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Abstract

This study focuses on the addition of an electromagnetic (EM) resistive shunt (R-shunt) to a standard
mechanical Dynamic Vibration Absorber (DVA) to replace, compensate or tune its damping element.
The R-shunt is placed between the mass of the DVA and the host structure. The inclusion of the R-shunt
introduces an additional pole in the frequency response function of the host structure, resulting in three
fixed points. Analysing these fixed points enables the optimisation of the absorber with the objective
of minimising the H.,-norm of both displacement and acceleration of the structure. In both cases, a
thorough optimisation of the obtained DVA+R-shunt absorber, in terms of mass ratio, electromagnetic
coupling factor (EMCF) and electric resistance, is proposed. The response of this absorber is then
compared to that of an optimised standard DVA, leading to equivalent performance when the parameters
are correctly chosen. For optimal performance, the DVA must be detuned with respect to standard
optimisation and the EMCF of the R-shunt must be adjusted to an optimal value, contrary to standard
shunts where the performance often increase as a function of the EMCF. Finally, an experimental study
validates the effectiveness of the proposed device.
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1 Introduction

Mechanical structures often exhibit vibrations that can cause noise, fatigue or even failure. A classical passive solution
is the Lanchester damper, which employs an inertia connected to the vibrating (primary) structure through a dashpot
to dissipate its vibrations [1, 2, 3]. Better performance can be achieved with a Dynamic Vibration Absorber (DVA),
also called a Tuned Mass Damper, that consists in connecting a mechanical resonator to the primary structure. It
acts by both counteracting the oscillation of the primary structure and dissipating the energy thanks to its dashpot
[4, 2]. The DVA basically adds a pole and a zero in the transfer function of the system, thus replacing the targeted
resonance by an antiresonance at its natural frequency and two side resonances. In the case of a single frequency
excitation, the antiresonance can be tuned to cancel the primary system’s oscillations at this frequency, a property
exploited in order tuned centrifugal absorbers for rotating machinery [5], or their electromagnetic equivalents [6, 7].
Those absorbers need to be as non-dissipative as possible for efficiency. On the contrary, for broadband excitation,
the damping ratio of the DVA must be adjusted to mitigate the side resonances [8, 9]. In practice, damping in the
DVA may be brought by several technologies. In civil engineering applications, DVAs are damped by oil dampers or
viscoelastic materials [10]. In the case of tuned liquid absorbers, energy is dissipated while water passes through a
calibrated orifice, in civil engineering or marine applications [10, 11]. Other architectures use dry friction dampers in
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the form of a stranded cable, such as in Stockbridge dampers for electric transmission lines [12] or for Lanchester
dampers [3]. Smaller size DVAs can also be considered [13, 14], especially for vibroacoustic applications [15]. In
all those applications, the tuning of the DVA damping ratio may be challenging and mistuning has the potential to
substantially diminish performance. In the case of dry friction element, their inherent nonlinear properties lead to
amplitude dependent responses. The present paper proposes a solution to replace, compensate or tune the damping
element of the DVA, by adding an electromagnetic resistive shunt between the DVA and the primary structure.

Electromagnetic shunts are part of the wider family of electromechanical shunts. The principle is to couple the
vibrations of the primary structure to an electric circuit through an electromechanical transducer. The transducer
converts mechanical energy into electrical energy, which can then be dissipated by a resistor. In this way, a simple
resistive shunt acts as the electrical analogue of a mechanical damper. Pioneering work on electromechanical
shunts has been carried out using piezoelectric transducers [16, 17]. In this instance, an inductor is connected to the
terminals of the transducer, in addition to a resistor. This results in a resonant shunt, due to the capacitive nature
of the piezoelectric device, thus constituting an electrical analogue of a DVA. Later, electromagnetic shunts were
developed using electromagnetic transducers [18]. Because of the inductive nature of the electromagnetic transducer,
a capacitor and a resistor are connected in parallel to form a resonant shunt in a manner analogous to the piezoelectric
case. The optimal parameters of the shunt are then computed in order to perform an H.-optimisation [19, 20, 21].

In previous works, an electromagnetic (EM) resonant shunt was proposed to enhance the performance of the
DVA [22, 23]. In these cases, the transducer is placed in parallel to the DVA, between the frame and the primary
structure, such that the analogous properties of the DVA and the resonant EM shunt are combined, resulting in
stronger performance in term of resonance attenuation. The authors of [23] also tested placing the transducer
between the primary structure and the DVA, but this configuration was not investigated further as it degrades the
performance in term of resonance attenuation due to the emergence of an additional resonance. In the present work,
this architecture is adopted with a resistive shunt instead of a resonant shunt. A similar architecture was previously
investigated by [24] to enhance the damping of the DVA. However, the analysis was limited to a frequency range
where the impedance associated with the transducer inductance is negligible. In this case, a resistive electromagnetic
shunt connected between the primary structure and the DVA is strictly equivalent to introducing an additional viscous
damping element into the DVA. Similar architectures with a piezoelectric shunt instead of an EM shunt were proposed
in [25, 26], without thorough optimisations. Similar architectures have also been investigated for energy harvesting,
with piezoelectric [27, 28] or EM [29, 30] transduction.

A range of alternatives has been examined with a view to compensating for the absence of damping in the
DVA. As demonstrated in [31, 32], using eddy current is an effective method for adjusting the damping in the DVA.
Moreover, nonlinear extensions of DVAs have received considerable attention since the 2000s thanks to the nonlinear
Energy Sink (NES) concept. Its principle is to replace the linear spring of the DVA by an essentially nonlinear
one. Originally proposed in [33], the concept received attention in a huge amount of works since then (more than
three hundred selected publications are mentioned in the recent reviews [34, 35, 36]). Whereas most NES designs
advantageously bring a robust adaptation to a frequency detuning and saturation phenomena, they may also be
subjected to detached responses of large amplitude that negates their efficiency. One way of mitigating this issue
is the use of a properly adjusted nonlinear damping, as theoretically shown in [37]. Even if this article focuses on
adding electromagnetic damping to a (linear) DVA, it's extension to a NES may be of interest. Among other studies,
the use of electromechanical shunts in NES applications was recently proposed: a piezoelectric NES in [38] and a
mechanical NES enhanced with an electromagnetic resistive shunt for energy harvesting in [39].

In this context, this paper investigates the integration of an electromagnetic resistive shunt (R-shunt) in a
mechanical DVA, with the aim of bringing a tunable and efficient source of damping. This may be used in the case of
a purely elastic DVA (made of elastic springs, deformable elements, multibody systems such as pendulum...) to
replace the standard damping source often brought by oil dampers or viscoelastic materials. The EM transducer is
placed between the primary structure and the DVA and is short circuited by a resistor to form a resistive EM shunt. It is
shown that it is able to bring damping, but that it is not fully equivalent to a simple dashpot since it brings an additional
pole in the primary system’s transfer function. An original optimisation is consequently necessary and based on a
three fixed point strategy, similar to the standard optimisation procedure of a DVA based on two fixed points [2]. A
similar frequency response, with three fixed points, is also observed for a DVA with a viscoelastic damping element
[40]. It leads to optimise the DVA’s tuning through its natural frequency, the R-shunt’s electrical resistance and the
electromechanical coupling factor of the transducer, leading to a dynamic response of the primary structure of almost
the same shape than the one obtained with a standard mechanical optimised DVA. To the authors’ knowledge, this
DVA configuration involving an electromagnetic resistive shunt has not been previously explored, in particular beyond
the frequency range in which the transducer’s inductance can be neglected. It will be named a DVA+R-shunt absorber
in the following.
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Most studies optimise the absorber by analysing the displacement of the primary structure. However, acceleration
analysis can offer valuable insights, particularly in relation to inertial effects. This work considers both displacement
and acceleration as criteria for an H.,-optimisation. The same methodology could be extended to velocity, which also
contributes to acoustic radiation [20], but is not considered in this article.

The paper is organised as follows. Section 2 introduces the system under study, composed of a primary structure
coupled to a dynamic vibration absorber and an electromagnetic resistive shunt. The electromechanical model is
formalised, and the three fixed points of the primary structure’s frequency response function are identified. Section 3
focuses on optimising the displacement of the primary structure by performing an H.,-optimisation, based on the
analysis of the fixed points. This leads to an optimal DVA’s natural frequency, before testing two methods for optimising
the R-shunt’s resistance. Then, it is shown that the EM transducer’s coupling factor must also be optimised. As this
work is initially carried out under conservative mechanical conditions, the influence of a mechanical damping on both
the primary structure and the DVA is analysed. In Section 4, the same methodology is applied to an H.,-optimisation
of the acceleration response of the primary structure, leading to similar results. Finally, Section 5 presents the
experimental validation of the absorber.

2 Modelling and fixed points
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Fig. 1: Diagram of the primary structure coupled to the absorption device composed of a DVA and an electromagnetic resistive
shunt between the two mechanical parts.

We consider in this article a primary structure that deforms under external loads and that is thus subjected to
vibrations. Only one of its eigenmodes is considered, such that it is modelled by an equivalent mass / spring /
dashpot system of constants m, k; and c; (see Fig. 1). Its oscillations are measured by displacement x,(¢) (with ¢ the
time) with respect to the ground and it is subjected to a force F(z). lts vibrations are coupled to a dynamic vibration
absorber (DVA), composed of a mass m;, a stiffness k, and a viscous damper ¢,, whose relative displacement with
respect to the primary structure is denoted by x,(¢). Then, the oscillations of the DVA are coupled to a resistive
electromagnetic shunt (R-shunt), composed of an EM transducer in between the two mechanical structures, with its
terminals connected to an electrical resistor of resistance R. In practice, this device may be constituted of a coil that is
free to move in the radial magnetic field created by a permanent magnet.

