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Abstract
The Tribomechadynamics Research Challenge (TRC) was a blind prediction of the vibration behavior of
a thin plate clamped on two sides using bolted joints. Specifically, the natural frequency and damping
ratio of the fundamental bending mode were requested as function of the amplitude, starting from the
linear regime until high levels, where both frictional contact and nonlinear bending-stretching coupling
become relevant. The predictions were confronted with experimental results in a companion paper; the
present article addresses the experimental analysis of this benchmark system. Amplitude-dependent
modal data was obtained from phase resonance and response controlled tests. In the phase resonance
test, a resonant phase lag between response and excitation was ensured via feedback control, and the
excitation level was step-wise in-/decreased. In the response controlled test, the response level was
kept fixed via feedback control.

An original variant of response controlled testing is proposed: Instead of a fixed frequency interval, a
fixed phase interval is analyzed. This way, the high excitation levels required outside resonance, which
could activate unwanted exciter nonlinearity, are avoided. The consistency of the nonlinear modal testing
methods, with each other, and with conventional linear tests at low amplitudes, is carefully analyzed.
Comparisons of nonlinear-mode based predictions with direct frequency response curve measurements
(at fixed excitation level) serve as additional cross-validation. Overall, these measures have enabled a
high confidence in the acquired modal data. The different sources of the remaining uncertainty were
further analyzed. A low reassembly-variability but a moderate time-variability were identified. The latter
is attributed to some thermal sensitivity of the system. Two nominally identical plates were analyzed,
which both have an appreciable initial curvature, and a significant effect on the vibration behavior was
found depending on whether the plate is aligned/misaligned with the support structure. Further, a 1:2
nonlinear modal interaction with the first torsion mode was observed, which only occurs in the aligned
configurations. All data (time series of nonlinear tests; linear modal properties) and post-processing
methods are publicly available.

Keywords: friction damping; jointed structures; geometric nonlinearity; nonlinear dynamics; nonlinear
modal analysis

Received on March 3, 2024 , Accepted on September 30, 2024, Published on October 7, 2024

*krack@ila.uni-stuttgart.de

26 | doi:10.25518/2684-6500.206Arati Bhattu, Svenja Hermann, Nidhal Jamia, Florian Müller, Maren Scheel, Christoph Schwingshackl, H. Nevzat Özgüven, and Malte Krack et. al

krack@ila.uni-stuttgart.de
http://dx.doi.org/10.25518/2684-6500.206


Journal of Structural Dynamics, Special issue on Tribomechadynamics, (pp. 26-45) 2024
Experimental analysis of the TRC benchmark system

1 Introduction

The benchmark system of the Tribomechadynamics Research Challenge (TRC) is depicted in Fig. 1. It consists of
four main parts: a thin plate (panel), a support (monolithic piece comprising two pillars and a thick base plate), and
two blades. The panel is bolted between blades and pillars with six M6 bolts and washers per side spaced based on
industry recommendations. The base plate is to be bolted on the slip table of a large shaker. The panel’s nominal
initial geometry is flat. The contact surfaces with the pillars are flat, but deliberately aligned under a nominal angle of
2.2◦ about the z-axis (1.1◦ inclination on each side), so that the panel is arched in the bolted configuration. The CAD
models, the technical drawings and the design documentation (including assembly instructions) are available in a data
repository [1].

Fig. 1: TRC benchmark system

Thin panels have a widespread use in aircraft, space, and wind turbine industries to achieve high strength-to-weight
ratios. A key feature of these systems is that both frictional contact and geometric nonlinearity are relevant. More
specifically, panels are commonly assembled via mechanical joints using fasteners (e. g. pins, rivets, bolts), and
dry frictional and unilateral interactions occur at the contact interfaces. On the other hand, due to the clamped
ends, bending induces membrane stretching/compression, which, in turn, affects the bending stiffness; this bending-
stretching coupling is an important example of geometric nonlinearity. The individual modeling of those nonlinearities
and the prediction of their effects on the vibration behavior is not a trivial task, as outlined in the following.
At least in the case of linear-elastic material behavior, the modeling of geometrically nonlinear structures is well-
established, and its effects on the vibration behavior are well-understood, see e. g. [2, 3, 4]. In particular, bending-
stretching coupling can have a severe effect on the natural frequencies, and trigger nonlinear modal interactions
already for bending deformations in the order of magnitude of the panel thickness. The derivation of accurate and
efficient reduced-order models for analysis and design purposes is still an active field of research [5, 6, 7]. Moreover,
predictive modeling is hampered by the high sensitivity to the boundary stiffness [8], thermal effects [9, 10], and
geometric imperfections/shape defects [11, 12, 13].
It is well-known that dissipative dry frictional interactions in the mechanical joints are often the main source of
mechanical damping in built-up structures [14, 15]. Compared to geometric nonlinearity, the physics of frictional
contact of assembled structures is less well-understood, and phenomenological models have to be used. Predictive
modeling is further hampered by a high sensitivity to the local material behavior and the contact surface topography,
which are uncertain at the design stage, and vary with the thermo-mechanical load history due to wear and corrosion
[16].
Remarkably, geometric and contact nonlinearity are rarely considered simultaneously. A mutual interaction is to be
expected: On the one hand, the extent of bending-stretching coupling depends on the effective axial support stiffness,
which is highly dependent on the contact interactions and, thus, amplitude-dependent. On the other hand, one can
expect that bending deformation leads to opening contacts, whereas at higher amplitudes, stretching should increase
the tangential load on the contact interfaces. To the best of the authors’ knowledge, the study of Yun and Bachau [17]
is the only experimental work on panel assemblies that considered both nonlinearities. In particular, they attribute a
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12 % natural frequency drop with increasing amplitude to the contact interactions in the joints, and a subsequent 4%
increase to the geometric nonlinearity. The development of prediction methods for thin-walled structures with contact
constraints is an important area of active research. The prediction approaches pursued by the participating teams of
the TRC are described in [18], and compared to the experimental results obtained with the methods described in the
present work.
The experimental identification of the amplitude-dependent modal properties of the benchmark system is not a trivial
task. As in the linear case, impact hammer modal testing is popular also in the nonlinear case [19, 20, 21]. However,
this drives energy into many modes, which then interact in a way that cannot be simply separated. This limits impact
hammer modal testing to the rather weak nonlinear regime [20]. Further, for the given benchmark system, applying an
impact at a singular location on the panel is expected to either introduce local damage or to not excite sufficiently high
vibrations (3 mm amplitude at the panel center were requested in the challenge). Thus, shaker-based testing has to
be used. For nonlinear vibration testing, shaker-stinger excitation is often used. The large displacement amplitudes of
the panel, again, make this excitation strategy practically impossible: For such large amplitudes, distortions due to
strongly nonlinear exciter behavior, as well as intrusiveness due to parasitic stiffness and/or mass contributions are to
be expected. For those reasons, the benchmark system was designed to be tested on a slip table of a large shaker.
Base excitation belongs to the most popular forms of load application for vibration testing, especially in aerospace
engineering [22, 23, 24]. If the structure under test is light compared to the total moving mass (including the shaker
armature and the slip table), the dynamic forces generated within the structure under test are small compared to the
inertia forces of the total moving mass. Hence, the base motion is not significantly affected by the vibrations of the
structure, and it is easier to apply the excitation in the desired form (both in tests without and with feedback control).

