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Abstract
The study of contact is an engineering pursuit that spans multiple disciplines and scales. Structural
dynamics, as well as aspects of nonlinear dynamics and vibrations, is concerned with contact in systems
at the macroscale. At the microscale, tribology is concerned with the evolution of two surfaces in contact
in terms of frictional and wear behavior. Between these two scales, solid mechanics investigates the
development of stresses within two bodies due to contact through elasticity and plasticity solutions
(amongst other methods). Lastly, contact research within material science investigates the interaction of
grains and the evolution of a material’s structure due to impact and other damaging events. These four
fields, structural dynamics, solid mechanics, tribology, and material science, are traditionally separate
even though they are each concerned with interfaces and the contact of two bodies. By integrating all
four fields, new opportunities for advancing the understanding of contact emerge. In this paper, open
challenges and potential paths forward for future directions in contact-based research is discussed.
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1 Introduction

Contact mechanics has far reaching applications across multiple industries and length scales. At the nanoscale, the
study of contact mechanics has led to new understandings of plasticity and hardness [1, 2, 3, 4, 5], crack nucleation
[6, 7], and how to design a material’s structure (including coatings) to be more resistant to damage [8, 9, 10, 11]. By
contrast, at the macroscale, contact mechanics is used to predict the forces and stresses associated with contact
[12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] and impact events [24, 25], including constitutive modeling approaches
for structural dynamics applications [26, 27, 28, 29, 30, 31] for both industrial applications [32, 33, 34, 35, 36, 37, 38],
robotics [39, 40, 41], biological applications [42, 43, 44, 45, 46], and design applications [47, 48, 49]. Thus, while
contact research spans many length scales, the ultimate questions are the same: how does a material or structure
respond to contact – in terms of dynamics, damage, and failure. To fully answer this question, though, it is necessary
to have an understanding of how contact mechanics at one length scale affects the response of the material or
structure at a different length scale.

One impediment to bridging these length scales successfully has been the seemingly disparate set of skills
required to understand the context in which contact mechanics research is conducted at each scale. For example,
from the nano- to macroscale, the terminology, experimental techniques, solution methods, and output metrics
change dramatically. Even within one of these length scales, the research communities can be disjoint. As an
example, consider macroscale research on the contact within jointed structures: there are (at least) two different
subcommunities – solid mechanics and structural dynamics. From the solid mechanics perspective, researchers are
concerned with stress states, predictions of failure, and use static or quasi-static solution techniques [50, 51, 13, 52].
Structural dynamics, by contrast, is concerned with predicting natural frequencies, frequency or time domain response
to shock and vibration, and use time integration schemes [53, 54, 26], frequency domain solvers (such as the harmonic
balance technique) [55, 56, 57, 58, 59], and quasi-static modal analysis methods [60, 61, 62, 63]. While these two
communities typically do not collaborate, both are necessary for advancing the understanding of joint mechanics.
Further, this paper argues that by ignoring the research of one of these communities, the design solutions from the
other community will prematurely fail. As an example, in the solid mechanics community, interfaces for aeroturbines
were traditionally designed to exhibit minimal relative motion, as any amount of slip can lead to wear and failure.
However, this results in structures that are significantly under-damped, resulting in large amplitude vibration that
causes fatigue failure sooner than expected.

The premise of this paper is that a mutual understanding of terminology, techniques, and perspectives will facilitate
the bridging of scales in order to make meaningful predictions of a structure’s response (including wear) using
principles based on the physics of the nanoscale and tribological interactions. This paper originated in a discussion
of open challenges in the area of contact mechanics following a workshop held in May, 2017 at Rice University.
The workshop was organized around three principle themes: nanoscale research in contact mechanics, multiscale
research in contact mechanics and tribology, and macroscale research in contact mechanics and dynamics. The
workshop brought researchers from three traditionally separate but related fields together for two days to discuss
recent progress at each of the three scales embodied by the themes as well as to discuss potential paths forward for
future directions in contact-based research. In what follows, this paper first presents overviews of recent research at
the nanoscale (§2), at the mesoscale (§3), and at the macroscale (§4), and highlights active areas for collaboration to
simultaneously advance all three areas.

2 Nanoscale Research in Contact Mechanics

In the context of this paper, nanoscale research in contact mechanics spans material science and elements of
tribology1. The fundamental tool for studying contact at these scales is nano-indentation [1, 2, 4], though other
approaches have been used too, such as atomic force microscopy (AFM) [64, 65], in situ scanning electron microscope
(SEM) indentation tools [66, 67], and the laser induced projectile impact test (LIPIT) [68, 69] amongst other methods
[70, 71]. In general, many nanoscale measurement techniques study contact in a regime (i.e., 10s of nN [72])
where adhesion has significant contributions to the contact behavior [73, 74, 75, 76]. For instance, for a 1 µm radius
nanoindentation tip pressed against a smooth plane, the regime in which indentation is controlled by adhesive forces
is below 1 µN [77] (for an adhesion energy relevant to micro electro-mechanical systems (MEMS)). Further, the effect
of adhesion is greater in compliant materials (i.e., those with a low elastic modulus) than those with a high elastic
modulus [78, 79]. In macroscale applications (e.g., in bolted joints where the contact forces can be in the kN range
[80, 81]), adhesion is viewed as, at most, a modification to the pressure distribution due to contact, resulting in larger

1This could, of course, be broadly thought of as including other fields such as applied physics too.
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contact areas, higher yield stresses, and lower contact stiffnesses [82, 83]. In what follows, the discussion of adhesion
is expanded in §3; however, it is assumed that in structural applications adhesion is not a significant portion of the
contact characteristics.

2.1 Nano-Indentation

Nanoindentation measurement techniques, as described by Oliver and Pharr, 1992 [1], continuously measure the
load-displacement behavior of an indenter being pressed against a material specimen. The key advance introduced
by [1] was a new analytical approach to measure the material characteristics based on the force-displacement data
from indenting then unloading a sample, which did not need to image the resulting impression in the sample. The
material properties are calculated from the unloading data, which behaves elastically and is fit to a power law relation.
This technique, thus, provides several key sets of data: the load-displacement curve, the elastic modulus, the material
hardness, and the contact area. Nanoindentation techniques have been improved in multiple ways over the last thirty
years [2, 4, 84, 85], but the essential aspects of the technique remains the same.

In Oliver and Pharr, 1992 [1], the preferred test method was to indent a sample to a peak load, unload to 10% of
the peak load, then to repeat this procedure a total of three times before loading to the peak load, holding it constant
for several minutes, then unloading. This procedure addressed several challenges. First, the process of holding the
load constant at the peak load for several minutes allows for any time dependent deformations to occur such that the
unloading portion of the test is purely elastic and has (hopefully) negligible time dependent components. Thermal drift
(i.e., small fluctuations in temperature that cause the instrument components to expand, which is of particular concern
for very small displacement measurements) is then assessed by holding the indentation at the point of being 90%
unloaded; this lower load and contact pressure helps to assure that any time dependence in the material response is
due to thermal drift and not creep or other inelastic recovery mechanisms. Second, by loading and unloading multiple
times, the response during the final unloading is (mostly) elastic as time-dependent plastic effects have had a chance
to diminish. This method has since been improved as the continuous stiffness measurement technique [2, 85]. In
order to calculate the elastic properties of a material accurately, without errors associated with plastic deformations,
the continuous stiffness measurement technique superimposes an oscillation onto the indentation profile. In this
manner, the contact is continuously alternating between loading and unloading as the indentation depth is increased,
allowing for many measurements of the elastic properties at multiple indentation depths. Errors due to plasticity during
continuous stiffness measurement indentations can be minimized by keeping a fixed ratio of the alternating load to
the mean applied load during indentation [85, 86, 87].

Common types of indenters for nanoindentation include both spherical and, more widely used, a pyramidal indenter
known as a Berkovich indenter [88]. The Berkovich indenter is a geometrically self-similar three-sided pyramid that
has a similar area to depth function as the Vickers indenter (see [89] for a discussion of indenter geometries). The
profile of the Berkovich indenter is relatively blunt, with an included angle of 142.3 degrees (i.e., between an edge
and the opposite face), and is relatively easy to machine to a sharp edge due to its three sides. Thus, it is often
preferred for nanoindentation tests. The different indenter geometries do result in different measurements (and
predictions) of force-displacement relationships. As the indenter radius transitions from a sharp Berkovich indenter
(which could be approximated as a sphere with a small radius, such as of 5 nm) to a sphere with a much larger radius,
the measurements become more stiff [90]. From the Hertz model for elastic contact [91, 21], this makes sense as the
contact force F is related to indentation depth δ via

F =
4
3

E∗
√

r∗δ3/2. (1)

The effective modulus E∗ and radius r∗ are given by

E∗ =

1 − ν2
1

E1
+

1 − ν2
2

E2

−1

(2)

r∗ =

(
1
r1

+
1
r2

)−1

, (3)

where subscripts indicate properties belonging to one of the two objects in contact, and ν is Poisson’s ratio.
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2.2 Hardness

The fundamental measurement of nanoindentation is the load-displacement curve for a given specimen-indenter pair.
From this load-displacement curve (an example of which is shown in Fig. 1 for copper indented with a Berkovich
indenter), both the elastic and plastic properties of a specimen can be calculated [4]. In particular, plasticity is often
described in terms of the yield strength and the hardness of a material. There are many definitions for hardness [89]
(e.g., Brinell, Vickers, Rockwell, Knoop, etc., which can be related through hardness conversion tables [92]), but here
the definition for hardness commonly used throughout the nanoindentation community is used [4]

H =
P
A
. (4)

Hardness, H, is defined in terms of the load from an indentation experiment, P, and the projected contact area, A,
at that load. The total contact area measured from the residual indentation (which is commonly used for hardness
measurements at larger length scales, such as by the Vickers hardness measurement) is different than A, which is
calculated at the maximum load by means of a precise measurement of the indenter shape and is a projection of the
indenter into the initial, flat surface. This difference between the total contact area and the projected contact area is
most pronounced for materials with small values of E/H [93, 4]. For materials with large values of E/H, this effect
is reduced. Thus, one crucial aspect of nanoindentation is the characterization of the indenter itself. As the tip of
the indenter can blunt, deviations from the ideal geometry of the indenter can result in errors in the estimation of
the contact area at low loads. Thus, H is more reliably measured at (relatively) large loads2. From the continuum
mechanics perspective (as embodied in the definition of Eq. 4), H is independent of length scale, but 70 years of
research on size-scale effects on H indicate that H is significantly dependent upon the depth of the indentation [94].
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Fig. 1: Examples of a nanoindentation measurement.