2.1 Governing Equations

The EM transducer ensures an electromechanical conversion, producing a force F; = ¢:Q on m», where Q is the
current flowing in the coil of the transducer (Q is the electrical charge) and ¢y is the force factor of the transducer.
From an electrical perspective, the transducer can be modelled as an inductance L;, due to its inductive nature, in
series with an electromotive force proportional to the relative velocity of the coil and the magnet. In our model, the
internal resistance of the coil is included in the shunt resistance, such that R is the sum of the internal resistance of
the transducer and the additional resistance placed at its terminals. In order to maintain the passivity of the shunt, the
global resistance is always positive R > 0, even if the resistance at the terminal of the transducer is negative, as will
be done during the experiment in Section 5. Consequently, the voltage V() at the terminals of the transducer is:

V = ¢ir — LLQ = RQ. (1)
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As a consequence, the governing equations of the system, obtained using Lagrange’s equations are:

(m1 + mz))'c'l + }’f’lz).fz + Cl).Cl + k1x1 =F (28.)
myky + ma¥y + Cady + koxy + Q=0 (2b)
LQ + RQ — ¢yr = 0. (2c)

It should be noted that the transducer’s force factor ¢; is considered the same for both electromotive and mechanical
forces since we neglect ferromagnetic losses.

By dividing Eqgs. (2a-c) respectively by m,, m, and L, and using the following change variable on the electrical
load:

mp

Q= ,/—0, 3
L 3)
one obtains:

(1 + @E + piy + 26w1% + wixy = F/my (4a)
Xy + X1 + 2520)2)'62 + w%xz + Ka)lQ =0 (4b)
0+ Q/7e — kwi iy = 0, (4c)

where the following parameters are introduced:
Hzﬁ wlzﬂk—l 61: ‘l wy = k—2 62: @ T :é K:L (5)

n ' mi ' 2 Vkimy ’ L) T 2 szn’lz, ¢ R’ w1 \/mth'

Parameter u represents the mass ratio of the DVA and the primary structure, (w;, &) denote the natural frequency
and damping ratio of the naked primary structure (without absorber), whereas (w», &) are those of the clamped DVA
(with x; () = 0) with the transducer in open-circuit (Q(¢) = 0). Parameter . is the electrical time constant of the electric
circuit. The change of variable of Eq. (3) was chosen to make appear the same coupling coefficient xw; in both
Egs. (4b,c). « is the dimensionless electromechanical coupling factor (EMCF). It can be obtained as a function of the
natural electrical frequency of the DVA and the primary structure. Indeed, if the circuit is shorted (V = 0 or 7o — ),
integrating Eq. (4c) once and eliminating Q between the result and Eq. (4b) shows that the natural frequency of the
clamped DVA with the EM transducer in short-circuit is:

) = dw% + K22 (6)

As a consequence, the EMCF reads:

~2 2
ws — W
K= |25 7)
wl

One may notice that the EMCF is here defined with respect to w, instead of w, as it is often done in EM shunts
applications (see [23]) or, analogously, for piezoelectric shunts (see e.g [19, 41]). This is a deliberate choice of the
authors, to make independent the optimisation of the EM shunt from the one of the DVA in the next sections, such that
k is independent of w,. Moreover, on the contrary to piezoelectric shunts for which both open- and short-circuit natural
frequencies are easily estimated experimentally, it is not the same for @, because of the internal resistance of the EM
shunt, that makes the short-circuited transducer to be far from being conservative. This point will be addressed in
Section 5.
It is also then convenient to define:

wi
\/l+/1’

which is the natural frequency of the primary structure with the DVA locked to it (either x,(r) = 0, ¢; — +c0 or
k2 e +OO).

In all the subsequent analyses, the oscillations of the structure will be considered in the steady state, under
harmonic excitation F(r) = Fcos (Qr) at frequency Q. The Fourier transforms are denoted with a hat (X(Q) is a
Fourier transform of x(r)) while j = V—1I.

(8)

W10 =
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Considering Egs. (4a-c) in the frequency domain leads to write the displacement of the primary structure as:

Fo AQ) + jQ1eB(Q)
mp C(Q) + jQreD(Q)’

5(Q) =

where:

A(Q) = Wi - Q +2j60,Q, (
B(Q) = &5 — Q7 +2j&unQ, (
CQ) = [w] - (1 +WQ* +2j610,19Q| (w3 — O +2j60,Q) - pQ*, (10c
D) = [w] = (1+ WX + 2jE101Q] (@) = @ +2j62020) —u@, (

leading to define:
Hi(Q) = £1(Q)/x:1(Q = 0), (11)

the dimensionless frequency response function of the displacement of the primary structure.

2.2 Limit behaviours

From Egs. (4a-c), one can analyse the limit behaviour of the R-shunt in the high- and low-frequency vibratory regimes,
or, equivalently, for high and low values of 7.

Considering Eq. (4c) in the frequency domain, (-Q2+ jQr31) 0~ jQkw, X, = 0, one observes that at low frequencies,
if Q < 75! (or for low values of 7¢), the first term in Eq. (4c) can be neglected. In this case, the shunted transducer
behaves as an additional viscous damper for the DVA, since Q can be eliminated in Eq. (4b) using Eq. (4c) to obtain:

Xp + X1 + 2wy + TeKZLL)%))'Cz + w%xz =0. (12)

On the contrary, at high frequencies (or for high values of 7¢), Q > 7.1, the second term in Eq. (4c) can be
neglected and the shunted transducer behaves as an additional stiffness for the DVA, since Eq. (4b) becomes:

X + X1 + 2520)2)@2 + d)%.XQ =0, (13)

with &, > w, as defined by Eq. (6). This case was already addressed above for the discussion about the short-circuit
case.

However, the subsequent analyses and optimisation (see in particular Section 3.2) will show that for some range of
parameters, interesting values of the electrical constant are such that 7, ~ w; ~ Q, such that the two above cases are
not sufficient for our analysis. Interesting behaviours of our system are thus more complicated than that of a simple
DVA. The next section will show that they are related to the appearance of an additional pole in the transfer function.

2.3 Fixed points

The objective of this work is to optimise the absorber (DVA + R-shunt) in order to minimise the maximum amplitude
of the frequency response function (FRF) of the primary structure expressed in Eq. (11), which is usually called an
H..-optimisation. In the case of a classical DVA, a robust parameter selection method is often proposed by considering
the primary structure as conservative (¢; = 0). The FRF of the primary system then shows two fixed points when
the damping ratio of the DVA is varied [2]. Then, the DVA natural frequency is selected such that the amplitudes of
the fixed points are equal, while the damping ratio is chosen to make the tangents at these points as horizontal as
possible [42].

In the present study, the aim is to optimise the system such that the R-shunt is a tunable and efficient source of
damping in the DVA, replacing standard damping sources (oil damper or viscoelastic material). As a consequence,
we consider here, as a preliminary, that the primary structure and the DVA are conservative: & = & = 0. In this case,
Eqg. (11) simplifies to:

a)% -0+ jQTe(a)% + sz% -0%

(@} = (1 + Q)3 — Q) — pQ* + jQrel(@] — (1 + W)} + K2 — Q) — pQ*]

H(Q) = o} (14)
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Fig. 2: Modulus of H,(Q) for & = & = 0 under several conditions. (black curve): uncoupled primary structure (without DVA and
EM-shunt); (red curve): transducer in open circuit (e = 0); (blue curve): transducer in short circuit (te = +o0); (purple curves):
eight values of 7, € [0, +o]. The parameters are w, = 0.9w,, 4 = 0.05 and « = 0.3. The dashed vertical curves indicates the
extrema of the frequency response while points P, P, and P; denote the fixed points.

Figure 2 presents the modulus of H,(Q) of the previous equation, in the particular case w, = 0.9wy, for various
values of the parameters. First, the black plot shows the case of a naked primary structure (without any absorber,
u = 0), for which its resonance at Q = w; is clearly visible. The red and blue plots represent the cases where the
transducer is respectively in open circuit (e = 0) and short circuit (t¢ — +o0). In both cases, one observes that the
absorber creates an antiresonance at its natural frequency, at Q = w, or Q = @,, consistently with Eqg. (6). It also
adds a new pole in the transfer function, such that the single resonance at w, is replaced by two resonances on either
side of the antiresonance. Finally, several purple plots show cases with several finite values of 7, adding dissipation
in the system. One can see that the resonances and the antiresonance are weakened and that sweeping 7, from 0 to
+o0 leads to pass continuously from the short- to the open-circuit (conservative) cases. Nevertheless, a remarkable
result appears: there are three fixed points in the transfer function when 7, is varied, named P;, P, and P5 in Fig. 2.
An analogous result has already been found in the case of a viscoelastic DVA in [40].