As the structure under test is mounted on the excitation system, there is no practical way to remove the excitation
in order to initiate a free decay [25, 26, 27, 28]. It thus becomes crucial to carefully design the test in such a way
that one identifies the dynamics of the structure under test only (not including the dynamics of the excitation system)
[29, 30, 31]. Here and in the following, the base acceleration is considered as excitation signal, and a focus is placed
on the steady-state response to sinusoidal excitation.
To characterize the nonlinear vibration behavior around a particular resonance, one should cover some parts of the
frequency-response surface spanned by the excitation frequency, the response amplitude and the excitation amplitude.
The most common methods are:

1. Phase Resonance Testing (PRT),

2. Response Controlled Testing (RCT), and

3. Excitation Controlled Testing (ECT).

During PRT, the phase lag between response and excitation is fixed, and the excitation or response level is step-wise
in-/decreased. During RCT, the response level is kept fixed, the excitation frequency is step-wise in-/decreased, and
this procedure is repeated for different response levels. During ECT, the excitation level is kept fixed, the excitation
frequency is step-wise in-/decreased, and this procedure is repeated for different excitation levels. All those methods
have the strength that they are not limited to a particular spatial location/distribution or mathematical form (e. g. smooth
vs. non-smooth; polynomial vs. non-polynomial; hysteretic vs. non-hysteretic; rate-dependent vs. -independent) of the
nonlinear behavior, which is an important advantage over many nonlinear system identification techniques [32].

In particular, those methods are applicable to the benchmark system considered in the present work, which
features both distributed geometric and contact nonlinearity.

Among the three techniques, PRT leads to the smallest amount of response points (only one per response/excitation
level). The amplitude-dependent modal frequency is directly tracked (backbone), and the modal damping ratio can
be obtained from the balance of dissipated and supplied power in period-average [33, 34]. RCT has the impor-
tant advantage that it leads to quasi-linear behavior, so that standard methods from linear vibration theory can be
used to estimate the frequency response function for each response level, and to identify the modal properties
[35, 36, 37, 38, 39]. In contrast, ECT generally leads to nonlinear phenomena, possibly including coexisting limit
states for the same frequency and jump phenomena. To recover local uniqueness of the limit state, it is common
to control the phase lag instead of the excitation frequency. Phase control was also needed to recover coexisting
limit states for the considered benchmark system. The phase-controlled variant of ECT will be simply referred to as
ECT henceforth. Amplitude-dependent modal properties can be obtained by regression of a single-nonlinear-mode
model [40, 41]. For completeness, one should mention the acquisition of so-called S-curves as an additional variant
beyond the three aforementioned ones. Here, the excitation frequency is fixed and the response level is step-wise
in-/decreased, and this is repeated for different excitation frequencies, see e. g. [42, 43].
A key element of both PRT and (phase-controlled) ECT is a means to achieve a certain phase lag between response
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and excitation. As the limit state can be unstable in open-loop conditions (e. g. overhanging branch of frequency-
response curve), feedback control of the phase must be used. This is most commonly achieved with a phase-locked
loop, which is very well-known in electrical and control engineering. In the context of nonlinear vibration testing, first
applications date back at least to the 1970s [44], and it has become popular more recently [45, 33, 46]. It should be
remarked that such a controller is not yet available as a commercial vibration testing tool, and so far a rather heuristic
tuning of the control parameters is needed. This is in contrast to RCT, which can be carried out with commercial hard-
and software [37].
Compared to linear vibration analysis, empirical evidence is still scarce for the aforementioned nonlinear methods. No
publication is known to date where RCT is implemented using base excitation. It is noteworthy that ECT was used for
cross-validation of modal data obtained from PRT [47, 33, 46, 34] or from RCT [37]. Further, consistency between
PRT and S-curves obtained using Control-Based Continuation was demonstrated in [48] for one particular test case.
One objective of the present work is to assess the current state of the art of nonlinear testing methods for a challenging
benchmark system. Also, an original testing approach is proposed, phase-controlled RCT. Using these techniques,
the nonlinear modal properties of the TRC benchmark system are obtained, and their variability is quantified and
characterized. This is a crucial prerequisite for the further development of appropriate vibration prediction approaches.