In theory, hardness should be a characteristic that describes the plastic properties of a material. The concept
behind Eq. 4 is that once a material has been loaded such that its response is fully plastic, the average contact
pressure under the indenter is constant. Thus, hardness should be constant above a critical load threshold that
indicates that a fully plastic response has been achieved [95]. In practice, though, this is not the case as materials
harden and the measurements convolute both plastic and elastic responses. In particular, Eq. 4 is sometimes referred
to as the Martens, or universal hardness, as it characterizes materials that exhibit combined elastic and plastic
deformation [96]. Consequently, as the hardness of a material is dependent upon the load, indentation depth, indenter

2A relatively large load for a nanoindenter may be, for instance, in the mN range.
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geometry, and indenter material, there are several open questions related to describing hardness and plasticity
relating to scale and indenter geometry. Specifically, an open challenge in the research community is:

Challenge 1: How does the hardness measured at one scale with a specific geometry relate to the
hardness measured at a different scale and/or geometry?

The origins of hardness, and other plastic properties of a material, lay in the material structure [97]. Most metals
are polycrystalline (i.e., composed of many crystals, or grains). Thus, at small length scales, the material exhibits
a high degree of inhomogeneity as each crystal (grain) can have its own orientation, size, and imperfections. As
discussed further in §2.3.1, the size of a grain is strongly related to its hardness and yield strength [98, 99] (which, in
turn, affect the stiffness of an interface), among other properties such as those related to corrosion [100]. Typically,
due to manufacturing processes or surface polishing, the grains near a surface are smaller than the grains within the
bulk of the material. Consequently, the hardness and material strength vary throughout a specimen. The fabrication
of structures with a consistent, nanocrystalline grain size throughout is still an open challenge within materials science
[101, 102, 99, 103].

There has been some success in developing a scaling relationship for hardness measurements, particularly
[104, 105]. In [104], a model for H as a function of depth, δ, is proposed

H
H∞

=

√
1 +

δ∗

δ
. (5)

In the limit of an infinitely deep indentation, hardness is bound by H∞. The dependency of H on the depth of
indentation is captured in the characteristic depth of penetration δ∗, which is a property of the indentation material
and is dependent upon the statistically stored dislocation density throughout the material. This model, however, best
fits data in the micro-indentation range and significantly over-predicts H in the nano-indentation range [106, 107].
More recent work has extended this modeling concept to nano-indentation [105] by defining multiple length scales to
describe both the nano- and micro-regimes.

In [104], Eq. 5 is developed for geometrically self-similar indenters (e.g., the Berkovich indenter). For spherical
indentation, indentation scale effects take on a different form [106, 94]. Because spheres are not geometrically
self-similar, the indentation scale effects are driven by the sphere’s radius. This results in indentation scale effects
being present for both nano- and macro-indentation experiments as the strain induced in the material increases with
indentation depth, thus increasing the hardness due to work hardening3 [94]. Consequently, as the radius of the
spherical indenter is reduced, the hardness of the material is observed to increase.

Complicating the comparison of hardness across scales is the fact that the definition of hardness used at different
scales is often incompatible. While Eq. 4 treats H as a continuum property that is scale independent, the macro-
indentation tests convolute multiple scale dependent issues [108, 89]. For instance, Brinell hardness is defined as
the peak load divided by the residual surface contact area, Ar. The Meyer’s hardness test, much like the continuum
definition of hardness, uses the projected contact area for a given load. One notable difference between these tests
and the nanoindentation tests is that both the Meyer’s hardness test and Brinell hardness test assume a spherical
indenter. For Meyer’s hardness, the indentation shape function is empirically determined, which results in the Meyer’s
strain hardening exponent n [89, 109]. By contrast, the definition of Rockwell hardness is based on the difference of
deformations (∆δ) at two different loads, based on the concepts of [110]. Depending on which Rockwell test is used,
the indenter is either a sphere or the Brale indenter [89], which is a cone truncated by a small sphere. For many of the
hardness scales described in Table 1, the hardness measurement is conducted at a fixed load (e.g., 3000 kgf for the
standard Brinell hardness test4), and the contact area is estimated with varying degrees of precision. For a more
extensive list and discussion of hardness scales, refer to [89].

To illustrate some of these differences, Fig. 2 shows hardness values measured at the nanoscale for annealed
oxygen-free copper using a Berkovich indenter [116, 117]. As the indentation depth varies from 1 nm to 300 nm,
the hardness reduces from approximately 1000 GPa to 2 GPa. At even larger scales, Berkovich indentations of a
similar species of annealed, oxygen-free copper yielded hardness values of 1.25 GPa for indentations of 200 nm

3One difference between the communities that study the mechanics of materials and the communities that study nonlinear dynamics is the use
of ‘hardening’. In mechanics, hardening is used to refer to as the ability of a material to support greater stresses after yielding (as opposed to an
elastic, perfectly plastic material that cannot support stresses greater than the yield stress). In the nonlinear dynamics community, on the other
hand, hardening is used to refer to a system that stiffens with increases in excitation, and is most commonly associated with the system’s frequency
response function. Throughout the rest of this text, hardening will refer to the plastic behavior of a system, and not the term used throughout
nonlinear dynamics to mean increases in stiffness in the frequency response function.

4While kgf is a non-standard unit, it is the units used by the Brinell hardness test. To convert to a standard SI quantity, multiply by gravity to
calculate the corresponding force in N.
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Name Definition Geometry
Universal (Eq. 4) P/A Spherical or Pyramidal typically
Brinell [111, 112] P/Ar Spherical
Knoop [113] P/A Rhombic Pyramidal
Meyers [109] P/A Spherical
Rockwell [114, 89] N − 500∆δ Spherical (N = 130) or Brale (N = 100)
Vickers [115] P/Ar Pyramidal

Table 1: Summary of several of the definitions of hardness from measurements. Note that A refers to the projected contact area,
Ar refers to the residual surface contact area, and ∆δ is the difference in deformation at two different prescribed loads.
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Fig. 2: Hardness values from nano-indentation measurements of annealed, oxygen-free copper using a Berkovich indenter
[116, 117]. Each color represents a different repetition of the same measurement.

that reduced further to 0.7 GPa for 3 µm indentations. At the same time, indentations via a Vickers indenter yielded
hardnesses of 0.5 GPa at displacements as large as 14 µm [118]. Thus, there is a strong scale dependency for
hardness as the plastic zone of indentation grows [119, 120].

In comparing nano-indentation measurements with microhardness measurements, deviations of up to 40% in
measured values of hardness at the same load are observed across a range of metals [121]. For spherical indentations,
measurements of hardness show lower values for small indentations as compared to moderate indentations (e.g.,
indentations of 10s of nm compared to 100s of µm) due to the lack of geometric self-similarity of the spherical
indenter, then decrease again for even larger indentations, which is supported by high fidelity finite element modeling
of indentation [122, 123, 124]. These measurements of hardness are complicated by both scale dependent issues as
well as material dependent issues. For larger indenters (specifically spheres), more of the material response under
the sphere is elastic than plastic, as compared to an indentation at the same load by a smaller sphere due to the
influence of contact radius on contact pressure (i.e., Eq. 1). The measured hardness is also sensitive to the method in
which the contact area is measured and the discrepancy between projected contact area and total contact area. For
instance, the projected contact area at a peak load can yield one hardness value; if, instead, the measured residual
contact area is used, then this will result in a different hardness value. For an entirely elastic contact, the residual
contact area is zero, which yields an infinite hardness if the residual contact area is used. Thus, while measurements
of hardness from the same experimental technique are useful in comparing the plastic properties of materials, a
more fundamental understanding is needed to compare hardness across scales and geometries adequately. From a
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structural dynamics perspective, hardness is important as it is directly related to wear resistance. Depending on the
nanostructure of the material, wear resistance can improve linearly or super-linearly with hardness [125, 126, 127],
which is discussed further in §3.3.

2.3 The Evolution of Nanostructures

To better understand hardness and the plastic deformation of materials, much of the recent nanoscale research has
focused on understanding how the nanostructure of a material changes in response to deformation. In particular, this
field has been driven by efforts to find extremely hard materials (i.e., with hardness similar to or greater than that of
diamond) [128, 129, 96, 130] for use in contact and wear protection applications, such as machining, manufacturing,
drilling, and jet turbines [131]. As an aside, note that from a tribological perspective, simply optimizing the hardness of
a material is insufficient for wear applications as optimal materials are able to either self-lubricate or have extremely
low frictional properties [132]. That is, hardening one surface is a wear mitigation strategy that is best employed when
only one surface needs to be protected; if, on the other hand, all surfaces in a tribosystem need to be protected from
wear, then the prevailing strategies are to mitigate wear by either reducing the coefficient of friction, or by exploiting
the tribochemistry of surface interactions to establish a self-lubricating tribolayer5.

Before discussing the nanostructure of a material, it is important to highlight the difference between the nanoscale
view of a material and the view of a material from a tribological or higher scale. At higher length scales (i.e., some
tribology research, contact mechanics, and dynamics), the material is viewed from the continuum perspective - that is,
it is homogeneous. In actuality, though, the material is polycrystalline (usually), which results in a heterogeneous
material structure. For fine grained materials, this heterogeneity is clearly evident at the nanoscale, particularly
near surfaces. This heterogeneity (i.e., in terms of grain size, lattice structure and orientation, dislocation density,
and defects) can lead to dramatically different local properties6 [138, 139] that are difficult to characterize due to
the size scale of the structures (even coarse-grained polycrystalline materials are difficult to fully characterize, thus
nanocrystalline materials present a significantly greater challenge) [140].

2.3.1 Dislocations and the Hall-Petch Effect

There are multiple competing mechanisms that interact to change the nanostructure of a material during indentation.
Rather than discussing in depth the nanoscale material science research, such as reviewed in [141, 142, 139, 98,
143, 144, 99], several specific properties and phenomena are discussed here, specifically in light of their ramifications
for constitutive properties observed at larger scales.

