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ABSTRACT

A method is presented for the theoretical estimation
of lhe magnitude of error in the experimental determination
of sphere size distribution and population density by trans
mission microscopy arising as a consequence of deviations
in the thicknesses of the sections used from the putative
value,i,e, the thickness which the sections are purported
or believed to possess,

If, in an experimental situation the distribution of
section thicknesses about the mean value is known, the
treatment enables the range of error in determining the
sphere size distribution and population density arising
from variations in section thickness to be estimated,

INTRODUCTION

In the experimental determination of the size distribut-
ion and population density of opaque spheres randomly dis-
persed throughout a transparent matrix from the {requency
distribulion of image diameters obtained by transmission
microscopy account has necessarily to be taken of section
thickness, and an accurate lknowledge of section thiclkness
is a prerequisite in an ideal experiment., Neverthcless, in
cutting scctions it is often difficult to conlrol section
thickness with the desired accuracy, The {rcquency distri-
bution of the thickness of a large batch of sections may,
however, usually be determined without difficulty, and it
is therefore possible to estimate the probability that the
thickness of any field randomly selected from the batchlies
within a specified range of some specific value,
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Since the size distribution and population density is
usually estimated on the basis of a putatlive mean section
thickness, it is desirable for the purpose of experimental
design and in the interpretation of results to be able to
estimate the magnitudes and probabilities of the errors in
the size distribution and population density which arise as
a consequency of deviations in the section thickness from
the putative value,

This paper presents a theoretical basis of estimating
these errors using a matrix method for evaluating sphere
size distribution (Rose,1980),

GENERAL TREATMENT

It is assumed that the population of spheres of any di-
ameter is a Poisson random variable about a position-
invariant mean. It can then be shown (Rose,1980) that

M T YA ka‘\m . (1)
where nj is the mean number of projection figures in a
field of area A for which the diameters lie between the
limits (k—l)[} and kA , Ny is the mean population density
of spheres of diameter (m —‘%)é& ,Z} is the frequency dis-
tribution class interval, and 1
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where T is section thickness,
The sphere size distribution and population density are
then

1
Ny = AN P (2)
and 1 ‘

Ny = iA U (3)
respectively, where Pmk is derived from R] by matrix
inversion, and M

Q = 25 P ..

k=1 mk ‘

Using the bracketed subscripts (a) and (p) to denote

terms evaluated on the basis of the actual and the putative
section thicknesses respectively, the frequency distribu-
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tion of image diameters is related to the sphere size dis-
tribution by the equation

iy = AB R () Va(a)? ()

whereas evaluating the sphere size distribution from the
frequency distribution of image diameter on the basis of a
putative section thickness gives

_ 1
N. = —P. R
ilp) T EA “ik(p)'x
It follows that

N50) = Fak() () ()’ (©)

the coefficients of Nm(a) specifying the manner in which
the sphere size distribution is artificially distorted by
evaluation using a putative section thickness differing
from the actual value,

From equation (6) it follows that

(p) = (o) () n(a): @)

The factor by which each Ny is under- or over—estimated

as a consequence of a deviation in section thickness from
the putative value is given by the corresponding element

°t Oe(p) m(a) 10

NV N )
—Eﬁﬂif_— - Qk(p)ka(a)" (8)

Since it is perhaps more convenient to consider the
factors by which NV(p)(Nm) and T, deviate from N (a) and
T respectively, the error factors E(Nm) and E(TT‘are
defined as

B ) = Nv@)(gmz ) “n(a)
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Hence,

E(N ) = Ue(p)Pam(a) = 1 (9)

The manner in which E(N_) varies over a range of puta-
tive section thicknesses olten encountered in morphometric
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experiments is illustrated for various values of E(T) in
Figure 1,
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Figure 1, Variation of E(N ) with Tp/O for selected m
and E(T)

To determine the morphometrically important limiting
case in which Ta/A and Tp/A approximate to infinity, we

note that
Tﬂs->oo B = km, (10)
whence it can be shown that
Ta
Lt :
Ao Yi(p) 8 ju'm(a), (11)
and therefore
Lt E(Nm) = B(T). (12)

T/A~+00
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CONCLUSION

If T, and Tu are the lower and upper limits of a range
of section thicknesses about T , the limits between which
Nm(a)’ NV(a) and E(Nm) lie are

No(1) = k(1)

= (1) ()3 ) (15)
Sm(u) = Pme(u) K
= B i) i), (130)
M) T ()"
® %) %)) (11a)
W) T @)k
and = Ye)Mey (0)Ni(p) s ' (14D)
E(Nm)(l) = Q(p)hm(1) " 1 (150)
E(Nm)(u) = o) Pam(u) ~ (15b)

It follows that if Pr {7 :m ] 1 [1 } is the probavility
that the thickness of a ran&omly sélected section lies be-
tween Ty and T,

Pr{Nm(a):Nm(l)]Nm(a)[Nm(u)}z Pr Ta:Tl]T'a[Tu} (10)
Prfy () N @) ) v Bl h] T} 07)
and, ,

o Pr{E(Nm):E(Nm)(l)]E(Nm')[E(Nm)(,u)}
- Pr{Ta:Tl]Ta[Tu} (18)

The treatment presented in this paper therefore provides
a model for the estimation of limits between which the size
distribution, population density and error factors lie in a
given experimental situation, Moreover, by considering the
limits of a range of section thicknesses about the putative
value and the probability that a section thickness falls
within these limits, the treatment may be used to determine
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the probability that the sphere size distribution, popula-
tion density and associated error factors lie within
certain bounds defined by the range of section thicknesses
used,
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