Finally, some interesting insight into the strongly nonlinear behavior is obtained, including modal interactions.
The experimental methodology is described in Sect. 2. The results are discussed in Sect. 3. Conclusions are

drawn in Sect. 4.

2 Methodology

As mentioned before, the benchmark system was mounted on the slip table of a large shaker. Setup and instru-
mentation are described in Subsect. 2.1. Conventional linear modal analysis was carried out by applying low-level
broadband excitation via the shaker (Subsect. 2.2). The nonlinear tests, applied to identify the amplitude-dependent
modal frequency and damping ratio of the fundamental bending mode, are described in Subsect. 2.3-2.4. For
cross-validation, frequency responses were also acquired using ECT as described in Subsect. 2.5. The test program,
which was carried out for both sides of the two nominally identical panels is described in Subsect. 2.6.

2.1 Setup and instrumentation

Setup and instrumentation are illustrated in Fig. 2. The benchmark system was subjected to base excitation. The
velocity at a point on the right blade was measured using a single laser-Doppler vibrometer (LDV). Preliminary tests
confirmed that the bottom plate, the pillars and the blades move in very good approximation as a rigid body in one
direction only, so that the given velocity can be used as reference for the base motion. The velocity at the panel
center, relative to the base, was measured using a differential LDV. This response velocity, along with the base velocity,
was used for the control tasks described in Subsect. 2.3-2.5. The control tasks were implemented using a dSPACE
MicoLabBox, which operates at a sampling frequency of 10 kHz. A multi-point vibrometer (MPV) was used to measure
the velocity at 15 points positioned in a 5 × 3 grid on the panel (Fig. 3). Reflection tape was applied at all sensor
locations to improve the signal-to-noise ratio.

2.2 Linear modal test

For the linear modal analysis, a pseudo-random broadband signal was generated and fed to the shaker amplifier.
The frequency band was wide enough to ensure a good estimation of the fundamental modal frequencies, and the
excitation level was small enough to avoid the activation of significant nonlinearity. As the fundamental bending mode
is well-separated, the simple peak-picking method was deemed sufficient to identify natural frequency and modal
damping ratio.

2.3 Phase Resonance Test (PRT)

Three types of nonlinear tests were carried out, a Phase Resonance Test (PRT), a Response Controlled Test (RCT),
and an Excitation Controlled Test (ECT). In all these tests, the feedback control loop illustrated in Fig. 4-left was
used. The base velocity was used as excitation signal, and the velocity at the panel center, relative to the base, was
used as response signal. In the case of the PRT, the control target is to reach phase resonance; i. e., the response
velocity shall lag 90◦ behind the base velocity. This applies only to the fundamental harmonic component of those
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(a) Instrumentation
(b) Schematic top view

Fig. 2: Experimental test rig used during the Tribomechadynamics Research Camp 2022.

Fig. 3: MPV sensor locations.

signals. Throughout the nonlinear tests presented in this work, a purely sinusoidal voltage input was fed to the shaker
amplifier. To reach phase resonance, a phase-locked loop was employed. The control error is the deviation between
the estimated excitation-response phase lag and the set value of 90◦. A proportional-integral controller was used. The
output of this controller is the instantaneous frequency, which is integrated to obtain the instantaneous phase of the
voltage. The cosine of this phase is taken, which is then multiplied by a prescribed voltage amplitude. The resulting
signal is fed to the shaker amplifier.

The phase of base and response velocity was estimated using synchronous demodulation. Here, the measurement
(base or response velocity) is multiplied by the sine and the cosine of the instantaneous phase of the voltage. For a
constant instantaneous frequency and a purely harmonic measurement with the same frequency, the time-average
of these products yields the sine and cosine Fourier coefficients. The multiplication also yields a second harmonic
contribution, and higher harmonics and noise in the measurement lead to additional fluctuations. To obtain a
reasonable estimate of the Fourier coefficients, and thus the phase, a first-order low-pass filter is applied. The
particular implementation of the phase-locked loop used in the present work, including the synchronous demodulation,
can be found in [46].