When a material is deformed, one of the lowest energy means of achieving the plastic deformation (from the
perspective of the material scale) is through a dislocation, or movement of one set of atoms relative to another at a low
stress level. In indentation experiments, two types of dislocations are observed: geometrically necessary dislocations
that must be present near an indentation to accommodate the material being displaced, and the statistically stored
dislocations throughout a material (i.e., internal to a grain) that result from uniform straining of a material resulting in a
hardening behavior [94]. Dislocations that accumulate at a grain boundary can result in the grain breaking into two
separate grains if the dislocation energy is sufficiently high enough to generate a new dislocation path; however, for
smaller grain sizes the energy for dislocations to move along the grain boundary is significantly lower than to generate
a new dislocation path [142]. As the grain size of a material becomes larger, the strength of the material typically
decreases as the stress necessary to move a dislocation across a grain boundary is decreased (in a simpler view of
it, having smaller grains means that there are more boundaries relative to the volume of the grains for dislocations
to accumulate at, which results in a larger stress being necessary to cause the material to yield). This concept of
increasing the yield strength, σy, of a material by reducing the grain size, d, is referred to as the Hall-Petch effect
[145, 146, 139], which in its simplest form is described as

σy = σ∞ + kd−n,

and is based on the yield stress of a single crystal, σ∞, and a constant, k, with the exponent 0.3 ≤ n ≤ 0.7 [145, 147].
At grain sizes below (approximately) 10 nm, the Hall-Petch effect is limited by the dominant mode of deformation
becoming the sliding of grain boundaries relative to each other instead of dislocations accumulating along a grain

5As an example of a wear mitigation strategy in engines, zinc dialkyl-dithiophosphate (ZDDP) is a common additive for lubrication that grows a
protective, wear resistant tribofilm on the surface of contacting components [133, 134, 135, 136, 137].

6Both different from other grains as well as from the bulk material properties.
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boundary [148]7. The critical grain boundary size is typically where the maximum yield strength of a material occurs
[145], as illustrated in Fig. 3. The Hall-Petch effect also applies to the hardness of a material. The reason for this
can be observed in the empirical model of hardness observed by Tabor [150], in which hardness is related to the
yield strength as H = 2.8σy

8. Physically, as the grain size is reduced towards the critical limit, hardness increases
due to a decrease in the number of dislocations that occur in pile-ups at grain boundaries [151]. From the definition
of hardness, (4), hardness is the load that a plastically deformed material is able to support. Thus, it is directly
related to the yield strength of the material as the yield stress is the stress at which plastic deformation initiates. The
phenomenon of work hardening results from an accumulation of dislocations such that their corresponding strain
field begins to overlap. As a result, the material develops a resistance to the formation of new dislocations, and thus
increases the yield strength of a work hardened material [102].
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Fig. 3: Illustration of the Hall-Petch effect.

Through the processes of heat treatment or wear (either intentional via processes such as friction stir welding
[152], or unavoidably through the designed use of a surface), the size of grains change [153]. For materials with very
fine grains (e.g., 1-5 nm in size), wear can cause grains to grow [154, 155, 156]. This results in a hardening of the
material (as the grain size is increased towards the optimal size for the Hall-Petch effect), and an apparent breakdown
of Archard’s wear model [154, 157, 158]9. This change in grain size is not driven by localized heating, but rather
through plasticity. Conversely, for materials with large grains (e.g., 100-1000 nm), wear can lead to a refinement of the
grain sizes [159, 160].

For both coarse and fine grained surfaces, when the structure of the material near the surface evolves to be (or
persists as) a thin layer of very fine grains (below 10 nm), the coefficient of friction tends to be lower than if the surface
evolves to have a very thick region of small grains (which can lead to an increase in friction due to delamination of
the grains) [159, 155]. Physically, this phenomenon is due to surfaces with very fine grain structures having plastic
processes that are dominated by grain boundary-mediated plasticity [155, 161]. Because the grains are small enough
such that the ratio of surface area to volume becomes large, the grains slide and rotate relative to each other rather
than accumulating dislocations along the boundary [162].

If the initial grain size is above a critical threshold, then the grain structure is thought to coarsen, and the
coefficient of friction increases, due to plasticity being driven by dislocations primarily [155]. This implies that there is
a relationship between yield strength and frictional behavior as well since the yield strength is directly related to the

7This is termed the inverse Hall-Petch effect, which has found mixed support in experiments. One explanation for the mixed support is due to
the role of grain-boundary relaxation [5], and another explanation attributes it to the emergence of inhomogeneous flow at grain sizes below the
critical limit [149].

8Implicit in this model is the assumption that the material exhibits little to no work hardening
9Archard’s wear model is discussed further in §3.3.2

57 | doi:10.25518/2684-6500.72 M. R. W. Brake

http://dx.doi.org/10.25518/2684-6500.72


Journal of Structural Dynamics, 1, (pp. 49-137) 2021
Contact Modeling Across Scales: From Materials to Structural Dynamics Applications

grain size. Thus, a major take-away for structural applications is that the long term frictional behavior of an interface
is governed by not just the bulk material properties [153], but also the design of the material’s nanostructure [163].
Further, the material’s nanostructure, if designed appropriately, can improve wear performance to the point that it
outperforms expected limits set by a material’s mechanical properties [157].

This consideration of a material’s nanostructure and material properties for designing the wear-related performance
of a system frames the second open challenge. Often, application engineers and designers are faced with the
challenge of determining what materials should be used for an interface. Very often, decisions are made with scant
information about the wear and tribological properties of the system, let alone the long term characteristics. One
approach to solving this problem would be a series of wear evolution maps that link the wear properties over time with
a material’s microstructure and the applied loads. This concept of a wear evolution map is similar to Ashby’s wear
mechanism maps [164], which have elucidated the type of wear that occurs for different species of materials under
different loading conditions. A missing link in traditional wear maps is the relationship between the properties detailed
in the wear map and the frictional behavior of a system. Additionally, what other parameters drive similar processes
(e.g., temperature).

Challenge 2: More, and more accessible wear evolution maps are needed to facilitate designers and
application engineers selecting materials and their structure for interfaces.

From a design engineer’s perspective, there are many questions related to how to choose a material and surface
finish for different applications. Unfortunately, at least in the US, appreciation and engagement of tribology is often
an after thought in the design process for most industries (excluding several major industries such as drilling). As a
result, the present wear mechanisms maps are not widely known about by design engineers, and are incomplete for
the design process. Perhaps one approach to Challenge 2 would be a wear encyclopedia for a given tribosystem
to compliment the present handbooks and textbooks that design engineers rely upon (such as Shigley’s [80]). This
summarized information would need to incorporate data about how both bulk and interfacial grain sizes relate to
manufacturing processes, and how the material is expected to wear in different loading regimes and environments.
Thus, an entry describing the tribosystem formed by two materials would need to include the manufacturing parameters
that a designer can vary (i.e., heat treatment and surface finish), how these relate to the surface and bulk properties,
what wear mechanisms (i.e., adhesive wear, abrasive wear, etc.) are dominant in different environments (in terms of
load, displacement/velocity, lubrication, etc.), and both what the wear rate might be and how it might evolve due to
wear.

2.3.2 Designing Interfaces via Coatings

The design and fabrication of engineered nanostructured materials is an active area of research [165, 166, 11]. One
approach for customizing the material properties and structure of a surface is through the use of coatings. Due to the
small scale nature of nano-indentation, it is well suited for measuring the properties of thin films and coatings, provided
that they are smooth10 [167, 8, 10]. In particular, thermal spray coatings often provide significant resistance to wear
and corrosion [168]; however, without sufficient polishing, it is often difficult to measure the hardness of thermal spray
coatings by nanoindentation due to their surface roughness. In measuring the mechanical properties of coatings,
there are a number of size-dependent effects on mechanical properties [169, 105], though, driven by dislocation
mechanisms associated with grain and crystal size [104, 170, 171, 172]. This is partly observable in the stochastic
bursts sometimes observed in very small scale nanoindentation measurements [173], which are hypothesized to be
due to homogeneous nucleation that initiate dislocations within regions of the grains that were previously devoid of
dislocations. From the review [174], this is best explained by indentations at low loads resulting in dislocations along
a single slip system; as the load is increased, however, dislocations become constrained as multiple slip systems
begin to participate, until the increasing number of dislocations begin to reform in low-energy configurations (e.g.,
recrystallization). This results in the hardness value first increasing (for very small loads), then decreasing until an
asymptotic limit is reached [175, 176, 177]. In the search for superhard materials that are even harder than diamond,
researchers make use of the Hall-Petch effect in which decreasing the size of crystals (down to approximately 1 to 10
nm) in a randomly oriented polycrystalline material increases the hardness [178]. Consequently, as the thickness of a
nanostructured coating is decreased, the hardness increases [179].

There are multiple challenges in selecting or designing coatings for macroscale applications, which stem from
both an incomplete understanding of the physics of contact as well as having accessible tools readily available for

10For surfaces with relatively large roughness values, topological variations in the surface can significantly change the measured response
curves as the indenter tip could be contacting the top of an asperity, the valley between two asperities, or the edge of an asperity.
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designers. In particular, due to the uncertainty introduced with bonding a coating to a substrate, one source of
challenges stem from the interaction between coatings and substrates. If a coating’s elastic properties are significantly
different from the substrate’s, then this can restrict the practical utility of a coating and lead to degraded performance
[8]. This challenge is further exacerbated when considering lubrication, conductivity, or other environmental effects.
Thus, an open challenge is how to select the right coating for a specific application:

Challenge 3: When considering the properties of a substrate, what are the optimal properties for a
coating for a given application and environment?

2.3.3 Fracture Toughness

In the two previous sections, the properties of a material observed in nanoindentation experiments have been
driven by dislocation and grain boundary-mediated plasticity. These two phenomena have been directly related to a
material’s yield strength and hardness. A third property describing the plastic behavior of a material that is observed in
nanoindentation experiments is its fracture toughness, which is particularly relevant for brittle materials [180, 181, 182]
as it describes the plastic behavior at a crack tip. It is common to observe radial cracks in nanoindentation experiments
of brittle materials. Based on [183] and subsequent work (such as [180]), the fracture toughness, Kc, is experimentally
measured from indentation experiments in terms of the observed crack lengths, c, (shown in Fig. 4) via

Kc = α
( E

H

)1/2 ( P
c3/2

)
, (6)

in terms of the elastic modulus, E, and hardness, H, for a given load, P, with the empirical coefficient, α, specific to
the indenter geometry (e.g., for the Vickers indenter, α ≈ 0.016) [180]. Above a critical threshold of approximately
E/H = 30, the Lawn-Evans-Marshall model (Eq. 6) breaks down, and the fracture toughness is better characterized
by the Palmqvist model [184]

Kc = C(ν)
P

c3/2 , (7)

where C(ν) is a fit that is dependent upon Poisson’s ratio, ν. The physical difference between the Lawn-Evans-
Marshall model and the Palmqvist model is the assumed form of sub-surface cracks (illustrated in Fig. 4). In the
Lawn-Evans-Marshall model, subsurface cracks are assumed to be median or ‘half-penny’ cracks, which resemble
a semi-circular shape that is bisected by a crack extending from the indentation tip straight down into the material
[180]. These half-penny cracks, as shown in Fig. 4, extend from the edge of one crack tip, across the indentation
location, to the extreme edge of the opposite crack tip - that is, they span both the radial cracks on the surface and
the indentation location. In the Palmqvist model, on the other hand, subsurface cracks are assumed to extend only
underneath the surface radial cracks and not the indentation location. These cracks (referred to as Palmqvist cracks
and sometimes as radial cracks [180]) are also semi-circular like the half-penny cracks, as illustrated in Fig. 4, with
the defining characteristic being that the Palmqvist cracks do not span the indentation location. One reason why
these fits, which are based upon the observed lengths of surface cracks, are successful is that brittle materials during
nanoindentation will not contain any sub-surface cracks if there are no surface cracks [185]. Further, due to the nature
of nanoindentation, cracking is not due to pre-existing flaws and defects, but rather it is due to the plastic deformation
beneath the indenter tip [185]11.