The frequency of the independent fixed points can be determined by equating the modulus of H{(Q) in the two
extreme cases of 7, = 0 and 7, — oo leading to:

AQ) _ 5O

C(Q) D’ (15)

in the particular case &, = & = 0. The case AD = BC leads to the trivial solution Q* = 0, whereas the case AD = —BC
leads to the following third order polynomial equation in X = Q?:

P(X) = 2X° = [ + i)W} + @3) + 207 | X* + 2[ (@3 + D] + (1 + pw3id] X - 2widsiw; = 0, (16)

whose solutions are the frequencies of the fixed points.
The sign of the above polynomial P(X) is computed at the special frequencies successively:

P(0) <0, Pw}) >0, P@3) <0, P(+w)>0. (17)

The signs alternate between consecutive evaluations. Since the polynomial is continuous, by the intermediate value
theorem, its roots must lie in the intervals where the sign changes. Consequently, there are three fixed points:

Qp, €10, wal, Qp, € [wy, @], and Qp, € [@y, +00], (18)

where Qp,, Qp,, and Qp, are the frequencies corresponding to the fixed points Py, P,, and Ps, respectively. In the
following, they are numerically computed by a classical polynomial roots computation algorithm.
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2.4 Frequency scaling

By defining a dimensionless time 7 = w;t scaled by w;, the governing equations (4a-c) can be rewritten as:

(1 + )iy + uiy + 2815 + x1 = Flky (19a)
Xp + X1 4+ 260005 + G)%XQ + KQ =0 (19b)
O+ Q/te — ki =0, (19¢)

where @, = w,/w; and T¢ = Tew; are dimensionless frequency and time constant. As a consequence, one can see
that the optimisation problem is independent of w,. However, to keep the symmetry in the equations between w; and
w, and for the sake of clarity, w; is kept in the equations in the following.

3 Absorber optimisation to reduce the displacement of the primary struc-
ture

The goal of this section is to optimise the R-shunt / DVA parameters (w;, Te and «) in order to perform an H-
optimisation on the displacement of the primary structure. This optimisation is performed in four sequential steps. (i)
The optimum natural frequency w, of the DVA is found by equalising the amplitude of the external fixed points P,
and Ps; (i) the optimum electrical time constant 7, is found by minimising the maximum amplitude of |H,(Q)|; (iii)
the system is further optimised by finding optimum values of the EMCF «, that influences the relative amplitude of
the three fixed points. Finally, (iv) the previous optimisation is validated and extended thanks to a fully numerical
procedure. All those optimisations are done as a function of the mass parameter p.

3.1 Optimisation of the natural frequency w, of the DVA

l 0.95

[wr [7]

8
09 3
>
(&]
c
08 8
(o
Qo
08 I
<
[m)]
075 =
£
07 &

0.01 0.02 0.03 0.04 0.05 0.06
wl]
Fig. 3: Evolution of wgpt/wl as a function of 1 and «. The black dashed curve shows the threshold value below which w‘z"“ exceeds

the classical optimal value for a DVA wgya (EQ. (21)). The white dashed curve marks the threshold above which the amplitude of
the central fixed point P, is higher than that of P, and P;.

Analogously to the case of a standard DVA (without an R-shunt), if the natural frequency of the DVA w, varies,
the relative amplitude of the two external fixed point (P, and P; on Fig. 2) changes. The aim of this section is to
determine the value wgpt of w, which allows P, and P; to be at the same amplitude in the mechanical conservative
case (&1 = & = 0). This condition can be expressed as:

|H1(Qp))| = [H1(Qp,)], (20)

where Qp, and Qp, are the frequencies of P, and Ps, obtained numerically as the two extremal positive solutions of
Eq. (16). Following the time scaling of Section 2.4 and Eq. (16), w$™ /w; is a function of x and « only.
Consequently, w$™' /w; is computed numerically for a selection of values of (4, k) within the domain ([0.001,0.0601, [0.001, 1.000]),

by (i) computing (Qp,, Qp,) with the roots of (16) and (ii) optimising the value of w, to ensure Eq. (20). In practice, a
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simplex search method (function fminsearch of Matlab) is used. The result is shown as a contour plot in Fig. 3. In
addition, the black dashed curve in Fig. 3 indicates the threshold above which the optimum natural frequency of the
absorber wgp‘ is smaller than that of a classical DVA, whose relation is recalled here:

w1

T (21)

Wdva =

It can be seen that increasing u decreases wgpt, in the same way as a classical DVA. Similarly, increasing « decreases
wgpt. Consequently, one observes that the presence of the R-shunt changes the tuning of the DVA, that has to be
over- or under-tuned, depending on the value of the EMCF « and the mass ratio u.

The white dashed curve marks the threshold above which the pair (1, k) and the optimal value wgpt makes the
amplitude of the central fixed point P, higher than the amplitude of the two external fixed point (P; and P3). This point
will be examined in the upcoming sections.

Wi

H, [dB]

-20

_40 1 1 1 1 1 1
0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2

frequency Q/w; [-]

Fig. 4: Modulus of H;(Q) with ¢, =& =0and w, = wgp‘ under several conditions. (black curve): uncoupled primary structure
(without DVA and EM-shunt); (grey curve) locked DVA (with k, — +o00 or ¢; — +00); (red curve): transducer in open circuit (e = 0);
(blue curve): transducer in short circuit (ro = +o0). The parameters are = 0.05 and « = 0.3.

Figure 4 presents severals FRF of the primary structure, for a given value of (u, «), with w, = wgpt, such that the
amplitude of the two external fixed points is equal. As illustrated in this figure (and graphically verified for other values
of (u, «)), the natural frequency w  (see Eq. (8)) of the structure with the locked DVA matches exactly the frequency
of the central fixed point P;:

sz = W1,00- (22)

Then, since Qp, is a solution of Eq. (16), prescribing Q = Qp, = w; .« = w1/ +/1 + p in this equation shows after a few

analytical developments that the optimum natural frequency w, = wgpt naturally reads:

1 K
wgpt = w1 m - 7 (23)

It was numerically verified that this relationship exactly coincides with the numerical values of wgp‘ shown in Fig. 3.
This closed form expression of a)‘z’pt is advantageous for the purpose of tuning the natural frequency of the present
DVA coupled to an R-shunt.

Moreover, it is actually possible to derive this expression analytically, as suggested by one of the reviewers during
the peer review process. The method is provided in Appendix A. It also allows the fixed-point frequencies to be
determined in closed-from expressions, in the present case w, = wgpt.
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Fig. 5: Modulus of H,(2) with ¢, =&, =0 and w, = wgpt under several conditions: (black curve): uncoupled primary structure; (red
curve): transducer in open circuit (te = 0); (blue curve): transducer in short circuit (e = +o0); (gold curve): shunt optimised as

Te = Tgp“. The parameter are u = 0.05 and « = 0.7 in order to have the fixed point P, above the two others.

3.2 Optimisation of 7, and «

The optimum natural frequency of the DVA wgpt has been established in the previous section (Eq. (23)) as a function

of the mass ratio i and the EMCF « of the transducer. The objective is now to find the optimal electrical time constant
Te. TWO strategies are examined: the first is inspired by the standard optimisation strategy of DVAs of choosing
the damping that allows an horizontal tangent at the fixed points; the second is based on a numerical minimisation
algorithm.

3.2.1 First strategy to optimise 7,

Since for all values of 7, the FRFs pass through the fixed points Py, P, and P; (see Fig. 2), the first step is to place the
two extremal ones, P, and Ps, at the same amplitude by choosing w, with Eq. (23). Then, depending on the values of
u and «, the amplitude of the central fixed point P, may be lower or higher than that of the two others. Precisely, for
values of (u, k) above the white dashed curve in Fig. 3, |H;(Qp,)| > |H1(Qp, p,)|. This leads to two optimisation cases.

Firstly, if [H,(Qp,)| > |H(Qp, p,)|l, we choose the optimal value of 7, such that the tangent at P, is horizontal, to
ensure that a maximum is reached at this point. In this case, solving:

IH, ()P

FTey =0 (24)

Q=Qp,
yields the optimal electrical time constant, denoted rgp“. For this, the numerator of the derivative in Eq. (24) is
symbolically obtained using the values of A, B, C, D and their derivatives with respect to X = Q? (Egs. (10a-d)),
obtaining a second order polynomial in 72. Then, Q is replaced by Qp, numerically evaluated with the second root
of the polynomial in Eq. (16) and Tgp” is obtained with the maximum root of the second order polynomial in 72. An
example of this case is presented in Fig. 5.

Otherwise, if the amplitude of the central fixed point P, is lower than that of the two others (i.e. for parameters
(u, ) located below the black dashed curve in Fig. 3), the maxima of the FRF should occur at Qp, and Qp, for optimal
vibration reduction. This requirement leads to the conditions:

AlH, (Q)? AlH(Q)]?
IH©) _o, M o (25)
oQ a-ay, 0Q a=a,,
which, however, cannot be satisfied simultaneously. Specifically, the solution of the first of Egs. (25), denoted Tgl, that
enforces a zero slope at fixed point Py, typically differs from the solution of the second equation, T?, that enforces
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Fig. 6: Modulus of H;(Q) with &, =& =0and w, = wgp' under several conditions: (black curve): uncoupled primary structure; (red
curve): transducer in open circuit (e = 0); (blue curve): transducer in short circuit (re = +0); (grey curve): shunt optimised as
Te = Tg‘; (light blue curve): shunt optimised as 7, = ‘rf;‘; (gold curve): shunt optimised as 7, = TZ"”. The parameter of the DVA are
u = 0.05 and « = 0.3, to have the fixed point P, below the two others.
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Fig. 7: Evolution of the time constant optimal value T‘;"”, scaled by wy, as a function of (u, k). The white dashed curve marks the
threshold above which the amplitude of the central fixed point P, is higher than that of P, and Ps.

the same condition at fixed point P5;. To obtain a practical compromise, the optimal time constant is defined as the
average of the two values:

Py P3
T + 7T
Topt1 _le e ) (26)

e 2
An example of this case is presented in Fig. 6. It is clearly observable that this value allows minimisation of the
maximum of the FRF. The numerical values of 7' and 72* are determined with the same numerical strategy than for
72" in the previous case where P; is above P and Ps.