The voltage amplitude is step-wise increased and then decreased as shown in Fig. 4-middle. Each voltage
amplitude was maintained for 16 s (hold phase), which corresponds to about 1500-1800 periods of the fundamental
mode. Indeed, it was observed that the transients have sufficiently decayed in that time span, and the recorded time
span was found sufficiently long to obtain stabilized results, throughout the PRT results reported in this work. The
remaining phase error was < 2◦, and the instantaneous frequency had a standard deviation < 0.35 Hz.
The mean of the instantaneous frequency (output of phase-locked loop) at the end of the hold phase was adopted
as modal frequency. Exemplary results are shown in Fig. 4-right. The periodic modal vibration was acquired with
the MPV. The modal damping ratio was obtained by considering the power balance between dissipation and power
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Fig. 4: Feedback control loop for nonlinear testing (left), step-wise in- and then decreasing voltage used for PRT (middle), resulting
modal frequency vs. response level (right).

supplied by distributed inertia forces, in period-average. The latter was estimated using the model-free variant of the
method proposed in [34], relying on the velocity acquired at the different points indicated in Fig. 3. Here, again, the
balance was restricted to the (controlled) fundamental harmonic component, as explained in [34].

2.4 Response Controlled Test (RCT)

As stated in the introduction, RCT entails applying sinusoidal excitation where the level is adjusted to maintain a
specified response amplitude around resonance. This way, one obtains quasi-linear frequency response functions,
so that conventional techniques for the identification of the modal properties can be used. By repeating this for
different target response amplitudes, one obtains amplitude-dependent modal properties. To the best of the authors’
knowledge, RCT has so far not been applied to the case of base excitation. Conceptually it is not very difficult to
adjust the method accordingly, as shown in the following.
As in [37], it is assumed that the vibration response is dominated by a single nonlinear mode. Under steady-state
conditions, the modal oscillator equation takes the form [49, 50, 31](

−Ω2 + 2 D (a) ω (a) iΩ + ω2 (a)
)

aei θ = φH
1 (a) f̂ 1 . (1)

Herein, Ω is the fundamental (angular) oscillation frequency, which is assumed to be constant and imposed here by the
external forcing f , with fundamental complex Fourier coefficient f̂ 1, and □H denotes the complex-conjugate transpose
(Hermitian) of □. ω and D are the modal (angular) frequency and damping ratio, and φ1 is the fundamental harmonic
of the modal deflection shape, all of which depend on the modal amplitude a, as indicated in Eq. 1. Normalization
with respect to the structure’s symmetric and positive definite mass matrix M is assumed so that φH

1 Mφ1 = 1. The
fundamental Fourier coefficient of the modal vibration, described in terms of the coordinates q, is q̂1 = φ1aeiθ. q, f
and M refer to the same configuration space.
In the case of base excitation, f = −Mbq̈b. Herein, b is Boolean in appropriate coordinates, with entry one if the
corresponding coordinate is aligned with the base motion qb and zero if it is orthogonal. q is counted relative to the
base motion; i. e., q + bqb is the absolute displacement. The response coordinate (middle of panel) is defined as
qm = eT

mq. With this, one can use Eq. 1 to derive the frequency response function

q̂m,1

q̂b,1
=

(eT
mφ1(a))

(
φH

1 (a)MbΩ2
)

−Ω2 + 2D(a)ω(a)iΩ + ω2(a)
. (2)

Herein, q̂b,1 and q̂m,1 are the fundamental Fourier coefficients of qb and qm, respectively. Eq. 2 implies that by keeping
a, and thus

∣∣∣q̂m,1
∣∣∣ = ∣∣∣eT

mφ1(a)
∣∣∣ a, constant over a certain range of the frequency Ω, one obtains quasi-linear behavior.

To achieve a constant fundamental harmonic amplitude
∣∣∣q̂m,1
∣∣∣, a feedback controller was used. To this end, again,

synchronous demodulation was used in the present work, to estimate the fundamental harmonic amplitude. The
control error is the deviation to a given response amplitude set value. A proportional-integral controller was employed,
whose output defines the amplitude of the sinusoidal voltage fed to the shaker amplifier. The modal frequency was
simply adopted from the phase resonance condition; thus, RCT and PRT theoretically give the same modal frequency
result. The damping ratio was identified using the common circle fit method.
The RCT was first implemented as proposed in previous works, where the excitation frequency was prescribed and
stepped within a range around resonance. For the given benchmark system in combination with the given excitation
system, we were not able to achieve reasonable amplitude control performance > 1 Hz (ca. 1%) away from resonance.
This impedes the modal testing because the modal frequency is not a priori known, and varies considerably with
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amplitude, from assembly to assembly and so on. In order to stay close to resonance, it is thus proposed to carry
out the RCT for a fixed phase range (around resonance) rather than a fixed frequency range. This ensures that
the response points are always centered around the modal frequency, independent of its actual value. Besides
overcoming the specific amplitude control problems encountered in the present work, the proposed RCT variant
can be interesting because it avoids applying high excitation levels which are typically required further away from
resonance. Such high excitation levels have the potential to induce strongly nonlinear behavior of the excitation
system and thus lead to a distorted excitation. Also, higher excitation levels could lead to excessive heat generation,
which may transfer to the structure under test and lead to a severe time-variability. Assuming that there is some
limitation on the maximum excitation level, higher response levels can be reached with the proposed approach. The
above benefits come at the cost of additional complexity, as one has to use a phase controller (besides the amplitude
controller). As the two controllers operate simultaneously, the feedback loop is more prone to instability, which was in
fact observed for the given test rig in some cases, as described later.

2.5 Excitation Controlled Test (ECT)

The purpose of the ECT is not to identify modal properties, but to acquire data for cross-validation, as mentioned
before. The method is very similar to the proposed implementation of RCT, where the phase is stepped around
resonance, only that the excitation instead of the response level is maintained.