Active challenges still persist in understanding the relationship between fracture toughness and observable
quantities in nanoindentation experiments. In particular, three areas stand out: influences of the crack length to the
contact size, the influence of Poisson’s ratio, and the role of the crack shape, as characterized by E/H. Many of these
challenges can be addressed numerically through high fidelity cohesive zone modeling [180], but work still remains to
implement observations from these simulations into improved experimental practices for deducing Kc as well as E
and H. As much of the utility of nanoindentation experiments for structural applications is in the characterization of
material properties, understanding the fundamental relationship between measurable quantities and the properties
that govern the compliance of an interface are paramount.

Challenge 4: What is the fundamental relationship between indentation measurements and the plastic
properties of hardness and fracture toughness?

11As an interesting aside, models of indentation cracking have shed light on a discrepancy in constitutive relationships between measurements
and simulations – by including hydrostatic pressure-based criterion in the yield criterion (such as the Drucker-Prager Cap model), simulations more
closely match the unloading portions of measured force-displacement curves [186].
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Fig. 4: (Left, top) Geometry of a Vickers indenter. (Middle, top) Sketch of an indentation of a Vickers indenter into a brittle material.
(Right, top) Image of a nanoindentation of SiC via a Vickers indenter (image courtesy of George Pharr). (Bottom) Illustration of
both half-penny and Palmqvist sub-surface cracks.

2.4 Frontier Applications within Additive Manufacturing

Understanding the mechanical properties and contact mechanics of conventionally manufactured materials, as
discussed in the previous sections, is an ongoing area of research. With the advent of additive manufacturing (AM),
many challenges are further exacerbated. For instance, typical metallic parts fabricated via AM have non-ideal
material structures – voids, debonding, and sub-optimal grain sizes amongst other challenges. At the same time, the
microstructure of additively manufactured metals has unique and, potentially, advantageous properties [187]. Thus,
the benefits that the novel material structures and component designs that AM enables far outweigh the disadvantages.
Shown in Fig. 5 is the stress-strain curve for two tensile test specimens with identical geometry. One is conventionally
fabricated from A356 steel, while the other is fabricated via an AM process using A356 steel and 39% volume 316L
steel. The material structure, which can only be achieved through AM, allows for the material to have a significantly
higher yield strain before failure. Physically, this is possible due to the material exhibiting multiple microfractures
before it fails completely, as the photos of the tested specimen show.

A second area of potential is to change the material structure to significantly alter the damping characteristics of a
structure. In [188], the internal structure of a beam structure was modified to increase the damping capacity of the
system by a factor of four. As the damping mechanism was due to internal vibration absorbers and not the interface,
the system was able to maintain that high level of damping while having an approximately constant stiffness, which is
significantly different from most jointed structures and is indicative of reduced interfacial wear.

In the context of contact mechanics, these dramatic changes in material structure will significantly change the
properties of the materials and surfaces in contact. Further, the potential for metal composites will require different
approaches for modeling materials at a continuum scale. Characterization data from nano-indentation experiments
will likely not be relevant for most systems (both due to the poor tribological properties of AM components and the
material heterogeneity); however, larger scale indentation experiments may still be able to offer meaningful data.
Ultimately, the questions of what are the contact stresses in an AM component and how will an AM component wear
must be answered. As can be seen in the materials literature, the answers to the questions are dependent upon both
the surface and bulk properties of the material, and thus an understanding of how the material is formed is paramount.

There are many different technologies that compose the category of AM. The fundamental differences in these
technologies can result in a diverse set of material structures and properties for the same base material. For
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instance, polymer assisted binding (e.g., Binder Jetting) glues powder together into a green body that is later sintered;
laser and electron beam-based techniques (e.g., Selective Laser Melting, Electron Beam Melting, and Direct Metal
Laser Sintering) melt the powder as part of the printing process, thus requiring no further sintering after the print is
finished; and sheet lamination techniques (e.g., Ultrasonic Additive Manufacturing) can preserve a very fine material
microstructure as the bonding process is driven by ultrasonic welding instead of melting or glue/sintering. For a
review of the different technologies that fall under the category of AM, the reader is referred to [189, 190]. Each of
these technologies has its own characteristics and challenges (including issues related to the feedstock as well).
For instance, Binder Jetting produces green bodies that typically shrink significantly during the sintering process,
making dimensional tolerancing challenging; whereas laser-based techniques can include defects such as pores
and inclusions. Further, based on current technologies, an active challenge is ensuring that a part printed on
one machine will have the same microstructure and material properties as an identical part printed on the same
machine or a different machine using the same technology. There are many (more than 50 for Selective Laser
Melting) process parameters that can either be controlled or measured during the AM process that each influence the
resulting microstructure of the part [191]. As the material structure is directly related to the yield strength, hardness,
friction parameters, and other tribological qualities, this heterogeneity in material structure from part-to-part has
significant ramifications for performance [192, 193, 194, 191, 195, 196]. Thus, significant characterization work on the
mechanical properties of parts made via different AM technologies is still needed to better understand their tribological
and strength properties [197, 198, 199].

Challenge 5: Can additive manufacturing processes be qualified to ensure consistent material properties
from one part to another (including across different machines)?

2.5 Overarching Challenges and Thematic Issues

As the challenges facing engineering in the 21st century (e.g., hypersonics, space exploration, efficiency to reduce
emissions related to global warming) require stronger and lighter materials to be used in extreme environments, these
will motivate the advances to come. It could be daunting to think about accounting for the influence of nanoscale
features in macroscale simulations. Afterall, if there is such strong dependence on the grain size, how is it possible
to conduct design studies for a component that has yet to be fabricated? Fortunately, consistency in manufacturing
processes has led to a consistent material structure in fabricated parts. This removes some amount of uncertainty
from design; however, it also suggests that material specimens used to deduce the properties of the material being
used should be put through as similar of a manufacturing process as the eventual parts as possible in order to
maintain a consistent grain structure, heat treatment, and residual stresses from manufacturing. Further, it also
suggests that changes in stock material, heat treatment, or manufacturing processes could be intentionally exploited
to improve the grain structure of a material, and thus beneficially change its properties. In summary of the discussion
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Fig. 5: (Left) Stress-strain curve for conventionally manufactured A356 specimen and an additively manufactured A356/316L
composite specimen. (Middle) Fractured specimens after testing. (Right) Image of the microstructure of the A356/316L composite.
Images courtesy of Zachary Cordero.
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of this section, there are several questions that must be addressed in order to overcome the engineering challenges
facing society today.

• New insights into hardness are needed that can physically explain the relationship between hardness measured
across different scales and different geometries. For instance, how much of the discrepancy is due to statistical
variation as compared to variation in grain sizes? Current approaches are somewhat empirical in nature and
exhibit a high degree of variability. Further, it is not clear how pertinent a given hardness value is to a new
application. Thus, a more fundamental analysis and theory is needed.

• A new generation of Ashby maps is needed [164]. Several open questions exist for how to go about this
challenge: what parameters should be considered? How extensive of a round robin should be employed? What
distribution of experimental and numerical efforts should be employed? The ramifications on other scales must
be assessed too. Protocols must be established to allow for a large scale effort that can successfully blend data
from multiple scales and for multiple parameters.

• Grains have been observed to evolve to a stable grain size during repeated wear tests. How does this
microstructural evolution affect contact at the macroscale? Does it manifest itself in terms of frictional or
plastic behavior that can be controlled? From a macroscale perspective, the smallest feature of interest is the
distribution of asperities; thus, how can the gap be bridged to account for the effect of nanoscale features on
design and analysis?

• Additive manufacturing will disrupt many aspects of mechanical engineering. The chief question is: how do the
microstructures of additively manufactured materials differ from conventional manufacturing techniques? Can
the uncertainty in these microstructures be controlled through improved processes? How can multi-material
blends be designed and optimized (taking into consideration the voids and debonding that will occur)?

As mentioned throughout, understanding the physics germane to these challenges and moving forward to applying
this knowledge to mechanical design is a multi-scale issue: from the material structure itself at the nanoscale to the
tribological and contact properties at the mesoscale to the structural performance at the macroscale. In fact, one
of the most challenging research goals within the study of contact is connecting the macroscale responses to the
physical phenomena at the nanoscale and atomic levels [200].

3 Mesoscale Research in Contact Mechanics and
Tribology

Tribological research has far reaching applications – coatings or surface texturing to reduce wear and improve frictional
performance [132, 201, 202, 203, 204, 205], drilling (both for manufacturing [206, 207] and in oil and gas exploration
[208]), artificial joints and other biomedical applications [209, 45, 210, 211], power generation [212, 213, 214, 215],
and many other industries that contain moving parts in contact [216]. It is estimated that 23% of the world’s energy
consumption is due to tribological contacts (of this 23%, it is estimated that 86.5% is due to overcoming friction, and
13.5% is due to replacing worn parts) [217, 218], and that by advancing technologies to improve wear and frictional
performance, it would be possible to save 1.39% of the gross world product (estimated as $87.5 trillion in 2019
yielding a savings of $1.22 trillion annually). Many of the challenges that exist, though, rely upon rigid, multibody
dynamics modeling of the constituent parts in a system, allowing simulations or measurements to focus purely upon
the interface. From a structural dynamics perspective, this approach is oversimplified as the dynamic loading of an
interface is strongly influenced by both the support structure surrounding it and the flexible body (i.e., vibration) motion
of the system [219, 220, 221].