Figure 7 shows the values of 2 scaled by wi, as a function of the two independent parameters (u, k). The

e
white dashed curve shows the threshold pair value of (u, x) for which the amplitude of the fixed point P, is higher than
the two others ones. One can observe that for values of (u, k) below the threshold, the optimal time constant Tg"”
increases as the pair approaches the threshold and experiences a jump at the threshold crossing. This non-smooth

evolution of 72" led us to investigate a full numerical optimisation for 7.
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Fig. 8: (a) Evolution of the time constant optimal value Tgp‘z, scaled by wy, as a function (u, ). The red curve shows the optimised

value kopo Of k as a function of p. The area between the two dashed black curve corresponds to values of (i, k) for which the
DVA+R-shunt absorber has better performance than a standard mechanical DVA. (b) Evolution of A (see Eq. (27)) as a function of
(u, ¥). In both plots, the orange curve limits the number of extrema of |H,(Q)|: above, it has one maximum and below it has two
maxima and one minimum. The white dashed curve marks the threshold above which the amplitude of the central fixed point P, is
higher than that of P, and P;.

3.2.2 Second strategy to optimise 7,

An alternative approach to determine the optimal value of the electrical time constant is to compute directly the value
of 7, called Tgptz, which minimises the maximum value of |H|, in the case of w, = w‘z’pt. For a given 7, the extrema of
|H,| are first obtained by computing symbolically the roots of the derivative of |H;[> with respect to X = Q?, a seventh
order polynomial in X (see Egs. (10a-d)), and keeping the real positive ones, leading to one or three values of Q for
the extrema. Then, Tgptz is obtained with a simplex search method (the function fminsearch of Matlab) as the value
of 7, that minimises the maximum of |H;(Q)|.

The contour plot diagram in Fig. 8(a) shows the results of this optimisation, the value of Tg"tz scaled by wy, as
a function of the independent variables (u, k). One observes that the global evolution of Tgptz is smoother than the
one of rgp” (compare Figs. 7 and 8(a)) since it is now a continuous function of (u, ). One can nevertheless observe
a jump in the slope, indicated in Fig. 8(a) as the orange curve, that occurs because the number of maxima of the
frequency response changes: below the orange curve, |H;(Q)| has two maxima and one minimum (at Q = Qp,, like in
Figs. 5 or 6), whereas above the orange curve, |H;(Q)| has only one maximum at Q = Qp,. The white dashed curve of
Fig. 7 is also shown and represents the threshold above which the amplitude at P, is larger than the ones at P, and
P5. Itis observed that the two limits are distinct. This is illustrated in Fig. 5 that shows |H;(Q)| in a case in between
the orange and white dashed curve and for which it is clear the two maxima of the frequency response are far from
the two extremal fixed points P; and Ps.

The two optimal values 72" and 72" are compared in Fig. 8(b), that shows the relative difference between the
maximum amplitude of the two associated FRFs, expressed in dB, defined as:

max|H, (Q)|Te 0Pt

A =201og,, (27)

méleHl (Q)|Te =Tgp12

The two limits (orange curve and dashed white curve) of Figs. 7 and 8(a) are reported on this plot. One can observe
that A is always positive, indicating that the second strategy is more efficient than the first one, especially in the region
close to the white dashed curve where Tgp“ is the highest (see Fig. 7), showing that the first strategy overestimate the
optimal value of 7. This is further illustrated in Fig. 9 in which the two optimisation strategies for 7, are compared, in
a case for which the fixed point P, exhibits a higher amplitude than the fixed points P; and Ps (same case as Fig. 5).
One can observe that the second optimisation (orange curve) leads to a more symmetric response than the first
(golden curve), with a maximum slightly below, as expected. In the remainder of the study, the optimisation of 7, will
be carried out using the second strategy.

Figure 10 shows an example of optimised FRF (in orange) obtained for a given pair (u, «), with the absorber
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Fig. 9: Modulus of H(Q) with ¢, =& =0and w, = wgp‘ under several conditions: (black curve): uncoupled primary structure; (red
curve): transducer in open circuit (e = 0); (blue curve): transducer in short circuit (e = +o0); (gold curve): shunt optimised as

7o = 7""; (orange curve): shunt optimised as 7. = 7o". The parameter are u = 0.05 and « = 0.7 in order to have the fixed point P,

above the two others.
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Fig. 10: Modulus of H;(Q) with ¢ =& =0and w, = wgp‘ under several conditions. (black curve): uncoupled primary structure
(without DVA and EM-shunt); (red curve): transducer in open circuit (re = 0); (blue curve): transducer in short circuit (7o = +o0);
(orange curve): Te = Tgp‘z =0.9665/w,. (green dashed curve) optimised DVA without EM shunt (its parameters follow Egs. (21) and
(28)). The parameters are u = 0.05 and « = 0.3.
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Fig. 11: Variation of the modulus of H,(Q) as a function of the EMCF «. The red surface is the case of a DVA + R-shunt absorber,
for & = 0 and for optimal values of the parameters w, = w3 and 7, = 72°%; the orange surface is the same for optimal values
w; = w; and e = 7. The blue surface is the case of an optimal DVA with w, = wga and & = &va. In both cases, &, = 0 and the

mass ratio is 4 = 0.05. The black solid curves are the locus of the fixed points.

parameters chosen as w, = w3 and 7, = 72", The FRF appears optimal, but since it passes through the fixed

points, it leads in this case to a response which has a higher amplitude than the one that would be obtained with
a DVA without an R-shunt, but with optimised stiffness and damping. The latter is shown in green, with the DVA’s
natural frequency w, that follows Eq. (21) and its damping ratio &, equal to [42]:

_ / 3
Edva = 81+ ) (28)

As shown in the next section, this situation can be improved by optimising the EMCF «, yielding to slightly more
effective reduction than an optimally tuned DVA.

3.2.3 Optimisation of «

As enlightened in the previous section, when the EMCF « is varied for a given value of the mass ratio ¢ and with the
absorber parameters at their optimal value (w> = w3, 76 = T9"%), one observes that the amplitude of H (<) at the
fixed points varies, as well as its number of extrema. This is illustrated in Fig. 11, for which the corresponding red
surface has three extrema for low values of x and only one for high values. Observing the black curves, which show
the locus of the three fixed points, also show that when « increases, the amplitude at the two extremal fixed points P
and P; decreases, whereas the amplitude at the central one P, increases. This trend is confirmed by computing the

amplitude at the fixed point P, as a function of «, that reads:

(1 + p)?

Hi(Qp,) = o

(29)
established by using Egs (22), (23) in (14) with 7o = 0. Figure 11 also shows the frequency response of the primary
system with an optimally tuned DVA (without R-shunt), represented by the blue surface. One observes that for a
narrow interval of values of k (denoted as [kopt1, kopt2] in the following), the red surface is below the blue surface, such
that the performance of the DVA+R-shunt absorber is better than a standard mechanical DVA. As a consequence, it is
of interest of optimising also the EMCF to obtain a powerful absorber.

Figure 12 illustrates further the role of the parameter « in the performance of the device, for a fixed value of u.
The blue curve in Fig. 12(a) shows the difference between the frequency responses of the optimised DVA+R-shunt
absorber (with wy = W™, 76 = 79, & = 0) and that of a classical optimised DVA (w; = Wava, & = £xva), @s a function
of k. It shows a minimum, the corresponding value of x being considered optimal and denoted «qpio, for a given p. In
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Fig. 12: Remarkable values of « for u = 0.05. (a) The sky-blue curve shows the difference between the maximum modulus of H; of
the optimised device and that of the optimised DVA. The interval [kopt1, kopt2] indicates the range of « where the maximum modulus
of H; of the device is lower than the maximum FRF of the optimised DVA. The minimum of the sky-blue curve corresponds to
k°'. The orange curve shows the number of stationary points of the FRF of the optimised device. The change in the number of
stationary points occurs at «max.(b) FRFs for different values of « with their corresponding optimised parameters (w3™, 79"). The
green curve shows the modulus of H, for an optimised DVA.

other words, regardless of the DVA mass ratio, there is always an optimal transducer capable of minimising |H;()].
The corresponding frequency response is plotted in dark red in Fig. 12(b) and the value of xopt0 @s a function of u is
shown in Fig. 8(a).

Around kopto, in the interval [kopt1, Kopt2], the DVA+R-shunt absorber remains more efficient than an optimised DVA.
This interval, highlighted in Fig. 8(a), widens as u increases. The frequency response |H ()| corresponding to those
limit values is shown in dashed black, as an illustration, in Fig. 12(b). This figure also shows in orange the frequency
response for k = kmax, the particular value of « that corresponds to the orange curve in Figs. 8(a,b), above which
|H,(€2)| has only one maximum.