2.6 Tested configurations and test program

Two nominally flat and identical panels were tested. The photo in Fig. 5-left, which was obtained by simply placing one
panel on the (flat) ground, shows an initial panel curvature. The flatness deviation is about 1.2 mm. As the curvature
is very similar among the tested panels, the curved shape is attributed to the manufacturing process (rolling). Thanks
to the symmetry of the panels, they can be mounted in both ways, so that the initial panel curvature is either aligned
or misaligned with the pillars (Fig. 5-right). With the two panels, this gives four configurations:

Configuration 1: Panel 1, Side A (aligned)

Configuration 2: Panel 1, Side B (misaligned)

Configuration 3: Panel 2, Side A (aligned)

Configuration 4: Panel 2, Side B (misaligned)

This terminology is used henceforth for the tested configurations.

Fig. 5: Tested configurations: Photo of a panel and its initial curvature (left); definition of aligned/misaligned configuration (right).

The test program applied to all four configurations is defined in Fig. 6. Assembly 0 was done only for the characteriza-
tion of the normal pressure distribution at the four contact interfaces: panel-pillar and panel-blade, on the left and on
the right pillar. The distribution turned out to be quite uniform within the nominal contact area. More importantly, it
was indistinguishable among the configurations, so that a different normal pressure distribution (e. g. due to form
deviations or waviness) is not regarded as an important source of variability. The results are shown in [18].
Assemblies 1-3 were done for dynamic testing. A PRT was done in each, whereas ECT only in the first, and RCT
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only in the last assembly. Linear modal testing was done before and after each nonlinear test. For the three types
of nonlinear tests, the ranges of the amplitude and the phase, the number of amplitude levels and phase points,
and the duration are specified in Tab. 1. One PRT always included up- and down-stepping of the voltage level. For
configuration 1, more than just one PRT was done per assembly to analyze the unexpected time-variability more
thoroughly.

Fig. 6: Test program.

The initial plan was, of course, to span similar response amplitude ranges with all nonlinear tests. However, due to the
poor performance of the combined phase-and-amplitude controller at higher response levels, this was not possible
with RCT and ECT. The corresponding amplitude parameter, response level respectively base acceleration level,
had to be restricted more tightly than in the PRT. A relatively narrow phase range around resonance was deemed
sufficient for the RCT. For the ECT, a wider phase range was preferred to acquire the response both in the nonlinear
and in the quasi-linear regime. As the commercial control hard- and software used for RCT in [37, 38, 39] was not
available, it remains an open question whether the encountered limitations of RCT are specific to the test rig or the
implemented, heuristically tuned controllers.

3 Results

As mentioned before, the focus of the present work was on the system’s fundamental bending mode. First, the results
for the linear modal frequency are discussed in Subsect. 3.1. Then, the amplitude-dependent modal frequency and
damping ratio are addressed in Subsect. 3.2. Finally, the modal interaction is analyzed in Subsect. 3.3.
The test data and post-processing methods are publicly available. More specifically, for all configurations and each
assembly, linear modal frequency and damping ratio, as well as the time series of all nonlinear tests, are available
in the data repository https://doi.org/10.18419/darus-4484. The post-processing methods are provided via
GitHub at https://github.com/maltekrack/NLtest. These load the data and generate plots similar to the figures
presented in this section.

3.1 Linear modal frequencies

The modal frequencies obtained for the four different configurations using linear modal testing are reported in Fig. 7.
Time- and reassembly-variability is moderate (< 2%) and of similar extent. Also, the deviation of the mean frequency

Table 1: Test parameters

Test PRT RCT ECT
Amplitude parameter shaker voltage response displacement base acceleration
Amplitude range 0.45V-2.6V 0.2mm-1.4mm 1m/s2-5m/s2

No. of amplitude levels 45 10 5
Phase range 90◦ 75◦ -105◦ 40◦- 140◦

No. of phase points per amplitude level 2 (up and down) 12 40
Duration per amplitude level 16 seconds 7 minutes 15 minutes
Total duration 24 minutes 70 minutes 75 minutes
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from panel to panel is considered negligible (< 1%); the variability spreads of the corresponding frequencies overlap.
However, there is an appreciable influence of alignment: The aligned configurations 1 and 3 show softer behavior,
while the misaligned configurations 2 and 4 are stiffer. The mean fundamental modal frequencies deviate by about
6% (101 Hz vs. 107 Hz), while the mean second modal frequencies deviate by only about 3% (191 Hz vs. 197 Hz).
No clear trend over the number of tests can be identified. Some correlation between the natural frequencies of the
two modes is encountered. This also applies to the modal damping ratios (not shown for brevity). Unlike the modal
frequency, the damping ratio does not show any significant effect of the (mis-)alignment.

(a) First mode. (b) Second mode.

Fig. 7: Modal frequencies obtained from linear tests. The markers corresponding to the same assembly are connected by a line
and a reassembly is indicated by a yellow square.

3.2 Amplitude-dependent modal parameters

Next, the time- and reassembly-variability are analyzed for one particular configuration. Then, the variability from
one configuration to another is investigated. The depicted results are from PRT if not otherwise specified. Finally,
consistency with RCT and cross-validation with ECT results are shown.
As stated before, the response was measured at the panel center, relative to the base motion. The response
displacement was already introduced in Subsect. 2.4 as qm. As amplitude measure, q̂m,

√
2 times the root mean

square value of qm is used throughout the figures in the present work, to be consistent with [18]. Assuming qm is
periodic and given by the Fourier series qm = ℜ{

∑
h q̂m,heihΩt}, one can express the amplitude as

q̂m =

√√√ H∑
h=1

∣∣∣q̂m,h
∣∣∣2 . (3)

Here, a finite harmonic order H and a zero-mean displacement are assumed. In the experiment, the Fourier
coefficients q̂m,h were determined by first calculating the Fourier coefficients of the velocity, and then integrating in the
frequency domain.