Tribology research, conceptually, can be divided into four categories: wear and damage, friction, contact forces,
and lubrication (e.g., [222, 223, 224]; though the largest of these categories, the lubrication literature is outside of the
scope of the present review). In what follows, an overview of contact is first presented, followed by recent research on
friction, wear, and some comments on lubrication. As this field has been quite prolific in publications (e.g., there are
more than 20,000 publications on modeling rough contact with over 300 papers published per year [225]), the reader
is referred to the in-depth reviews of [226, 227, 228, 132, 229, 230, 223, 83, 231] for more information. As well, the
subsequent discussion is mainly focused on metals; refer to [232] for considerations related to ceramics or [233] for
polymers.
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3.1 Elastic-Plastic Contact Modeling

The contact between two bodies, whether large, curved surfaces or single, microscopic asperities, is often idealized as
contact between two spheres (in the limit of a sphere contacting a semi-infinite plane, this is represented as a sphere
in contact with a second sphere that has an infinite radius). As mentioned in §2.1, modern research on the constitutive
forces between these two bodies originated with Hertz’s stress-based solution [91, 21]. By approximating the two
spheres in contact as paraboloids [234, 21, 124], Hertz derived an explicit relationship between the contact force,
F, and interference (i.e., indentation depth in Fig. 7), δ, which scaled with δ3/2 (see Eq. 1). The assumption that the
spheres can be represented as paraboloids is valid for small deformations. In metals, the extent of the elastic response
of the material ends (i.e., transitions to an elastic-plastic response) well before this assumption breaks down; for rubber
and other elastomers, this assumption becomes invalid for large (but realistic) loads [235, 236, 237, 238, 239, 240].
Corrections for this effect have been recently proposed [241, 124], which have been shown to improve the accuracy
of elastic-plastic models even after yield as the elastic portion of the solution is still often based on Hertz’s solution.

For other geometries, such as cylindrical contact, there is a lack of available closed-form general solutions. As an
example, cylindrical (line-wise) contact can be described by [21]:

δ =
a2

2r∗
(2 ln (4r∗/a) − 1), (8)

and is defined in terms of the width of the contact patch, 2a, which depends on the load and out-of-plane stresses,
and if the cylinder is tilted or flush with the surface. For instance, under plane strain assumptions for modeling finite
geometries,

a =
2p0r∗

E∗
. (9)

The total contact force, F, is found from integrating the contact pressure distribution (with maximum pressure p0)
over the entire contact area, which can then be substituted back into Eq. 8 to find an explicit force-displacement
relationship. This process, though, requires prescribing values to one of the unknown variables (such as a, the shape
of the pressure distribution, etc.). Additionally, this relationship also assumes that the contact pressure (and thus
deformation) is uniform over the length of the cylinder, resulting in two perfectly aligned cylinders with no relative tilt
due to uneven loading. Consequently, general solutions for cylindrical contact, due to end effects, misalignments
(including the relative tilt of the cylinders), and other challenges, do not exist.

3.1.1 Elliptical Contact

For asperity scale models, the assumption of spherical shapes is commonly employed; however, this assumption is
typically invalid. Real surfaces usually have ellipsoidal asperities, and thus need to be characterized in terms of both
a major and minor axis [242, 243]. The geometric difference between spherical and ellipsoidal contact significantly
changes the stress distribution in the contact patch [244], with the material at the contacting surface being dominated
by plasticity at much lower loads for ellipsoidal contact than spherical. This is apparent in the Hertzian model of
contact for ellipses [21, 245, 246, 247]12. For major and minor principal curvatures κia and κib on body i with inclination
angle α, the contact force is modified as [21, 245]

F =
4
3

E∗
√

Reδ
3/2 f −3/2

2 , (10)

where the effective radius

Re =
√

R1R2, (11)

is defined in terms of the relative radii via

R1 =
1

(B + A) − (B − A)
(12)

R2 =
1

(B + A) + (B − A)
(13)

B + A =
1
2

(κ1a + κ1b + κ2a + κ2b) (14)

B − A =
1
2

(
(κ1a − κ1b)2 + (κ2a − κ2b)2 + (κ1a − κ1b) (κ2a − κ2b) cos(2α)

)1/2
, (15)

12Note that [247] has typos in the definition of the following quantitites.
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with R1 ≥ R2. The full solution for the modifying function f2 in Eq. 10 is derived from the elliptical geometry of the
contact patch, which has semi-axes a and b (with a > b). The eccentricity of the ellipse is defined

e =

√
1 −

(
b
a

)2

, (16)

which leads to the solution for f2 in terms of e as [21]

f2 =

(
2e2

π2

)1/3
K(e)(((

1
1−e2 E(e) −K(e)

)
(K(e) − E(e))

)1/2
)1/3 . (17)

Here, K and E are the elliptic integrals of the first and second kind13. To complete the formulation, the geometry of
the contact patch is related to the eccentricity by

R1

R2
=

1
1−e2 E(e) −K(e)

K(e) − E(e)
. (18)

These relationships are approximated in [245] via

f2 ≈ 1 −

(R1

R2

)0.0684

− 1

1.531

, (19)

and

e ≈ 1 −
(

R2

R1

)4/3

. (20)

The asymptotic limits of f2 (Eq. 17) approach 1 for e = 0, and 0 for e = 1, which results in the Hertzian contact model
(Eq. 1) for e = 0, and a contact force that increases with e. The exact and approximate solutions are further compared
in Fig. 6. The effect on the contact force is relatively small for most values of e; however, from the definition of Eq. 16,
a factor of four difference between the semi-axes (i.e., a/b = 4) results in a 10% increase in contact force, and a factor
of 23 difference (which is a realistic number for some polishing methods) results in a 50% increase in contact force.
Further increasing a/b to 66 results in a force multiplier of 2. For ratios above 100, the relationship between a/b and
the force multiplier is approximately linear on a log-log scale.

3.1.2 Elastic-Plastic Contact

One limitation in both the Hertzian and elliptical contact model is that they are both for purely elastic contact. Contact
of metals, however, rarely is purely elastic. As illustrated in Fig. 7, the purely-elastic regime only spans the first 10-20
nm (depending on the materials involved). Deformations above the yield displacement involve some permanent
plastic damage, which is observed upon unloading as the residual plastic deformation (i.e., for a sphere indenting
a flat, this would be the depth of the indentation left by the sphere). Due to the path-dependent nature of plasticity,
there are no general, closed form solutions based on the stress states of the bodies in contact14 (such as Hertz’s
solution for elastic bodies) describing the constitutive relationship for elastic-plastic contact. Instead, recent research
into modeling the constitutive relationship for contact between two bodies can be categorized as either finite element
analysis (FEA)-based or analytically-based modeling.

Analytically-based modeling for elastic-plastic contact often posits a solution form based on observations of
experimental behavior [249, 250, 251, 252, 253, 254, 255, 24]. Often, these models are empirical in nature rather
than being based on first principles; however, the first principles-based Hertzian solution is typically used to describe
the response before the initiation of plasticity. As a result, these models require simplifying assumptions to describe
the constitutive behavior post yield. Due to the wealth of experimental data for large indentations (i.e., involving forces
or displacements that are many times greater than the force or displacement necessary for yield), the challenge
for developing an analytically-based model is largely associated with modeling the transitionary regime from the

13Note that in this set of equations, the argument used in Matlab would be “ellipke(e2)” due to inconsistency in how [21] and Matlab define the
elliptic integrals.

14There are, however, several special cases with closed form solutions, but these rarely are germane to contact mechanics [248].
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onset of plasticity to the development of a plasticity-dominated response. After yield is initiated in a pair of contacting
specimen, the response is dominated by elasticity at first as most of the material near the point of contact has not yet
yielded. Once the plastic zone has expanded to dominate the volume near the point of contact (for at least one of
the two objects in contact), the contact transitions into a plasticity-dominated regime in which the contribution of the
far-field elastic deformation is small (and eventually negligible at even higher loads) compared to the compliance of
the near-field plastic deformation. Due to the scarcity of highly resolved experimental data that spans the transition
from purely elastic behavior to plasticity-dominated behavior, analytically-based models must assume a functional
form for transitionary functions that govern the behavior of contact in the mixed elastic-plastic regime. As an example,
the set of assumptions employed by [24], which uses a set of hyperbolic transitionary functions (based on sech(x)) to
span the mixed elastic-plastic regime, include:

1. The transitionary functions must recover the elastic force at the onset of yield.

2. The contact force must always increase with displacement, and the rate at which the contact force increases
with displacement cannot decrease (this assumes that the material does not fracture).

3. The Hertzian contact force (Eq. 1) is an upper bound for the elastic-plastic contact force after yield occurs due
to plastic behavior being more compliant than elastic behavior.

4. The contribution of the force from a fully plastic response is the lower bound for the elastic-plastic contact force
after yield occurs.

5. The contact force and its derivative must be smooth across the inception of yield.

From these and other assumptions, a solution form is posited that satisfies all of the assumptions. This approach has
had mixed success due to the scarcity of data in the mixed elastic-plastic regime and due to the more speculative
nature of the assumptions governing the behavior in the plasticity-dominated regime. Nonetheless, this modeling
approach yields relatively simple models that can work well for certain material pairs.

By contrast, FEA-based models start with a large data set of finite element simulations of contact for a wide range
of material properties and contact geometries. A best fit trend line is then fit to the resulting data set, yielding the FEA-
based model. Examples of this modeling approach are detailed in [256, 257, 258, 23, 123, 259, 22, 260, 261, 176, 177].
There are several limitations to these modeling approaches as well, chief among which is that they are correlations to
FEA simulations. Consequently, the model fits are only as accurate as the underlying material model used in the FEA
simulations (often elastic-perfectly plastic material models are used, though more recent models include bilinear strain
hardening [176, 177]). Like the analytically-based models, these models are also defined in terms of several different
regimes that often correspond to elastic deformation, mixed-elastic plastic deformations, and plasticity-dominated
deformations. As well, most of the FEA-based models use the Hertzian solution to describe the elastic regime of the
response, with the model fits only being employed for the post-yield behavior.

Thus, there are several commonalities between the FEA-based models and the analytically-based models. Both
sets of models usually use the Hertzian solution to describe the elastic regime of the response, and most of these
models also use a von Mises yield criterion to determine the onset of plasticity (e.g., see [21, 251, 22, 24, 177]). Using
the Hertzian stress distribution, the von Mises yield criterion gives that the deformation at which yield first occurs in
the material is

δy =
r∗

F (ν)

(πσy

2E∗

)2
, (21)

defined in terms of the yield strength, σy, and the maximum of the function describing the shape of the stress field as
a function of distance z beneath the contact patch

F = max
z≥0

(
−(1 + ν)

(
1 −

z
a

tan−1
(a

z

))
+

3
2

1
1 + (z/a)2

)2

. (22)

As the maximum value is a function of the ratio z/a, where a is the contact radius, this quantity only needs to be
calculated once per simulation. The ramification of this equation is that the material first yields some distance beneath
the contact patch itself. For a numerical approximation of Eq. 22, see [22, 177].