3.2.4 Numerical optimisation beyond the fixed point method

The optimisations carried out in the previous subsections are based on choosing w, such that the FRF amplitudes at
the two external fixed points are equal (see Eq. (20)). It is then worth relaxing this constraint and proceeding with an
optimisation of both parameters (w», 7¢) at the same time with a fully numerical procedure, in order to verify the result
and possibly extend them. To this end, we use the simplex search method implemented in the fminsearch function
of Matlab, in order to find the values (w3, 5) of (w2, 7e) that minimises the modulus of H(Q) (defined by Eq. (11)) for
all frequencies, with &, = &, = 0.

The result is illustrated in Fig. 11 for a particular value of u. One observes that for low values of «, the two
optimisation (the fixed-point one, (wgpt,rgm), shown in red, and the numerical one (w}, ), shown in orange) lead
roughly to the same optimal frequency responses. On the contrary, for high values of , larger than kqpt0, the numerical
optimisation is able to realise a DVA+R-shunt absorber that slightly outperforms the standard mechanical DVA for any
value of k, since the orange surface is below the blue one, whereas the fixed-point optimisation was able to outperform
the standard DVA only in a small range of coupling factors « € [kopt1, kopt2]. An example of this behaviour is shown in
Fig. 18 for (u, k) = (0.05,0.8), for which x > kqp2. One observes that the numerically optimised DVA+R-shunt case (in
dashed purple, (w; = w}, e = 13)) is slightly below the DVA case (green curve), also below the DVA+R-shunt with
the fixed-point optimisation ((w> = w3™, 76 = 72°%), orange curve), which fails in this case. The red and blue curves
are associated to the cases with the transducer in the open- and short-circuit, with w, = wj. It can be observed that
the fixed points P, and P; in this case no longer have the same amplitude, which is logical since w; # wgpt. This
illustrates that the equal fixed-point condition is not optimal in this case.

Figure 14 shows the evolution of the optimal parameters (w;, Te), as a function of «, for a given mass ratio (u = 0.05)
and obtained with different criteria. The blue curves show the evolution of w,, whereas the red curves show the
evolution of 7. The solid curves represent the numerically optimised parameters (w3, 75), whereas the dotted curves
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Fig. 13: Modulus of H,(Q) for & = & = 0 with u = 0.05 and x = 0.8 under several conditions. (black curve): uncoupled primary
structure (without DVA and EM-shunt); (orange curve): w, = w3 = 0.7951/w,; and 7o = 79P2 = (0.83720/w;. (green curve) optimised
DVA without EM shunt (its parameters follow Egs. (21) and (28)). The other curves are obtained with w, = w; = 0.8895/w, under
different conditions: (red curve) transducer in open circuit (7. = 0); (blue curve) transducer in short circuit (7, = +o0); (light purple

dashed curve) 7, = 7; = 0.4791/w;.
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Fig. 14: Evolution of the optimal parameters (w, and 1) as a function of « for u = 0.05. The blue curves show the evolution of
w,, whereas the red curves show the evolution of 7.. The solid curves represent (w3, 7;) obtained from numerical optimisation;
dotted curves correspond to the parameters obtained using the fixed-point method (wgp‘,rgmz). The dashed curves indicate the

asymptotic values (wqya, Te, )-
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Fig. 15: Evolution of w3 (a) and 7; (b), scaled by w;, as functions of u and «. The black dashed line indicates the optimal value ko
as a function of y: above this line, the DVA+R-shunt absorber outperforms a standard mechanical DVA.

show (w3, 797%) obtained using the fixed-point method presented previously. Finally, the dashed curves show the

evolution of the parameters in the limit case where the inductive part of the transducer is neglected, for which the
R-shunt is analogous to a purely mechanical dashpot (see Eq. (12)). The optimal parameters in this case satisfy:

_ _ _ 28 dvaWava
W2 = Wdva, Te =Tew = = 5 5

1

(30)

KCw

It is observed that, for values of « lower than the gray zone (k < kopt1), w; almost overlaps with the value of

w. For values above the gray zone, the two curves diverge from each other, for k > kopt0. On the one hand, w3™

decreases and tends to 0 for x = /2/(1 +u) = 1.38 in this case (see Eq. (23)), whereas wj increases and tends
towards wqva. Regarding the evolution of 7, similarly to w,, for small values of «, the curve of 77 overlaps with that of
2. The two curves begin to diverge for « > 0.2, before crossing again around xopro. The curve of 72" tends towards
1 for large values of k, whereas 1 tends towards the curve of 7¢_.

Those results complement those of Fig. 11: for values of « below the gray zone, the fixed-point method leads

to the optimal performances of the DVA+R-shunt, but they remain lower than that of an optimised mechanical DVA.

However, for values of x above the gray zone, it is possible to obtain a DVA+R-shunt with equivalent (though slightly
better) performance than a mechanical DVA, at the condition of detuning the R-shunt frequency w, with respect to
wgpt obtained by the fixed point method. One can observe in Fig. 11 that the amplitude of the orange surface at the
external fixed point frequencies are no more equal, whereas this surface is below the blue one. As a final remark, one
can observe that the high values of the EMCF case (x larger than the gray zone) behaves as if the inductive behaviour
of the transducer were neglected, for which the R-shunt is equivalent to a pure viscous damper, since w; — wgva and
Ty — Taeo, S already addressed in [24].

3.2.5 Summary for the displacement H., optimisation

As seen in previous sections, for each value of u, there is a range of values of the EMCF « € [kopt1, kopte] for which the
fixed point optimisation (w, = w‘z’p‘,-re = %P2 guarantees a DVA+R-shunt absorber with better performance than an
optimised mechanical DVA. Then, above this range, it is still possible to have a DVA+R-shunt with better performances

by relaxing the fixed point condition and numerically optimising the parameters such that (w, = wj,7e = 7).

Consequently, for each value of x and y, it is possible to find optimal values of the DVA’s natural frequency w, and
the electrical time constant 7,. Those results are gathered in Fig. 15, obtained by numerical optimisation. It can be
considered as a tuning chart for the DVA+R-shunt absorber. Notice that in the area below the black dashed curve, for
which « < kept1, the fixed point optimisation is valid and the plots are almost identical to those of Figs. 3 and 8(a) (with
different color ranges).

Finally, it is of interest to consider the limit case for which x = k1. In this case, for a given value of i, one can find
with the fixed point method a set of optimal values (wgpt,Kopt],Tgptz) of the parameters to obtain a DVA+R-shunt as
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Fig. 16: Tuning graph of a DVA+R-shunt absorber: optimal values ko, of the EMCF (black curves and left y-axis), that has to be
chosen in the gray area, as a function of the mass ratio u. Corresponding values of the DVA’s natural frequency w;pt (blue curves)
and the electrical time constant ‘rg‘“z (red curves), both scaled by w; and readable in the right y-axis. The value koo that leads to

the best DVA+R-shunt performance is also indicated by the dotted curves.

performant as an optimal mechanical DVA and with a minimal EMCF. Its value can be read as a function of i thanks
to the black solid line and the left axis in Fig. 16, whereas the corresponding values of the two other parameters
WP (koptt ), ToPZ (kopt1) are read on the right axis. Then, for a particular transducer and a primary system such that
K > Koptt, it is still possible to to obtain a DVA+R-shunt as performant as an optimal mechanical DVA by numerically
optimising it and choosing (w; = w3, Te = 7). Figure 16 can be thus considered as a tuning graph useful for practical
applications.

3.3 Performance with non-zero damping in the primary structure

Real structures have a non-zero damping coefficient (£; # 0). This makes it possible to define a performance indicator
called the attenuation and already used in previous studies [43, 19, 44, 23]:

H, naked

Ags = 201og, , (31)

abs

where Hnakeq is the peak amplitude of |H;(Q)| with the primary structure naked (without absorber) and with damping
(&1 #0), Hpaked = 1/(2€1) and Haps is its maximum with an absorber connected and optimally tuned. Consequently,
Ags is the difference between the primary structure’s responses without and with the absorber, as illustrated in
Fig. 17(a). Then, Fig. 17(b) presents the attenuation Ayg for both the optimised DVA and the proposed absorber (the
DVA+R-shunt optimally tuned with (k, ws, 7e) = (Koplo,wgpt,rgpm)) as a function of ¢, for a given value of u. This plot
shows that the proposed absorber performs equivalently than an optimised DVA, with even a slight outperformance.

Figure 17(a) shows a remarkable result: the optimisation proposed in Sections 3.1 and 3.2, established by
neglecting the primary structure’s damping &, is still valid even in the case of a non-zero primary structure damping.
This result is then confirmed for different pairs of (u, &) in Fig. 17(b).

3.4 Performance with non-zero damping in the DVA

The DVA+R-shunt optimisation proposed in the previous sections was conducted by neglecting the damping ratio
of the DVA (&, = 0). In practical applications, & is always non-zero. However, if no additional mechanical damping
device (oil damper, viscoelastic material. ..) is included, & can be considered small, such that the optimisation of the
previous sections may still be valid. To evaluate this point, the difference between the attenuation Azps brought by a
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Fig. 17: (a) Modulus of the frequency response function H,(Q) with a non-zero damping coefficient of the primary structure
& = 1%, shown under different conditions: (black curve) uncoupled primary structure; (green curve) optimised mechanical DVA
(w2, €2) = (Wavas €ava)); (Orange curve) optimised DVA+R-shunt ((ws, &, Te) = (W™, kopt, To2) @nd & = 0). (b) Variation of Ag as a
function of the damping coefficient &, of the primary structure and the mass ratio u for an optimised mechanical DVA (green curves)

and the optimised DVA+R-shunt absorber (orange curves).