3.2.1 Time- and reassembly variability

Configuration 1 underwent the largest number of nonlinear tests. The results are presented in Fig. 8.
The tests were carried out over four days. The same assembly was deliberately tested on more than one day. The
timing of the tests can be inferred from Fig. 7. As in the case of the linear modal frequencies, no significant trend over
time can be identified. Such a trend could in principle have been caused by local damage (wear and/or plasticity). It
was generally observed that direct back-to-back tests were very well repeatable.
More variability was found over time. This is mainly attributed to thermal sensitivity.

Note that the plate is clamped on two sides, making the system statically indeterminate. Thus, already a small
temperature change could have an appreciable effect on the membrane stress, and thus the linear and nonlinear
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Fig. 8: Time- and reassembly-variability observed for configuration 1: modal frequency vs. amplitude (left); modal damping ratio vs.
amplitude (right). Circular and square markers indicate up- and down-stepping of the voltage level, respectively, within each PRT.

stiffness of the system. To further support this plausible causal link, the membrane stress should be measured in
future experimental efforts.

The room temperature varied by 5◦ C over the test program. The material temperature was generally higher than
the room temperature. Some heat is generated during vibration by dissipation at the contact interfaces and within the
bulk. This explains the slight discrepancy between forward and backward stepping of the voltage amplitude, where
the modal frequency tends to slightly decrease over time. In Fig. 8, forward stepping is indicated by circular, and
backward stepping by square markers. Also, some heat is transferred from the excitation system, whose temperature
varied over the test program. Interestingly, different maximum response levels were reached for the same maximum
voltage amplitude. This can partially be explained by the damping variability, which should lead to slightly different
response levels even for the same base acceleration level. However, it is concluded that the main reason for the
different maximum response levels is that different base acceleration levels were reached for the same voltage level.
This is explained by some time-variability of the excitation system, again, most likely due to thermal effects.
The linear modal test results are also included in Fig. 8. They are also plotted at

√
2 times the root-mean-square

value of qm. It has to be remarked, however, that qm has a broad frequency spectrum in the linear tests, as explained
in Subsect. 2.2. The identified amplitude is most likely an upper estimate of the effective amplitude in the resonant
mode, as some energy is contained in higher-order modes. Overall, the nonlinear modal test results are consistent
with the linear ones at low amplitude. This holds both for the modal frequency and the damping ratio.
The modal frequency shows a well-repeatable softening-hardening trend. The initial softening is not surprising
for a curved plate, since bending can induce membrane compression, leading to a considerable reduction of the
bending stiffness. Also, the hardening trend can be explained by the dominance of membrane stretching at higher
displacement amplitudes. The damping ratio initially increases, then saturates or even decreases slightly in some
cases. The initial increase is typical for partial/micro-slip in bolted connections. The saturation/decrease is typical for
gross slip. However, it is unlikely that gross slip was reached in the contact interfaces due to the relatively high normal
pressure and the dense arrangement of the bolts. It seems likely that this trend was due to the mutual interaction with
the nonlinear bending-stretching coupling, but this is not fully understood yet. In general, the higher variability of the
damping ratio, compared to that of the modal frequency, is typical for jointed structures.

The damping ratio seems to level out towards zero amplitude somewhere between 0.3% and 0.5%, which is rather
high. Indeed, this order of magnitude appears too high to be caused only by micro-slip at the (highly-preloaded)
contact interfaces at the panel clamping. Overall, it can be said that the effect of the frictional clamping on the
amplitude-dependent modal properties is rather weak, whereas a pronounced frequency variation is evident from the
geometric nonlinearity.

3.2.2 Panel-to-panel and alignment variability

The amplitude-dependent modal properties are shown for the four different configurations in Fig. 9. The markers
depict the mean of all tests for each configuration, and the shaded region represents the spread of the data within each
configuration. The data were truncated to the overlap of the individual displacement ranges for each configuration.
As in the linear case, there is a clear difference between the aligned configurations, 1 and 3, and the misaligned
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configurations, 2 and 4: Besides a shift along the frequency axis, the transition from hardening to softening seems
to be shifted slightly towards higher amplitudes for the misaligned configurations. Taking into account the time- and
reassembly-variability, indicated by the shaded regions, the difference between the two configurations 1 and 3, or 2
and 4 is almost negligible, with regard to both, frequency and damping. The shaded region of configuration 1 is the
largest, which is no surprise given that most data is available for that configuration.

Fig. 9: Configuration-variability: modal frequency vs. amplitude (left); modal damping ratio vs. amplitude (right).