A second set of similarities between these two sets of modeling frameworks is the lack of model validation. Rarely
are these models validated against experimental data. Instead, they are often compared with previous models and
sometimes against a limited set of data. The FEA-based models are usually verified against a set of simulations
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that were excluded from the data used to fit the model; however, this type of verification allows epistemic modeling
errors (e.g., simplifications of the material model) to persist. A challenge with validating these models is that often
the parameters needed for the models are not included in data sets provided in the literature, which diminishes the
effectiveness of a validation effort if a parameter has to be estimated or calibrated to match the data. For this reason,
it is recommended that experimental studies should provide as complete data sets as possible, including not only
indentation/flattening data, but also tensile test data and very detailed descriptions of the specimen (including surface
finish) and methods. See §3.1.6 for more discussion of this.

3.1.3 Flattening versus Indentation

An important distinction to be made in these models is the difference between indentation and flattening [261, 176, 177].
For two bodies in contact of different radii of curvature, indentation is defined by the body with the smaller radius of
curvature having a higher stiffness (i.e., elastic modulus) than the body with the larger radius of curvature. Upon
compressing the two bodies together, typically the larger body is plastically deformed and an indentation is left on it by
the smaller body, which may not experience any plastic deformation. Conversely, flattening is defined by the body
with the larger radius of curvature having a higher stiffness than the body with the smaller radius of curvature. Upon
compressing the two bodies together, typically the smaller body is plastically deformed such that its contacting surface
is flattened. These different cases are further illustrated in Fig. 8. Though some models try to span both regimes with
a single set of equations, the fundamental physics of the two regimes (particularly in the distribution of stresses and
displacement of material in the plasticity-dominated regime) is sufficiently different to warrant two sets of models. In
the limit of both bodies being the same size, indentation and flattening models should converge to the same values
[124].

Undeformed Shapes Flattening

Indentation: Pile-Up Indentation: Sink-In

Fig. 8: Illustrations of the differences between flattening, indentation with pile-up, and indentation with sink-in. The deformed
shapes are taken from the simulation results of [176, 124, 177].

One unique aspect of indentation that further differentiates it from flattening is that material can either pile-up or
sink-in at the edge of the contact zone [93, 262, 263, 177]. These two characteristics are determined by how the
material outside of the contact region is deformed. In the case of pile-up, a ridge of material is formed around the
indentation; sink-in, by contrast, resembles an elastic indentation in which the material around the indentation is pulled
down by the indentation too. The mechanisms for pile-up are governed by [263]:

• The strain hardening of the material (the less strain hardening, which is closer to elastic-perfectly plastic, the
more pile-up is observed);

• The ratio of the elastic modulus to yield strength (the greater the elastic modulus compared to the yield strength
the more plastic behavior is observed and thus more pile-up is observed); and

• The friction coefficient.

As explored in [177], which used a bilinear hardness model for the plastic behavior (with a linear elastic modulus E f

and a stiffness modulus in the plasticity-dominated regime of Et, as used in Fig. 9), pile-up occurred for elastic-perfectly
plastic materials, and materials with a bilinear hardness ratio Et/E f < 0.01. For higher bilinear hardness ratios
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(indicating a stiffer plastic response and, in the limit of Et/E f = 1 an elastic response), only sink-in was observed. The
ramifications of pile-up and sink-in are also manifested in the frictional behavior of a sphere indenting a half plane
[177]. In the case of pile-up, the ridge of material around the indentation increases the effective coefficient of friction
by up to 50% compared to the sink-in case as sliding must push more material out of the way.
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Fig. 9: The influence of the bilinear hardness ratio (Et/E f ) on pile-up and sink-in, adapted from the work described by [177].

3.1.4 Rough Contact

The wealth of research on the interaction between two round surfaces (e.g., asperities) serves as the foundation for
modeling real surfaces. A common feature of real surfaces is that the microscale is described as numerous asperities
with heights and descriptions best quantified by statistical measures since there are too many to model in high fidelity.
Thus, given a description of the roughness (usually a statistical description) and a contact model governing the
behavior of a single asperity, rough contact models determine the contact forces between two real surfaces. This
approach to modeling rough surfaces is rooted in [264, 265, 266], and has led to the observation that it is misleading
to think that the peaks on a surface profile correspond to the asperities as this gives a false idea of both the number of
peaks and the radii of curvature of the asperities [267]. The distribution of asperities on a real surface is fractal in
nature [268]. As Archard first proposed: roughness consists of ‘protuberances on protuberances on protuberances’
[264]. Thus, this brings into question what an asperity actually is – as the contact loads increase, asperities can grow
in size and join neighboring asperities (from the perspective of contact at least) [267].

Figure 10 shows the topography of a small segment of a lap joint (for details about the system and similar
measurements, see [81]). The asperities, while often visualized as sharp peaks, tend to be smoothly undulating
features. As shown in the figure, the radii of the asperities is often several orders of magnitude greater than the
heights of the asperities, and the perception of the asperities as sharp peaks is often due to the aspect ratio of how
they are displayed (note that in Fig. 10(a), the vertical axis is in µm while the planar axes are in mm). It is worth noting
that the instrument used to measure the topography shown in Fig. 10 has resolution on the order of 1 µm, thus it
is difficult to evaluate the hypothesized fractal nature of asperities at smaller length scales than this15. In general,

15Other difficulties in identifying asperities exist as well. Here, an asperity is considered a local peak in the surface profile, and a kernel-integrated
approach similar to [81] is used to identify the asperities included in this measurement.
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Fig. 10: The topography of the surface of a polished lap joint showing (a) the plot of the surface topography over a 2.5 by 2.5
mm patch, (b) the cumulative distribution function of the asperity radii for the semi-minor axes (blue), semi-major axes (red), and
geometric mean of the radii (black), and (c) the cumulative distribution function of the asperity heights. In both (b) and (c) a
Gaussian distribution (dashed line) of the measured properties (dotted line) is shown.

due to the measurement precision, there is a lower cutoff in the wavelengths of asperities measured; similarly, there
is also a higher cutoff that is sometimes imposed to eliminate features that are part of the mesoscale topography,
such as waviness from the manufacturing process. To provide further evidence for the notion of asperities being
ellipsoidal, Fig. 10(b) shows the measured radii of both the semi-minor and semi-major axes of the asperities. For this
measurement, the semi-major radii are consistently a factor of three greater than the semi-minor axes (up until the
75th percentile, where the ratio increases further to, eventually, a factor of 20 by the 98th percentile).

Across both single asperity and rough surface contact, one observation that has motivated much of the modern
research in contact mechanics is the linear relationship between contact area and applied normal load. As shown in
[269], the contact radius a can be related to the indentation depth via

a =
√

2r∗δ. (23)

This relationship for single asperity contact was observed for rough surfaces too by multiple sources [264, 265].
However, much like measuring the length of a fractal edge, the apparent contact can change with the scale that the
contact area is being measured on.

To simplify modeling for rough contact, it is often assumed that two rough surfaces can be modeled as a single
rough surface in contact with a perfectly flat surface. This approach, however, can neglect the oblique contact of
asperities that may occur in real systems. As shown in Fig. 11, the contact of two rough surfaces can result in
conformal contact between asperities that give rise to oblique loads (such as between the two surfaces in contact
near a position of 0.4 mm in the figure). These types of features are lost in the simplification of the surfaces as being
rough on flat contact; however, it is unclear what the full ramifications of this trade-off are. Early models showed that it
is important to capture the elastic coupling between asperities when modeling rough on flat contact [270], but it is still
unknown how much contribution oblique contact of asperities has to the macroscale view of contact between rough
surfaces. Recent analyses, though, indicate that neglecting the oblique contact asperities likely stiffens models of
an interface [271]. More investigation is warranted to determine the relative contribution of oblique contact for real
surfaces across a range of materials and geometries.

69 | doi:10.25518/2684-6500.72 M. R. W. Brake

http://dx.doi.org/10.25518/2684-6500.72


Journal of Structural Dynamics, 1, (pp. 49-137) 2021
Contact Modeling Across Scales: From Materials to Structural Dynamics Applications

Rough surface profiles can be modeled either in a statistical or deterministic sense. Multi-scale, deterministic
models that attempt to capture the features of a real surface have had some success in showing the importance of
capturing the small scale features of asperities in larger simulations [272, 273]. From the statistical modeling standpoint,
one of the most popular rough contact models is the CEB model [274], which enhanced the Greenwood model [265]
by enforcing volume conservation for the deformed surface. The CEB model has been followed by a number of
other approaches [275, 276, 277, 278, 279] that have sought to combine existing single asperity contact models with
different statistical distributions (generally Gaussian) of asperities16. In parallel, building off of the observations of the
fractal quality of asperities [264], a number of models have been posited with the asperity distributions described by
different self-affine fractals (e.g., the Weierstrass-Mandelbrot or Cantor sets) [281, 282, 283, 284, 285]. One challenge
of these models, however, is that they do not yield unique predictions as multiple sets of parameters describing the
fractals can lead to similar results.
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Fig. 11: Illustration of two different approaches for modeling contact: left, preserving the surface profiles and modeling contact as
between two rough surfaces; right, approximating contact as between a single rough surface and a flat.

A reasonable question to ask is: which approach is more appropriate for real surfaces? As shown in Fig. 10, the
measured distributions of asperity heights and radii are well-fit by Gaussian distributions (excluding the tails of the
distribution though)17. To investigate this question, [286] compared both a Gaussian and a fractal distribution for an

16Of note, both [276, 280] consider elliptical asperities.
17Note that for surfaces machined by a single point tool, such as a turned surface, a uniform distribution is usually more representative than a

Gaussian distribution.
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elastic contact model (so as to make the results more clear by excluding the plastic component of the contact model).
For both models, the predicted contact parameters (e.g., real contact area) were dependent upon the sampling
parameters for the asperity distributions (which can change significantly based on the scale that the statistical
parameters are sampled on); however, a clear trend was that fractal surfaces had a different slope for the predicted
contact parameters than the statistical model, independent of the specific distribution parameters chosen. Thus,
one challenge is to understand how the properties of rough contact scale from the nanoscale to the macroscale
[287]. This challenge is further exacerbated when the surface is viewed through the lens of Archard’s concept of
protuberances upon protuberances. The assumption of a distribution of asperities across scales (e.g., as investigated
by [286]) highlights the amount of uncertainty that can be introduced by a statistical or fractal surface model, which
was further investigated by the contact mechanics challenge [225].

Challenge 6: What are the effects of modeling simplifications on the prediction of contact between two
rough surfaces? Which assumptions (e.g., representing the two surfaces as one rough and one flat, or
using a statistical or fractal distribution of asperities) significantly affect the predictions of contact force
and contact area, and which assumptions introduce minimal model form error?