0.1
0.08

0.06

&[]

0.04

0.02

0.06

Fig. 18: Evolution of § (see Eq. (32)) as a function of u and &, for a primary structure whose damping coefficient is & = 0.25%.
The white curve highlights & (1) for which 6 = 0. The black dashed curve indicates &q,5 (1) (Eq. (28)).
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DVA+R-shunt optimally tuned (with (k, 2, 7e) = (kopto, @3"', 7o"%) but with a non zero &) and the one brought by an

optimal mechanical DVA (with (ws, &) = (Wgva, £dva)) 1S defined as:
0 = Aabs — Adva- (32)

Then, Fig. 18 shows ¢ as a function of u and &, (notice that Ay, does not depend on &; since & = &qya fOr Agya). One
can first observe that a threshold value of &, exists, shown by the white curve, below which the DVA+R-shunt absorber
performs better (6 > 0) than the mechanical DVA. This is logical since the EMCF was chosen such that x = kgpio t0
compute Aaps. Above this threshold, the DVA+R-shunt’s performances decrease as a function of &, but the difference
in dB remains small with respect to the mechanical DVA for low values of &. In particular, the internal damping of a
mechanical DVA with elastic components often leads to a damping ratio smaller than 1% (&, < 0.01). In this case,
Fig. 18 shows that the loss of performance of the DVA+R-shunt absorber is less than 1 dB. As a consequence, the
optimisation proposed in Sections 3.1 and 3.2, obtained with & = 0, can still be considered valid if R-shunt is used
to optimally tune the damping of a mechanical DVA without additional mechanical damping device. Figure 18 also
shows in dashed black the optimal value &4y5 Of & for an optimal mechanical DVA, which are much higher than 1% for
standard values of u < 0.5%.

If the DVA+R-shunt absorber is used to correct a mechanical DVA that has a large intrinsic damping &, or to act
in parallel to a mechanical damping device already installed in the DVA, a numerical optimisation of its parameters
(k, w2, Te) With & # 0 may be useful. This question is left for a subsequent study.

4 Absorber optimisation to reduce the acceleration of the primary structure

The goal of this section is to reconsider the optimisation of the absorber presented in the previous section under a
new criterion: instead of considering an H.,-optimisation on the displacement of the primary structure, we consider
here reducing its maximal acceleration. This has been considered in a previous work about resonant piezoelectric
shunts [20] and acceleration is an interesting criteria for vibration reduction since it is the most perceptible by humans
[45, 46]. It is also useful since the measurements of Section 5 are made in acceleration.

We still consider the system of Fig. 1. Since the displacement and acceleration responses of a structure are
related with a Q2 relationship (71(Q) = —Q?%,(Q) where y,(1) = ¥,(¢) denotes the acceleration of the primary structure),
the shape of the corresponding frequency response is not the same. Precisely, the dimensionless accelerance of the
primary structure is defined as:

ne @

H(Q) =

where the Q? difference clearly appears. This difference leads to different optimal parameters of the DVA+R-shunt
absorber than those obtained in the previous section, in order to reduce the maximum of |H,(Q)| as much as possible.

It is important to note that the Q> dependence of H, with respect to H, does not affect Eq. (15), such that |H,(Q)|
also shows three fixed points at the same frequencies Qp,, Qp, and Qp,, with differences the corresponding amplitude
of |H,(Q)|. Consequently, the same methodology than in Section 3 is now applied to |[H;(Q)|.

4.1 Optimisation of w,

As in Section 3.1, the optimal value (Dg”t for the present accelerance optimisation is defined as the value of w, that
allows the external fixed points (P; and P3) to be at the same amplitude in the mechanical conservative context
(&1 = & = 0). This leads to:

[H\ (Qp)| = 1H(Qp)] & QF IHI(Qp))] = Q [HI(Qp,), (34)
which leads to an optimal value agp‘ in the present accelerance case different than wgm obtained with the displacement
criterion (compare Eq. (34) with (20)).

Computing a)gpt numerically with the same strategy than in Section 3.1 and observing the result in the accelerance
of the primary mass leads to Fig. 19(b). One observes that if w, = &)gp‘, changing the values of the other parameters
does not change the frequency of the central fixed point, that remains equal to the natural frequency of the primary
system:

QPZ = wi. (35)
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Fig. 19: Optimisation of w, for the accelerance criterion. (a) Evolution of &)‘Z’pt/w. as a function of u and «. The black dashed curve
shows the threshold value below which &);p‘ exceeds the classical optimal value for a DVA &g, (see Eq. (37)). The white dashed
curve marks the threshold above which the amplitude of the central fixed point P, is higher than that of P, and P;. (b) Modulus
of A, of the system in Fig. 1 with &, =&, =0 and w, = &)g"' under several conditions. (black dashed curve): uncoupled primary
structure (without DVA and EM-shunt); (red curve): transducer in open circuit (e = 0); (blue curve): transducer in short circuit

(Te = +00). The parameter are u = 0.05 and k = 0.3.

A similar result has been obtained in Section 3.1, for which Qp, was equal to w; . With an analogous procedure than
the one used to obtain Eq. (23) for 3™, one obtains the following closed form expression:

- opt 1—K2 VK4+1
p=0)1

@, 2 T2 %9
This result was confirmed by numerical simulations. Similarly to the displacement case, this expression can be derived

analytically, and the corresponding method is presented in Appendix B. It is illustrated in Fig. 19(a) which shows afz’pt

scaled by w; as a function of the two independent parameters (u, «). As in Fig. 3 for the displacement criterion, a)‘z’pt
takes a different value, that depends on «, than the optimal one for a mechanical DVA optimised in accelerance, that
reads [47]:

~ wi
Wdva = —F—-
VI+u
~ opt

The black dashed curve in Fig. 19(a) indicates the threshold above which @,™ is larger than @gya.
A noticeable observation is that a)gpt is independent of u. Moreover, one can also observe that the optimal
natural frequency in the present accelerance case is larger than in the displacement case for a given value of («, ):

&Pk, 1) > w3 (k, ). It is also the case for a mechanical DVA: @ava(kt) > Wava(l)-

(37)

4.2 Optimisation of 7, and «

As in Section 3.2, we proceed by optimising successively 7, and then «. For 7, optimisation, the second strategy, fully
numerical and presented in of Section 3.2.2, is selected here since it gives better results. The obtained values of 7,
denoted as %Zptz, are given in Fig. 20(a) as a contour plot in the (u, «) plane.

A representative case is shown in Fig. 20(b), where the acceleration response of the primary system is represented
under several conditions. One can observe that the case with (w», 7e) = (agpt,%gpm) is optimal since the orange curve
has its two maxima close to the fixed points, but performs lesser than an optimised mechanical DVA since the EMCF
k is not optimal. The optimal parameters for the DVA in the present accelerance case are w, = wqya Of EQ. (37) and &

defined as [47]:

s 3u
Edva = \/4(2—4_#) (38)
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Fig. 20: (a) Evolution of the time constant optimal value 7o', scaled by w;, as a function of (u,«). The red curve shows the

optimised value & of « as a function of u. The area between the two dashed black curve corresponds to values of (u, «) for
which the DVA+R-shunt absorber has better performance than a standard mechanical DVA. The orange curve limits the number of
extrema of |H,|: above, it has one maximum and below it has two maxima and one minimum. (b) Modulus of A,(Q) with &, = & =0
and w, = (Dg‘“ under several conditions. (black dashed curve): uncoupled primary structure (without DVA and EM-shunt); (red line):
transducer in open circuit (ro = 0); (blue line): transducer in short circuit (7 — +o0); (orange line): 7o = T = 0.9343/w; (green
dashed line) optimised DVA without EM shunt (its parameters follow Egs. (37) and (38)). The parameters are u = 0.05 and « = 0.3.

Consequently, as in Section 3.2.2, it is possible to determine an optimal value of x, named Xop(14), for which
the reduction of vibrations is maximised. This curve is plotted in red in Fig. 20(a). In addition, for each value of y,
there is an interval [Kqpt, , Kopt, | in which the DVA+R-shunt absorber is more efficient than a single mechanical DVA. It
correspond to the area in Fig. 20(a) between the two dashed black curves. Furthermore, the orange curve shows the
value of « for which the number of stationary points of |H,| changes (see Fig. 12(a)).

It is also possible to compute the amplitude of H; at the fixed point P,:

- Vid+1-1
A1(©p,)] = :2—# (39)

obtained using Egs. (35) and (36) in (33) and (14) with 7, = 0.

4.3 System’s behaviour with non-zero damping in the primary structure

As in Section 3.3, it is possible to measure the effectiveness of the DVA+R-shunt absorber in the case of a damped
primary structure and to compare it to the one of a mechanical DVA. To this end, an attenuation parameter Aqg is
defined by the following equation, similar to Agg of Eq. (31):

H, naked

abs

AdB =20 loglo N (40)

where Hyakeq and Haps are defined as Hyakeq and Haps by replacing H;(Q) by H,(Q). It is then possible to plot Agg
as a function of (¢1, 1) and to compare the result for both absorbers (the present DVA+R-shunt one and an optimise
DVA). A plot identical to Fig. 17(b) is obtained (it is not reproduced here for the sake of conciseness), leading also to
similar conclusions.

