is also intended in equations and viscous dissipation is ignored. Also, the physical

properties of the fluid are constant. Physical geometry and coordinate system is given in Figure

1. The conservation equations of continuity, momentum and energy for unsteady incompressible

laminar boundary layer flow under the influence of magnetic field in a nanofluids is as follows:
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In the above equations u and v are velocity components along with x , y andσ is the electrical

conductivity, uniform magnetic field 0 1B B c t= − , the specific heat pc at constant pressure,

thermal conductivityk , g is the acceleration of gravity and T is an important loss of fluid

temperature. In the above equations, and dynamic viscosity and density of nanofluids, which are

presented by Brinkman [11] below as well as
nfk is the effective thermal conductivity of



Bulletin de la Société Royale des Sciences de Liège, Vol. : 85, 2016, p. 34 - 47

37

nanofluids [12],
nfβ is thermal expansion coefficient and ( )p nf

cρ is thermal capacity of

nanofluids:
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Where
fµ is the dynamic viscosity of the base fluid, ϕ is the solid volume fraction of

nanoparticles,
fρ and sρ , are the density of the liquid fraction and solid fraction, respectively. It

should be noted that the above equation is to calculate the spherical nanoparticles and is not used

for other geometries nanofluids relationship and the relationship will change in other

nanoparticles shapes. Thermo-physical properties of the base fluid (water) and various particles

are given in Table 1 [13].

Table 1: thermo-physical properties of the base fluid and different particles [13].

Physical

properties

Specific heat at constant

pressure

DensityThermal

conductivity

Thermal

Expansion

water4179997.10.61321

Cu38589334001.67

3O2Al765397400.85

2TiO686.24258.95380.9
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Fig.1: The current configuration on page spread and coordinates the issue.

Boundary conditions appropriate to issue the uniform suction of the page are as follows:
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In the above equations, a and c are constants. a parameter is the initial stretch rate that increases

with increasing the time ( )( )1a c t− . b is also consistent with the temperature / length that (b =

0) refers to the absence of buoyancy forces. By introducing the stream function ( ),x yψ as

follows , continuity equation will be satisfied:

(6)

( )

( )
1 2

,
1

,
1

f

a x
u f

y c t

a
v f

x c t

ψ
η

νψ
η

∂
′= =

∂ −

 ∂
= − = − 

∂ − 



Bulletin de la Société Royale des Sciences de Liège, Vol. : 85, 2016, p. 34 - 47

39

The similarity parameter of η , dimensionless component of temperature and stream function

are defined as follows:

(7)
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Using equation (4) as well as the above mentioned similarity parameter and dimensionless

component of temperature and stream function and also replacing them in equation (2) and (3),

the following system of ordinary differential equations is:
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In the above equations, A c a= is unsteadiness parameter, 2
0 f

M B aσ ρ= is magnetic

parameter, 2
fg b aλ β= is buoyancy parameter, and f fPr ν α= is Prandtl number. The

boundary conditions are as follows:
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Where in the above equation 0w ff v aν= −
is the suction parameter.

Discussion and Results

Ordinary nonlinear differential equations (8) and (9) according to the boundary conditions (10)

are solved numerically using Runge-Kutta fourth order method for different values of magnetic

parameters, the volume fraction of nanoparticles, buoyancy, unsteadiness, and suction. In this

section, three types of nanoparticles intended that include copper Cu , aluminum oxide 2 3Al O

and titanium dioxide 2TiO . Water is considered as a base fluid. It should be noted that copper

Cu is considered in all forms as nanoparticles, except the forms that exist to compare the types

of nanoparticles. Prandtl number is equal to 6.2 that represents the Prandtl number of water at

20 °C [13]. Also, the volume fraction of nanoparticles will be changed from zero that indicates

the regular Newtonian fluid up to 0.2. First, a comparison between some of the results in this

paper and previously published papers [14-16] has been done in Table 2 that show good

agreement between the results.

Figures 2 and 3, investigate the effect of the volume fraction of nanoparticles on velocity and

temperature distribution curves. The results show that the velocity component decreases with

increasing volume fraction of nanoparticles. This phenomenon occurs because presence of the

nanoparticles leads to further thinning of boundary layer thickness. On the other hand, with

increasing volume fraction of nanoparticles, thermal conductivity and consequently thermal

boundary layer thickness increase.

Unsteadiness parameter influence on the temperature and velocity distributions in reducing mode

( )0A < are shown in Figures 4 and 5. Velocity distribution increases for larger quantities of

unsteadiness parameter. It means that the boundary layer thickness for larger values of absolute

value of A becomes thicker. It should be noted that this behavior is reversed away from the

surface. Also, the temperature distribution is increased by reducing the amount of acceleration.