3.1.5 The Contact Mechanics Challenge

As William Thomson, Lord Kelvin, once said, “if you can not measure it, you can not improve it.” For this reason,
the pursuit of a predictive contact model for the properties of two rough surfaces in contact is an ongoing research
challenge. Because of the scale-dependency of properties (e.g., the real contact area and the hardness), there are
many gaps in the available experimental data that limit the advancement of contact models. In order to address this, a
contact mechanics challenge was proposed by Müser and Dapp in 2015 as an opportunity for modelers to assess
the efficacy of different methods against a truth solution derived from continuum mechanics [225]. The challenge
entailed predicting the contact area and geometry (such as gaps) as well as the contact pressures and stresses for
a 0.01 mm2 rough surface being pressed against a smooth, elastic flat. The truth solution was calculated using a
Green’s function molecular dynamics simulation [288] applied to a finely resolved interface with 64,000 by 64,000
discretization points.

Twelve different teams entered solutions into the contact mechanics challenge, with solution methods spanning:
a fast Fourier transform (FFT) based boundary value method (BVM) [289, 290, 291], atomistic molecular dynamics
[292, 293], and even a scaled-up experiment18 [294] among other approaches. In order to approach the problem, all
of the methods down-sampled the surface to between 1,000 by 1,000 discrete points and 32,000 by 32,000 discrete
points. While these numbers would be prohibitively large for macroscale simulations to consider (recall that the
interface was 0.01 mm2), the techniques employed by the FFT-BVM method were able to make reasonable predictions
with only 1,000 by 1,000 discrete points (which required about one minute of computational time on a laptop). As
measuring contact properties internal to an interface for non-transparent materials is largely prohibitively difficult,
these high fidelity approaches offer a path forward for advancing knowledge of contact mechanics and improving the
existing heuristic models for rough contact.

The utility of the contact mechanics challenge and other similar exercises is that it helps a research community
assess both the state of the art techniques as well as the existing gaps in capabilities. Without a periodic, earnest
assessment of the methodology being developed, and without intentional efforts to collaborate and fairly compare
techniques, it is challenging to do more than incrementally advance the state of the art. The sheer number of papers
published on the topic of rough contact (over 20,000 publications since [265] was published) indicates the need for
focus through challenges such as the contact mechanics challenge. Thus, one of the challenges going forward is
identifying the right challenges to focus the community at appropriate intervals.

Challenge 7: What mechanisms need to be in place to facilitate the periodic assessment of the state-of-
the-art through the definition of research challenges for the community to engage in collaboratively?

3.1.6 Experimental Validation of Contact Models

Despite the many challenges with interrogating the small scale (and potentially inaccessible) characteristics that
are necessary to validate contact models, there has been significant progress over the last century. Validation
experiments can be characterized as either direct (e.g., directly comparing measurements and predictions of the

18The experiment of [294] used a diffuse light source and the frustrated total internal reflection method to measure the contact area as a function
of load resolved across the entire interface, providing extensive and novel experimental insights to the challenge.
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constitutive relationships, such as shown in Fig. 7) or indirect (e.g., comparing integrated quantities that are predicted
by a simulation involving a contact model, such as the coefficient of restitution) [295]. Both types of experiments
are necessary to validate a contact model, especially if there is potential to apply it to a larger range of materials or
load cases than spanned by the validation effort. This process is sometimes referred to as orthogonal testing – i.e.,
testing both the directly predicted quantities as well as a quantity that is dependent upon the model but not predicted
directly by the model [296, 24]. In terms of contact mechanics, a challenge faced by using only direct validation data
is that not all characteristics can be directly validated. For example, unloading models require a deformed radius of
curvature that varies with load; however, this quantity is not accessible. As a result, the unloading models may look
qualitatively correct, but small differences can lead to very large errors in the prediction of the coefficient of restitution
and thus dissipation characteristics of the system. Vice versa, indirect validation data is insufficient as well as a model
could correctly predict the coefficient of restitution but be significantly off in the contact stiffness for both loading and
unloading as well as the peak contact forces, which are paramount for understanding damage.

In addition to the wealth of nano-indentation experiments (§2.1), there are a significant number of experiments
for direct validation at the mesoscale. These experiments include indentation and flattening measurements as well
as optical studies of contact area (using a transparent material pressed against an opaque test specimen such as
a metal coupon). Often, these experiments involve custom-built rigs that are designed to measure quantities that
commercially available machines are not able to measure (e.g., specific loading regimes or optical measurements
of contact area). Much of the mesoscale investigation of contact mechanics dates back to the work conducted
by [109, 150], which investigated the relationship between the measured hardness and the plastic response of a
material. More recent work has both advanced the precision of the measurements [297, 298, 299, 295], investigated
newer materials [300], tested the hypotheses underlying existing models [301], and measured quantities previously
inaccessible [302, 303, 304, 294].

A limitation of most of these studies is that the contact radius and area is measured after unloading. This results
in a lack of information for how surfaces are deformed during loading, as only the permanent plastic deformations are
visible after unloading. An exception to this is [294], in which a scaled up version of the surface used in the contact
mechanics challenge was printed in high resolution and pressed against a transparent material. Using a diffuse light
source and the frustrated total internal reflection method, the contact area during both loading and unloading was
able to be measured across the entire surface. While this methodology was demonstrated on a soft material (PDMS),
its potential application to study hard materials could be realized with hard, transparent ceramics such as sapphire.

Indirect validation measurements have largely focused on measuring the energy dissipated across an impact event.
The coefficient of restitution can be defined multiple ways [252, 24]: in terms of the change of normal velocity, tangential
velocity, velocity magnitude, or energy from before to after the impact event. Coefficient of restitution experiments
largely focus on low velocity, normal impact between a sphere and a flat test specimen [305, 235, 306, 295], with
a few studies focusing on sphere-on-sphere impact [307, 308]. In some cases, contact duration is also able to be
measured by creating a circuit between the impactor (usually a pendulum) and the test specimen [295]. This test data
is able to validate contact mechanics models indirectly by establishing a model for the impact event, which is typically
of the form of a differential equation similar to

δ̈ = −g +
F(δ)

m
,

where δ is the contact displacement, g is gravity, F(δ) is the contact force, and m is the mass of the impactor. Integrating
the differential equation across the entire impact event with the initial condition of the velocity of the impactor just
before contact yields the rebound velocity after impact, which is used to calculate the predicted coefficient of restitution.
See Fig. 12 as an example of a pendulum-based coefficient of restitution test setup.

Significantly less data is available for oblique impacts, which combine both normal and tangential loading19.
Oblique impact experiments can be categorized as either a sphere impacting an inclined flat specimen [309, 310, 24]
or a cylindrical rod with a rounded end being dropped at an angle against a flat specimen [311]. In addition to the
previously described coefficients of restitution, oblique impact also involves a change in the rotational energy of the
impactor – which is usually included in the energetic coefficient of restitution as a rotational energy term. Using a
cylindrical indenter with a rounded end facilitates controlling for the initial rotational energy before impact.

Table 2 provides an overview of coefficient of restitution experiments. The experiments fall into two categories:
drop or pendulum. Drop experiments release a sphere (or rod with spherical end caps) from a set height such that it
impacts a target plate directly beneath it. In these experiments, the impact velocity is controlled by the height that the
spheres are released at. This setup is particularly well-suited to being automated, which was done in [312] where over
5,000 experiments were conducted using a robotic system to pick up and release spheres. Pendulum experiments

19Tangential loading can also be of concern when there is a material or geometric dissimilarity between the contacting bodies.
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Copper Coil

Vacuum Chuck

Test Specimen
Sphere and Pendulum

Mounting Fixture

Stereoscopic Camera Setup

for Data Acquisition

Fig. 12: Experimental setup for a coefficient of restitution experiment. Velocities throughout the experiment are recorded via digital
image correlation, and impact time is recorded via a circuit that is closed when the sphere is in contact with the test specimen. See
[295] for more details.

involve either a sphere on the end of a pendulum arm (typically a bar or a string/wire) impacting a fixed plate, or two
spheres, both mounted at the end of pendulum arms, impacting each other. For the experiments with fixed plates,
several of these were setup such that the plates could be inclined, allowing for oblique impact experiments. Note that
for the oblique impact studies in Table 2, the coefficient of restitution data also includes metrics such as the tangential
restitution coefficient. While not detailed here, there is a wealth of papers in the granular flow literature that study the
coefficient of restitution of agricultural and industrial materials (such as grains, wood pellets, coal, etc.). For more
information, refer to [313, 314, 315]. The modeling of materials in granular flow used for additive manufacturing (i.e.,
metal or ceramic particles) are typically based on the studies in Table 2 or similar. Most studies in Table 2 report
values as a function of impact velocity or drop height unless only a single impact velocity is investigated.

Study Setup Materials Measured Data

Tatara and Moriwaki,
1982 [305]

Pendulum
Lead, Brass, Porcelain, Agate,
Glass

Coefficient of restitution

Sondergaard et al.,
1990 [316]

Drop, Oblique
Steel, Bronze, Pyrex Glass, Lucite,
Aluminum

Coefficient of restitution

Nobre et al., 1999
[309]

Pendulum,
Oblique

SFNOR 25CD4 Steel, Sintered
α-Alumina

Coefficient of restitution,
indentation profile, impact duration,
peak normal and tangential loads,
and tensile test summary
properties

Table 2: Summary of representative coefficient of restitution studies for elastic-plastic materials.
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Study Setup Materials Measured Data

Kharaz and Gorham,
2000 [306]

Drop
EN9 Plate Steel, Aluminium Alloy,
Aluminium Oxide

Coefficient of restitution

Gorham and Kharaz,
2000 [310]

Drop, Oblique
Soda-lime Glass, Aluminium Alloy,
Aluminium Oxide

Coefficient of restitution, rebound
angle, and rotation speed

Kharaz et al., 2001
[317]

Drop, Oblique Soda-lime Glass, Aluminium Oxide
Coefficient of restitution, rebound
angle, and rotation speed

Dong and Moys,
2003 [318]

Drop, Oblique
Steel, Glass, Malachite, Rubber,
Mild Steel, Slate

Coefficient of restitution and
angular velocity

Stevens and Hrenya,
2005 [319]

Pendulum
316 Stainless Steel, AISI 52100
Chrome Steel

Coefficient of restitution and
contact duration

Dong and Moys,
2006 [320]

Drop, Oblique Steel, Chrome Steel
Coefficient of restitution, rebound
angle, angular velocity, and
tangential velocity

Minamoto and
Kawamura, 2009
[307]

Pendulum SUJ2 Steel
Coefficient of restitution and
contact duration

Aryaei et al., 2010
[321]

Drop Steel, Aluminum Coefficient of restitution

Minamoto and
Kawamura, 2011
[308]

Air gun20 SUJ2 Steel
Coefficient of restitution, contact
duration, tensile and compression
test data