5 Experimental validation

This section presents the experimental implementation of the absorber device (DVA + R-shunt) on a mechanical
structure. After introducing the experimental apparatus, the observation of the damping compensation of a DVA thanks
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Modal parameters of the structure (mode 1)

Modal mass my 3.82 kg
Natural frequency w1 /(2n) 26.69 Hz
Modal damping ratio & 0.25%
Parameters of the DVA

Mass of the support Mpase 0.156 kg
Mass at the end of the beam Mgya = My 0.204 kg
Mass ratio = nmy/m 0.0534
Damping ratio & 0.45%
Electromechanical parameters of the EM transducer

Inductance L 657 pH
Resistance Ry 3.2Q
Force factor o 2.2N/A
EM coupling factor (Eq. (5)) K 1.133

Table 1: Electromechanical parameters of the experimental apparatus of Fig. 21.

to an R-shunt is described. Then, the optimisation of the device absorber parameters (w,, 7e, and «) is performed to
minimise the maximum value of the frequency response function of the mechanical structure’s acceleration.

5.1 Experimental setup

support
shunt qu il b Ext. . — accelerometer
EM ﬁamever eam . T —————— ——
transd. end mass LYV— -

DVA
x4(t)

ﬂ _, Ext
forcing

Fig. 21: Diagram and picture of the experimental setup

The experimental setup is shown in Fig. 21. The mechanical structure is the same as the one already used in
[23, 6]. It consists of three identical plates, acting as inertias, linked to each other by four identical elastic beams,
acting as springs. Thanks to an experimental modal analysis, the two first modes are identified as bending modes,
for which the two upper plates move either in phase or in phase opposition (see the mode shapes in [23, 6]). All the
tests of this section will be performed around the resonance of the first (in-phase) bending mode, which identified
characteristics are given in Tab. 1. Those parameters were identified by measuring the collocated FRF of the top plate
(with DVA support, rail and permanent magnet attached and without the DVA’s beam and end mass) with a hammer
test, and fitting the one degree of freedom model of Eq. (4a) (with 4 = 0) to the result.

A DVA is installed at the top of the structure. It consists of an aluminium cantilever beam with a mass mgy, ~ m»
attached to one of its ends and bolted to the upper plate at the other end, thanks to a parallelepiped shaped support.
The mass of this support is included in the modal mass m, of the structure’s first mode. The natural frequency w, of
the DVA can be adjusted by modifying the length between the end mass and the bolted joint. Furthermore, an EM
transducer (a PACKAERO PKM 1715 voice coil) is placed between the upper plate and the end mass of the DVA, at an
adjustable position thanks to several bolted elements and a rail. The permanent magnet and the coil are respectively
attached to the upper plate and the DVA’s end mass. Consequently, the coil is free to move in a magnetic radial field
created by the permanent magnet. The parameters of the transducer are reported in Tab. 1. The inductance L; and
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resistance R; were obtained by measuring the electrical admittance at the coil’s terminals and fitting the model of
Eq. (1), R, being associated to the internal resistance of the coil and the wires. Then, the force factor ¢; was fitted with
the open-circuit FRF of the system (see the red curve of Fig. 22 that will be analysed in the next section).

To provide a mechanical external forcing, another voice coil (PACKAERO PKM 2001) is used, with its coil fixed
to the upper plate and its permanent magnet attached to a vertical column linked to the frame. In all subsequent
analyses, a periodic chirp signal will be used to drive the structure in vibrations, through a Briiel & Kjeer 4806 power
amplifier. The electric current I (?) that is fed to the exciter’s coil by the power amplifier is measured by a current
clamp. Since it is proportional to the force acting on the structure, this signal will be used as a reference for the
frequency response functions (FRFs). An accelerometer (PCB Piezotronics 352C65) is fixed to the upper plate to
measure its acceleration y;(f) = i,(f). Thanks to those two signals, the FRF 4, /l of the primary system is estimated
in a standard way thanks to an H; estimate and several averaging [48].

As the following sections are dedicated to validate the optimisations proposed in Sections 3 and 4, the resistance
and inductance of the R-shunt will have to be modified to adjust the parameters 7, and «. To this end, it has been
chosen to use a real time controller instead of relying to analog electronics. A dSPACE CP1104 real time controller
with the simulated circuit implemented as a Matlab Simulink diagram is used, along with a TCELLNER TOE 7621 four
quadrants amplifier for the power interface with the transducer.

5.2 Variation of electrical resistance with w, = &

amplifier real-time
voltage mode controller

[189) T

Fig. 22: Diagram of the electrical circuit of the transducer with the simulated resistance.

In this section, the focus is on the optimisation of w, and 7, for the given values of u = 0.0534 and « = 1.133 of
the system (see Tab. 1). Since our measurements are accelerances, the aim is to validate the theoretical results of
Section 4.

The first step is to adjust the DVA’s natural frequency. Using Eq. (36), one obtains @, = 0.8196w; (w,/(2n1) =
21.87 Hz). This frequency is tuned by adjusting the length of the cantilever beam of the DVA. The second steps is
to adjust the electrical time constant at the value fgpt =0.2933/w; = 1.749 ms, calculated numerically as explained
in Section 4.2. Notice that this value could be read in the upper part of the graph of Fig. 20(a), not shown since
restricted to values of k lower to 1. Since %gp‘ = Li/Ropt, ONe obtains an optimal equivalent resistance of the circuit
Ropt = 0.376 Q according to the inductance of the transducer L; (see Tab. 1). This value is less that the transducer
resistance R;. In order to address this issue, the real time controller is used to simulate a negative compensating
resistance Rs < 0, such that Ropt = Ry + Rs.

A diagram of the setup is presented in Fig. 22. The electrical current Q in the EM transducer is measured thanks to
the current monitor of the amplifier. Then, thanks to the voltage mode of the amplifier, the voltage signal V(1) = RsQ(r),
with Rs < 0, is created by the real-time controller and prescribed at the terminals of the EM transducer.

Figure 23 shows the modulus of primary structure’s FRF |, /loxel in several configurations. First of all, the black
curve shows the frequency response of the structure without absorber. One first observes that the modal model,
shown in black dashed curve, perfectly fits the experiments with the identified values of the parameters (w1, &) (see
Tab. 1). Notice that the amplitude of the FRF was manually adjusted to the best fit since the force factor of the voice
coil used for the excitation was not measured. The value of m; is thus not involved here.

The red curve shows the case with the DVA coupled to the transducer in open circuit condition. Again, the dashed
red curve, presenting the theoretical results, globally fits well the experiments. Then, the gradient curves from red to
blue show the FRF for different Rq values, simulated with the real time controller. The more the colour tends towards
blue, the greater the negative compensation resistance is. Those variation clearly make the three fixed points P,
P, and P; appear. One can also observe that the two external fixed points (P; and P3) are almost at the same
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Fig. 23: Experimental modulus of FRF %, /s of the mechanical structure under several conditions, with the natural frequency of
the DVA optimised (w, = &fz’pt) and with the real time controller that simulates a negative resistance (Fig. 22). (black line): uncoupled
primary structure (without DVA and EM-shunt) and (black dashed line) associated theoretical curve; (red line): transducer in open
circuit; (gradient curves from red to blue): different value of Rs; (red dashed line): theoretical open circuit case; (blue dashed line):

theoretical R = 0 case; (gold curve) optimal electrical time constant (o = 72™).

amplitude, validating the DVA tuning (the optimised value @,). The point P, appears close to the natural frequency of
the structure naked, which is coherent with the theoretical observation of Section 4.1.

The case with the transducer short-circuited, meaning that R = Ry, is also shown by a blue curve in Fig. 23.
Interestingly, because Ry is not small, the P5 fixed point is not noticeable in this case. It appears with the blue dashed
curves, that shows the result with a zero theoretical resistance R = 0, associated to an infinite time constant 7o — +co.
In between those two curves, by increasing the negative simulated resistance R; as much as possible, and as close as
possible to the instability achieved when R = Ry + Ry ~ 0, it was possible to measure another FRF, which approaches
the theoretical R = 0 case.

Finally, the gold curve shows the FRF with the optimal value 7, = fgpt. Because « is large in this case, larger that
Koptz = 0.8 (see Fig. 20(a)), the FRF has only one extrema at Q = Qp,, which clearly appears in the plot. For this
optimal case, the attenuation Agg can be estimated with Eq. (39) that gives the amplitude of H;(Qp, = w;), such that
Agg = —20 loglo[zgll:ll (w1)] = 26.8 dB (remember that the peak amplitude of the naked structure’s FRF is 1/(2¢))),
which is coherent with the experimental results.

5.3 Optimisation of « by simulated inductance

@ amplifier real-time (b)

CTTTTTTTRTTTTL voltage mode controller aw VO
1 I R »+ >
I ) 6

| v

e T ! ¢ )T D L. Rs -

: 8 @ P

| - Qo x

Fig. 24: (a) Diagram of the electrical circuit of the transducer with the simulated resistance and inductance. (b) Block diagram of
the real-time controller.