Figures 6 and 7 show magnetic parameter effects on velocity and temperature profiles. A force

like as drag force, that called Lorentz force generate due to the magnetic field applied

perpendicularly to the fluid flow with electrical conductivity. This force tends to decrement of

flow velocity near the plate along with low amount of temperature increment. Therefore, the

amount of velocity decreases and thermal boundary layer thickness increases with magnetic
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parameter increment. It should be noted that, a large resistance on the fluid particles movement is

caused by increasing the magnetic parameter that generate heat in the fluid.

The effects of buoyancy on velocity and temperature profiles of the fluid flow have been shown

in Figures 8 and 9. The buoyancy parameter shows the amount of floating effect on heat transfer

and fluid flow pattern in comparison with inertia of external forces or free stream. The results

show that as buoyancy parameter increases the velocity profile also slightly increases, while the

temperature distribution decreases slowly. Due to buoyancy parameter definition (the ratio of

buoyancy forces to inertia forces in buoyancy layer), increment of the buoyancy parameter lead

to increment of fluid velocity. In other words, since the equations are connected to each other

only via the buoyancy parameters, increment of Grashof number will cause an increment in fluid

velocity and thereby increment of the velocity and boundary layer thickness. The buoyant force

acts like a favorable pressure gradient and accelerate to the fluid, so the boundary layer thickness

increases as Grashof number increases.

Figures 10 and 11 show the suction parameter on the velocity and temperature profiles. When the

suction is applied to the wall, velocity is reduced, because an amount of the fluid in suction is

pulled into the walls, and consequently the boundary layer will be thinner. Gradual reduction in

the thermal boundary layer thickness can be seen for large-suction parameters.

Figures 12 and 13 show the numerical results of surface friction coefficient 1 2
f xC Re and the local

Nusselt number 1 2
x xNu Re− for a wide range of nano-particles volume fraction parameter with

three types of nano-particles. As the results show, with increasing volume fraction of nano-

particles, the absolute value of the surface friction coefficient will decrease linearly. The most

amount of surface friction coefficient is related to copper nano-particles, because the copper has

the highest density between the intended nano-particles. Aluminum oxide is in contrast with

copper.

Table 2: Comparison of the results of compared rate of transfer ( )0θ ′− for different values of

Prandtl number ( )Pr on the transmission rate 0wM A fϕ λ= = = = =

PrIshak et al.[14]Mahdi[15]Ali[16]Current study

0.720.80860.808680.80580.80863

11.00001.000000.99611.00000

31.92371.923681.91441.92368

73.07233.07224-3.07225
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Fig. 4: The effect of the unsteadiness over velocity profile for 0.5A λ− = = and 0.1ϕ =
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Fig. 7: The effect of the magnetic parameter on temperature profile for 0.5M λ= = and 0.1ϕ =
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Fig. 8: The effect of the buoyancy on velocity profile for 0.5M λ= = and 0.1ϕ =

η

θ
(η

)

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

λ = 0
λ = 2
λ = 4
λ = 6

Fig. 9: The effect of the buoyancy parameter over temperature profile for 0.5M λ= = and 0.1ϕ =

η

f
'(
η
)

0 1 2 3
0

0.2

0.4

0.6

0.8

1

fw = 0.0
f

w
= 0.5

f
w

= 1.0
f

w
= 1.5

f
w

= 2.0

0.1ϕ =and1A M λ− = = =forprofilevelocityonparametersuctionThe effect of the:10.Fig



Bulletin de la Société Royale des Sciences de Liège, Vol. : 85, 2016, p. 34 - 47

45

η

θ
(η
)

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

fw = 0.0
fw = 0.5
fw = 1.0
fw = 1.5
f

w
= 2.5

Fig. 11: The effect of the suction parameter on temperature profile for 1A M λ− = = = and 0.1ϕ =

ϕ

C
f
R

e x1
/2

0 0.05 0.1 0.15 0.2
-3.5

-3

-2.5

-2

-1.5

Cu
Al

2
O

3

TiO
2

Fig. 12: The effect of the variation of nano-particles volume fraction on the surface friction

coefficient at different types of nano-particles for 1
w

A M fλ− = = = =

ϕ

N
u x

R
e x-1

/2

0 0.05 0.1 0.15 0.2
5.7

5.8

5.9

6

6.1

6.2

6.3

6.4

Cu
Al

2
O

3

TiO
2

Fig. 13: The effect of the variation of nano-particles volume fraction on the Nusselt number

according to different types of nanoparticles for 1
w

A M fλ− = = = =



Bulletin de la Société Royale des Sciences de Liège, Vol. : 85, 2016, p. 34 - 47

46

Conclusion

In this study, fluid flow and heat transfer in nanofluids on the pages has been developed in the

presence of magnetic hydrodynamic unsteady flow. Conservation equations in the form of partial

differential equations which are solved in order to convert them into ordinary differential

equations are used for the components of the velocity and temperature distribution and

concentration of the zero-dimensional similarity. Dimensionless ordinary differential equations

obtained numerically using Runge-Kutta and delivery techniques have been resolved. The results

obtained in this study, other references and also used analytical solutions, which well be seen

that shows the accuracy of the solution is in this article.
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