3.2.3 Consistency of phase resonance with response controlled test

Due to the aforementioned instability of the feedback loop, the RCT had to be limited to 1.4 mm maximum response
amplitude. Additionally, severe steady-state control errors were observed beyond about 0.6 mm response amplitude.
A correlation was observed between the occurrence of severe control errors and the presence of a strong second
harmonic in the acquired velocity signals. What aspect of the interplay between the combined controllers, the
synchronous demodulation and the nonlinear structure under test causes this phenomenon is not fully understood yet.
The resulting control errors are analyzed and discussed in Appendix A. The consistency check should be limited to
response points without severe control errors. To this end, the following thresholds were set for accepting a given
steady-state response:

1. The deviation of the response amplitude is < 2 %,

2. the standard deviation of the frequency is < 0.2 Hz, and

3. the standard deviation of the phase lag is < 3.5◦.

In the PRT, for reference, the phase error was < 2◦, and the frequency had a standard deviation < 0.35 Hz. With this,
the amplitude tolerance is larger than the nominal amplitude step, and the phase tolerance is equal to the nominal
phase step (Tab. 1). The frequency tolerance seems somewhat large given that the entire frequency span covered
for the phase range 75◦ − 105◦ is < 0.5 Hz, typically about 0.3 Hz. It should be remarked that there is no rigorous
theory or comparable experience available that would inform the decision on the tolerances. Also, as one can see in
Appendix A, practically no acceptable points would be left for a much tighter frequency tolerance. By rejecting the
response points that exceed the above specified tolerances, the RCT results depicted in Fig. 10 are obtained. These
are compared to the PRT results acquired during assembly 3 (Fig. 6), i. e., immediately before the RCT. This way,
assembly-variability is eliminated, and the effect of time-variability is minimized.
Recall that the modal frequency was identified from the phase resonance condition, also for RCT. Thus, the deviations
in the modal frequency are attributed to the remaining control errors and some system-inherent variability.
The modal damping ratios were identified using the circle fit method. Here, any pair of points of different phase
above and below resonance can be used to evaluate the damping ratio, as illustrated in Appendix A. All possible
combinations were considered to obtain a set of estimates. The error bars in Fig. 10-right indicate the mean and
plus/minus the standard deviation of this set. The PRT results are largely within the error bars of the RCT results. For
configuration 3 and 4, the rejection of points with pronounced amplitude variation left only 4-6 points for the circle fit at
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Fig. 10: Consistency of RCT and PRT results: modal frequency vs. amplitude (left); modal damping ratio vs. amplitude (right).

the second- and third-highest amplitude points. Thus, one should have relatively low confidence in those results.
In summary, it can be said that the poor control performance induces considerable uncertainty with regard to most
results obtained with the RCT method in the present work. Focusing on the reasonably well-controlled results, and
taking into account the uncertainty spread, there is good qualitative and quantitative agreement between PRT and
RCT results. This applies both with respect to the modal frequency and the damping ratio, and the quantitative
agreement applies to both the mean value and the evolution with the amplitude.

3.2.4 Cross-validation between phase resonance and excitation controlled test

In this subsection, a cross-validation is carried out by predicting the near-resonant frequency response curve for fixed
excitation level, using the nonlinear modal oscillator model identified via PRT, and comparing the results with the
direct measurements (ECT). In principle, any configuration could be used for this. However, configuration 1 and 3
show substantial internal resonance phenomena (strong modal interaction), as shown later in Subsect. 3.3, so that
single-nonlinear-mode theory cannot be expected to give reasonable results. In contrast, such phenomena remain
weak in configurations 2 and 4, so that the nonlinear modal oscillator model should be valid. Among those two,
configuration 4 was selected because it showed the least variation in the linear modal frequency. The ECT results
were acquired in assembly 1, see Fig. 6, and the PRT results obtained in this assembly were used to feed the modal
oscillator model. The results of the cross-validation are shown in Fig. 11. Only response points meeting the control
error tolerances, as defined for the RCT results, are depicted.
The technique developed in [51] was used to obtain the frequency response bounds in accordance with Eq. 1, taking
into account the slight difference between up and down stepping results obtained in the PRT. The ECT results
largely fall inside these bounds. Also, the resonance peak obtained by ECT coincides in good approximation with
the (phase-resonant) backbone. As expected, the frequency response curve is strongly bent towards the left, and
features an overhanging branch, already for the lowest tested base acceleration amplitude of 2 m/s2. At the highest
tested excitation level, the frequency response curve starts bending towards the right. Unfortunately, higher excitation
levels could not be tested due to the aforementioned control issues.

3.3 Modal interaction

The two lowest-frequency modes are the first bending and the first torsion mode. Their deflection shapes are shown
in Fig. 12. Those two modes are not very far from a 1:2 internal resonance condition (Subsect. 3.1). Further, the first
torsion mode has a damping ratio of only < 0.04%, which is about one order of magnitude less than that of the first
bending mode. This condition is likely to amplify possible resonant interaction among those two modes.
To determine whether or not a strong modal interaction takes place, the individual modal and harmonic contributions
to the vibration were estimated. For this, it is useful to consider the decomposition of the period-averaged mechanical
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(a) Excitation level 2 m/s2 (b) Excitation level 3 m/s2

(c) Excitation level 4 m/s2 (d) Excitation level 5 m/s2

Fig. 11: Cross-validation between phase resonance and excitation controlled test, configuration 4.
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Fig. 12: Low-amplitude mode shapes: (left) first bending, (middle) first torsion.

energy,

Emech =
∑

m

∑
h

1
4

[
(hΩ)2 + ω2

m

]
|η̂m(h)|2︸                        ︷︷                        ︸

E(m,h)

. (4)
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Herein, ωm is the linear frequency of mode m, and η̂m(h) is the h-th complex Fourier coefficient of the m-th modal
coordinate ηm (assumed periodic here). Eq. 4 assumes that the modal deflection shapes are mass-normalized. From
the steady-state velocity data acquired during PRT, the relevant contributions E(m, h) were estimated.

center displacement in mm center displacement in mm

center displacement in mm center displacement in mm

configuration 1 configuration 2

configuration 3 configuration 4

Fig. 13: Dominant modal and harmonic contributions to vibration energy for the 4 configurations. Remark: To facilitate the
comparison among configurations, the upper limit of the ordinate is the same in all sub-figures.