As explained in Sections 3.2.3 and 4.2, there is a range of values of x € [Ropt1, Kopt2] for which the performance of
the DVA+R-shunt absorber are better than those of an optimised mechanical DVA. Figure 20(a) shows that for the
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present value of the mass ratio u = 0.0534, kopr2 = 0.8 (corresponding to the upper dashed black curve) is smaller
than the value of x = 1.133, such that the EMCF brought by the transducer is larger than the optimal required one.
This one can be estimated by ko0 = 0.7678, corresponding to the value of « leading to the best performance, and
associated to the red curve in Fig. 20(a).

In order to experimentally test this case, it is possible to degrade the EMCF by adding an inductance Ls in the
shunt, i.e. in series with R. This stems from Eq. (5) in which L; at the denominator is replaced by L; + Ls. To degrade
the EMCF to k = kopto = 0.7678, one needs a total inductance of L; + Ls = 1431.34 pH in the shunt. This is obtained
thanks to the real-time controller that is programmed to simulate an inductance Ls = 774.3 pH using the amplifier in
voltage mode, as illustrated in Fig. 24. It involves measuring the electric current Q1) in the transducer thanks to the
monitor of the amplifier and computing in real time the voltage V(1) = RsQ + LsQ that is applied to the terminals of
the transducer to emulate the behaviour of an inductance Lg in series with a resistance Rs. It should be noted that
inductances are usually simulated using current-mode amplifiers, where a voltage signal is integrated over time to
avoid derivation which induces noise in the signal. However, in this case, the transducer behaves as a current source
due to its inductive nature. Therefore, it is not feasible to connect a current-mode amplifier (which also acts as a
current source) in series with the transducer. This constraint necessitates the use of a voltage-mode amplifier for
inductance simulation. The amplifier includes a built-in low-pass filter with a cutoff frequency set to 1 kHz, which
attenuates the high-frequency noise amplified by the derivative action.

With the optimal Rop; parameter, one has to obtain the associated parameters @5* and 7o, thanks to Eq. (36) and
Fig. 20(a), giving &)‘2"“ = 0.8864w; and 7" = 0.6298/w;, leading to &)3‘“/(271) = 23.66 Hz and the resistance of the
circuit Ropt = R + Rs = 0.3811 Q. The natural frequency of the DVA is adjusted by changing the length of the cantilever
beam. Moreover, since Ry < Ry, and a negative resistance Rs is simulated by the real time controller.

----------------------------- P naked structure
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Fig. 25: Experimental modulus of FRF ¥, /I, of the mechanical structure under several conditions, with the natural frequency of
the DVA and the electromechanical coupling optimised (w» = 5)‘;‘“, K = Kopt)- (black line): uncoupled primary structure (without DVA
and EM-shunt) and (black dashed line) associated theoretical curve; (red line): transducer in open circuit; (gradient curve from red
to blue): different values of R; (red dashed line): theoretical open circuit case; (blue dashed line): theoretical R = 0 case; (gold
curve) optimal electrical time constant (re = 72"); (green dashed line) theoretical optimised mechanical DVA case (its parameters

follows Egs. (37) and (38)).

Figure 25 compares the modulus of the structure’s frequency response for different configurations, like in the
previous section. The black curve still shows the FRF of the structure without absorber. The gradient curves from red
to blue shows the different functions for different Rq values, from the open circuit case in red to the short circuit case
(te — +o0) in blue. All curves is obtained with the simulated inductance Ls. One can observe the presence of the
three fixed points, with the external fixed point P, and P5; approximately at the same amplitude.

The gold curve shows the FRF with the optimised DVA+R-shunt. Contrary to the previous case (see Fig. 23), the
present optimal parameters (Kqpt, afz’pt, and %‘;P*) give a FRF with 3 extrema. One observes that it is very close (and
slightly below) the one of an optimised mechanical DVA, shown in dashed green. As predicted by the theory, the
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DVA+R-shunt, with its three parameters (w», «, Te) optimised, shows slightly better performances than a mechanical
DVA. It can be read that Agg = 31.6 dB, in full agreement with Fig. 17(b).

6 Conclusion

This study introduces a new method to replace the damping element of a mechanical DVA by a resistive shunt
(R-shunt). It is shown that the R-shunt is not exactly equivalent to a simple viscous damper (dashpot) since it
adds a new pole in the mechanical frequency response function (FRF). In analogy to a standard primary structure
whose a mechanical DVA, which FRF shows two fixed points, in the case of the present DVA+R-shunt absorber,
the FRF shows three fixed point. However, an H.-optimisation is still possible and thoroughly conducted in the
present study. As in a standard mechanical DVA, for which the two independent parameters (its natural frequency
and damping ratio) are optimally known as a function of the mass ratio y, it is shown that the three parameters
of the DVA+R-shunt absorber (the DVA’s natural frequency, the electromechanical (EM) coupling factor of the EM
transducer and the electrical tome constant, related to the shunt resistance) can be optimally chosen, also as a sole
function of u. Interestingly, it is shown that an optimally tuned DVA+R-shunt absorber performs equivalently (or even
slightly better) than an optimally tuned mechanical DVA, such that the proposed solution is perfectly successful in this
case. It is still the case for a lightly damped DVA. However, if the DVA has naturally a large damping ratio, an other
optimisation of the R-shunt must be performed, a question left for future investigations. It should also be noted that
the internal resistance of the electromagnetic transducer is typically large compared to the optimal shunt resistance,
which represents a technological limitation for a fully passive implementation. The study was conducted for both
displacement and acceleration FRF amplitude reduction, yielding comparable performance in each case, though with
different optimal electromechanical parameters. Finally, experimental successful validations focused on the reduction
of the acceleration of a given resonance of a laboratory structure.
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Appendix

opt

A Analytical resolution of w,

for the displacement case

In the Section 3.1, the optimisation of the DVA natural frequency w, was first carried out numerically, before an
analytical expression was derived from the analysis of the results, in particular the position of the fixed point Qp,. A
subsequent analysis revealed an algebraic method for determining the value of w, that enforces equal amplitudes at
the two outer fixed points P; and Ps.

This method relies on the resultant, an algebraic elimination tool that removes a variable between two polynomials
while preserving their common roots. Specifically, the resultant of two polynomials P and Q with respect to a variable
x, denoted Res, (P, Q), is defined as the determinant of the associated Sylvester matrix. It vanishes if and only if the
two polynomials share a common root in x.

In the present problem, Qp, and Qp, are considered as roots of the polynomial appearing on the left-hand side of
Eq. (16), denoted P(X, w,). The objective is then to successively eliminate the variables Qp, and Qp, so as to obtain a
condition expressed solely in terms of w;.
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To this end, the following auxiliary function is introduced:

A(Qp,, w2) C(Qp, w2) — A(Qp, w2) C(Qp,;, w2)

h(QP s QPV s a)z) =
1 3 Q%)] _ Q%)}

(A.1)

where the functions A and C are defined in Eq. (10a) and Eq. (10c), respectively. This symmetrised construction
serves as an elimination device: it cancels the trivial contributions associated with the case Qp, = + Qp, and retains
only the configurations in which the two frequencies correspond to distinct solutions of the system.

The resultant procedure is then applied successively to eliminate the variables Qp, and Qp,:

ResQP P(QP37 a)z), ResQP (P(QPI R 0)2), h(Qpl s QP3, 0)2)) . (A2)
3 1

This operation amounts to projecting the original system onto an equation depending solely on w,, by eliminating
all intermediate variables while preserving the compatibility conditions of the system. The optimal value is then
obtained directly:

1
o = s (A.3)

This expression then allows the frequencies associated with the three fixed points to be determined:

_ Vi + 1) (kA + 1) + 4u)
Qp p, = w1 = 2T+ ; (A.4)
and
1
Qp, = w (A.5)

1+u

This recovers the frequency of the central fixed point P, as defined in Eq. (22) from the analysis of the numerical
simulations. From these expressions, the critical value of the parameter « for which the amplitude at P, exceeds those
at P, and P53 can be determined:

J o4
K= (u+ﬂ1)3' (A.6)

The dashed green curve associated with Eq. (A.6) (Fig. A.1) coincides with the numerical solution (dashed white
curve) presented in Fig. 3.

B Analytical resolution of &3 for the acceleration case

Following the same approach as for the displacement case (see Appendix A), it is possible to determine the value of
the DVA natural frequency such that the fixed points P, and P; reach the same amplitude. Applying the same method
as for the displacement case yields:

@ Tt (B.1)

~ opt 1—K2 VIA+1
p=0)1

The frequencies of the fixed points satisfy the following relations:

Qp =2 \/(u F (Vi T+1) = \/;1(;1 F (Vi T+1) +4, (B.2)
and
Qp, = w1, (B.3)
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Fig. A.1: Evolution of the ratio wgpt/wl as a function of u and «, shown in Fig. 3. The dashed green curve corresponds to the
function of « defined in Eq. (A.6), for which the value of the fixed point P, exceeds those of the corrected fixed points P, and P;.

the latter being consistent with the value obtained from the numerical simulations (see Eq. (35)). From these
expressions, the critical value of x for which the amplitude at the fixed point P, exceeds those at the fixed points P;
and Pj is determined as:

ke |2 (B.4)
l—-p

The dashed green curve associated with Eq. (B.4) (Fig. B.1) coincides with the numerical solution (dashed white
curve) presented in Fig. 19.
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Fig. B.1: Evolution of the ratio (Dg‘“/wl as a function of u and «, shown in Fig. 19. The dashed green curve corresponds to the

function of x defined in Eq. (B.4), for which the value of the fixed point P, exceeds those of the corrected fixed points P, and Ps.
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