In the linear resonant case of the well-separated fundamental mode, the only non-negligible contribution should
be E(1, 1). Fig. 13 shows the contribution of the second harmonic of mode 1 and the second harmonic of mode 2,
relative to E(1, 1), for all four configurations. The remaining harmonic and modal contributions never exceeded 2%
and are below the depicted range. In the aligned configurations 1 and 3, clear internal resonance phenomena are
observed: E(2, 2) reaches a peak at about 20 % energy fraction. In the misaligned configurations 2 and 4, in contrast,
the contribution of the second mode is negligible. This is attributed to the fact that the frequency ratio is closer to 1:2
in the aligned configuration. More specifically, the frequency ratio is 1.89 in the aligned and 1.84 in the misaligned
configuration (Subsect. 3.1). Still, an appreciable second harmonic contribution of the resonant mode, E(1, 2), is
observed in all configurations. The second harmonic is typical for initially curved plates. Minimal models include
quadratic (besides cubic) polynomial terms, see e. g. [52]. Assuming a perfectly symmetric plate subjected to an ideal
base excitation, one would still expect that the torsion mode does not respond. However, the mounting of the panel
on the pillars destroys the symmetry of the setup. The pillars might undergo a slight cantilever-type deflection. As a
result, the bending mode also exhibits larger deflections towards the upper edge of the panel (Fig. 12-left). Apparently,
this is sufficient to permit the observed nonlinear interaction with the first torsion mode.
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4 Conclusions

Thanks to a thorough test design and several means of validation, results of very high confidence have been obtained
for the amplitude-dependent frequency and damping ratio of the TRC benchmark system’s fundamental mode. This
is a crucial prerequisite for the further development of prediction approaches. Research on prediction method
development will likely take several years, given the fact that open questions arise already for systems that have
only geometric or contact nonlinearity, and the benchmark system features both. An important part of the present
work was to disambiguate and quantify sources of variability. The sensitivity to inevitable thermal effects and shape
deviations was found to affect both the bending-stretching and the contact behavior.

Future experimental work should involve strain/stress measurements, and accurate material temperature mea-
surements. The tests should be done in a climate chamber if possible.

The vast majority of state-of-the-art methods is not able to account for both types of nonlinear behavior and
uncertainty, and this is regarded as one of the most imminent shortcomings. Finally, the poor performance of the
phase controller, in particular when combined with an amplitude controller, shows the strong need for research
towards systematic and robust control design.
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Appendix

A Control performance in the response controlled test and resulting uncer-
tainty

In the response controlled tests, the response displacement of the plate center, qm, was set as target and the
base displacement, qb was determined accordingly. The measurement data obtained for different amplitudes in
configuration 4 is shown as an example in Fig. A.1 a and b respectively. Amplitude and phase of the frequency
response function are shown in Fig. A.1 c and d to illustrate that a resonance peak is obtained for each displacement
amplitude.

When the frequency response function near a well-separated resonance is represented in a Nyquist diagram, its
real and imaginary parts ideally form a circle (cf. Fig. A.2 a).

We remark that there are multiple ways to determine the resonance frequency from the frequency response
function. A commonly used method to determine the resonance frequency is to analyze the spacing between
the points on the arc of the Nyquist diagram: the maximum spacing for equal frequency increments occurs at the
resonance. In our experimental approach, however, this technique did not provide useful results, which we attribute
to imperfections in the estimated frequency response function due to the limitations of the controller. Instead, the
resonance frequency, ω = Ωn, is simply obtained from the point closest to phase resonance.
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Fig. A.1: RCT measurement results obtained for configuration 4: panel center amplitude (a) and base amplitude (b) vs. excitation
frequency Ω; magnitdue (c) and phase (d) of the frequency response function.

Assuming hysteretic/structural damping, the damping ratio can be estimated as [23]

D =
Ω2

b −Ω
2
a

2Ωn
2

(
tan
ϕa

2
+ tan

ϕb

2

)−1
, (A.1)

where Ωa and Ωb are the frequencies of arbitrary measurement values above and below the resonance, respectively.
ϕa and ϕb describe the angles between the two chosen points and the resonant point of the centralized circle (cf.
Fig. A.2 a). The damping was calculated for all combinations of points above and below the resonance. Finally, mean
and standard deviation were computed and illustrated as error bars (cf. Fig. 10-right). As previously mentioned, some
of the RCT results suffer from high control errors. An important difficulty during the tests was the control of the phase
lag. Phase fluctuations affect the frequency which also shows a high standard deviation in some cases (Fig. A.2-right).
The reason for this is not fully understood yet. The influence of this control error on the damping ratio estimated with
the circle fit method is mitigated by excluding results with a phase and frequency deviation higher than 3.5◦ and 0.2 Hz,
respectively. The filtered results are shown in Fig. 10.
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