Marinack, Jr. et al.,
2013 [322]

Drop

1100-H16 Aluminum, Borosilicate
Glass, Brass Alloy 260, Chrome
Steel, Low-Carbon Steel, NiTiNOL
60, Polybutadiene, S2 Tool Steel,
S7 Tool Steel, 440C Stainless
Steel, Tungsten Carbide

Coefficient of restitution

Müller et al., 2013
[312]

Drop Stainless Steel, Glass Coefficient of restitution

Ghaednia et al.,
2015 [311]

Drop, Oblique
AISI 201 Stainless Steel, AISI
1010 Low-Carbon Iron

Coefficient of restitution and
rotation speed

Brake et al., 2017
[295]

Pendulum

6061 Aluminum, Aluminum Oxide,
Copper, Hiperco, Nitronic 60,
Phosphor Bronze, Stainless Steel
304, 440C Work Hardened Steel,
Titanium

Coefficient of restitution, contact
duration, tensile test summary
properties, nanoindentation data

Patil et al., 2017
[323]

Drop NiTi60 Coefficient of restitution

Patil and Higgs III,
2018 [324]

Drop

Brass Alloy 260, Aluminum
1100-H16, Tungsten Carbide, S2
Tool Steel, Low Carbon Steel,
Borosilicate Glass, Aluminum 6061

Coefficient of restitution, surface
roughness, and indentation depth

Hlosta et al., 2018
[315]

Pendulum
C10E Steel, Wood - Ash, ABS
Plastic, Corn Seeds, Spruce
Sawdust, Black Coal

Coefficient of restitution

Table 2: Summary of representative coefficient of restitution studies for elastic-plastic materials.

20The air gun setup is similar to the drop setup in that it involves one sphere being shot towards a second sphere through a guided channel.
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Study Setup Materials Measured Data

Hashemnia, 2020
[325]

Drop Steel, Aluminum, Copper
Coefficient of restitution and
temperature (but not velocity)

Sandeep et al., 2021
[326]

Drop
Glass, Chrome Steel, Leighton
Buzzard Sand, Stainless Steel,
Granite, Rubber

Coefficient of restitution and
surface roughness

Table 2: Summary of representative coefficient of restitution studies for elastic-plastic materials.

A barrier to the widespread use of published experimental data for validation purposes is that models often require
more material characterization data than is typically reported. As an example, when it is reported, the hardness is
given as a static value from a well defined test (such as Brinell or Rockwell); however, this gives little to no information
regarding strain hardening or how the hardness varies with load. While most papers report material properties for
the specimen tested, these are typically from the literature or standard tables rather than characterized values of the
specific materials tested. Only three of the papers in Table 2 report tensile test data for the specific materials tested
[309, 308, 295]. Further, many papers present material data (such as from hardness testing) that may be sufficient for
one type of constitutive model, not anticipating the potential needs of future modeling efforts. Complicating validation
efforts further, some studies (e.g., see [320] in Table 2) only report a basic description of the material, such as “steel”.
From a model validation standpoint, this renders the data set useless as it does not contain any of the necessary
information to simulate the experiment (such as material properties at the very least). Therefore, experimentalists are
challenged to document not just the results of their experiments, but also the characteristics of the test specimen from
orthogonal experiments (e.g., tensile test data).

Challenge 8: Papers that report experimental data must include a thorough characterization of the
materials being tested in addition to the results from contact experiments for future modeling efforts.

3.2 Friction as a System, not as a Constant

The development of the commonly used Coulomb friction model is the embodiment of 500 years of observations,
spanning research by Da Vinci in the 1400s, Amontons [327], Coulomb [328], and Bowden and Tabor [329] amongst
others. This model has three fundamental assumptions: that the friction forces are independent of the area in contact,
that the friction forces are linearly dependent on the normal load, and that the friction forces are independent of sliding
velocity. These three assumptions are implicit in the form of Coulomb’s model

f = µN. (24)

While these assumptions are appropriate and have found widespread application at the macroscale, they are often
inappropriate for describing friction at smaller scales. The friction force, f , is dependent upon sliding velocity –
as evidenced by stiction, viscous friction, kinetic friction in rubber, and Stribeck effects among other mechanisms
[330, 31, 331, 332, 333, 228]. The friction force is also strongly dependent on area21 [334, 335], and it does not vary
linearly with load, N [336, 331, 332, 82, 223, 337] (unless the friction coefficient itself is allowed to vary with load
[336]).

The widespread adoption of Coulomb’s model overshadows the fact that friction is still poorly understood and that
predictive friction models do not exist. As a thought experiment, consider a glass of water sitting on a wooden table
during a humid day. At first, the glass might have a coefficient of friction, µ, of about 0.4 (depending on many factors
of course). Over time, condensation builds up and the frictional system now contains water as a lubricant between the
glass and wood, which significantly reduces the coefficient of friction to 0.2. Several days later, once the humidity has
reduced, the coefficient of friction returns to the original value of 0.4. Over time, as the glass is repeatedly rubbed on
the wooden surface, a polished groove (a wear scar) develops, further lowering the friction on dry days to 0.25, and
on humid days to 0.13. These values are further modified by the temperature of the liquid in the glass. In this manner,
friction is a time evolving system that is dependent upon the environmental conditions, the materials in contact, the
interfacial conditions, and many other variables [338, 339, 340, 341, 223, 335]. Thus, it is misleading to think of the

21Recall from the contact mechanics challenge [225] that the contact area is very different from the surface area.
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coefficient of friction as a constant. Instead, each tribosystem – the unique confluence of load conditions, material
properties, and environmental characteristics (e.g., temperature, atmospheric pressure, chemical compositions, etc.)
where surfaces are in contact – needs to be studied independently in order to determine the frictional characteristics
of an interface22.

A deceptively simple question that must be asked is: what is friction? One answer might be a set of mechanisms
that dissipate energy when two surfaces are in contact with relative tangential motion. Though even this definition is
insufficient as it neglects some mechanisms that resist motion before sliding begins. Perhaps a better definition might
be:

Friction: a set of mechanisms at, or near, an interface that dissipate or store energy when two surfaces
are in contact with tangential forces applied that in the absence of these mechanisms would result in
unimpeded relative tangential motion.

Through adhesive forces, elastic strain energy, and other mechanisms, friction forces can resist tangential forces
before motion occurs. This pre-sliding component of friction is often conceptualized as the linear spring in a Jenkins
model (also referred to as an elastic sliding model), which necessitates that the definition of friction include the
capacity of friction to be more than just a dissipative mechanism.

Once a critical threshold is exceeded (e.g., the onset of sliding), the dissipative mechanisms dominate the frictional
response. There are multiple sources for frictional energy dissipation: elastic strain energy [227, 343, 230], plasticity
(dislocations, crystal orientation changes, other changes in the microstructure) [344, 345, 346, 347, 348, 335],
fracture (in terms of generating new surfaces, breaking bonds, etc.) [349, 350, 351], interfacial slip (breaking of
interfacial bonds and elastic mismatches) [349, 230], adhesion (specifically the hysteretic separation/pull-off behavior)
[352, 79, 233, 332, 228, 353], acoustic emissions [354, 355, 356, 357, 358], electrical resistance [359, 360] and
the generation of electrical charge23 (i.e., triboelectricity) [365, 366, 367, 368, 369], electromagnetic radiation [370],
heat generation [350, 371, 372, 373, 335, 374], and even X-ray generation [375]. Additionally, the microstructure,
roughness, and geometry can facilitate impact events on multiple scales in an interface [376, 377, 378], and the
presence of lubrication – both solid [339, 223] and liquid [379, 215] – can add even more mechanisms for energy
dissipation.

Unfortunately, all of these mechanisms can contribute simultaneously; however, their relative contributions vary
vastly and are highly scale-dependent [345, 380, 333, 351]. In order to study them in isolation, there are some means
to control the relative contribution of each mechanism. As an example, the plasticity index, ψ, describes the relative
importance of plastic deformations in a rough surface contact [381]

ψ =
E∗

H
√
σκ (25)

in terms of the RMS height of the surface, σ, and curvature, κ. The plasticity index can also be derived as the ratio
of plastic work to total work done during indentation of a surface [382, 341]. This only deconvolutes one pair of
mechanisms that contribute to energy dissipation during frictional interaction, though, and more research is needed to
further isolate and assess the relative contribution of the dozens of mechanisms that actively dissipate energy during
a frictional event.

Challenge 9: What are the mechanisms that contribute to frictional energy loss, and what are their
relative contributions in different settings?

At the heart of this challenge is the task of isolating and identifying the relative contribution of different mechanisms
to frictional energy loss. This task will require new, multi-scale approaches to both modeling and in situ experiments
to study these mechanisms and their relative importance at different scales. With an improved understanding of these
mechanisms, this should provide new insights into why Coulomb’s model has seen such widespread applicability
despite its limitations. Additionally, a remaining open question will be whether it is possible to have a deterministic
friction model or if, due to the quantities involved such as surface roughness, friction can only be understood in a
statistical sense.

22The issue of modeling frictional contact is further exacerbated by many of the models currently employed being non-physical. This is evident in
either their derivations, their adoptions from other fields, or their widespread use in other fields to describe general hysteretic behavior instead of
friction itself. See, for instance, the models discussed in [342].

23As an interesting aside, see the triboelectric nanogenerator [361, 362, 363, 364], which has an output area power density of up to 500 W/m2

and a total energy conversion efficiency of up to 85%.
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3.2.1 Time-Evolving Effects

With the view of friction as a system, it is natural to conceptualize friction as a time-evolving quantity. The evolution of
friction over time is clearly visible in most wear experiments, such as shown in Fig. 13. As the mating surfaces are
worn, the coefficient of friction more than doubles over the course of the experiment for this specific system (for other
systems, it could exhibit significantly different behavior, such as decreasing to near zero or even increasing to an
extremely large value before the system siezed). At the same time, the contact stiffness also increases by more than
a factor of two, which has significant ramifications for modeling the normal contact of surfaces with slip (either macro-
or micro-). These effects are further exacerbated when the materials themselves exhibit time-dependency; however,
the effects due to creep, relaxation, or other viscous behaviors are beyond the scope of this article [383].
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Fig. 13: An example of measured friction (red, solid) and contact stiffness (blue, dashed) changing over time (as parameterized by
energy dissipated) for a wear experiment based on the data from [384].

One salient example of a model that captures the time evolution of frictional wear within automotive disk brakes is
[385, 371, 372, 373, 386]. In this model, a coupled set of partially differentiable equations are derived for the evolution
of both friction µ and temperature T with time t

∂µ

∂t
= α (µ − µstatic (N, v,T )) , (26)

∂T
∂t

= β (T − Tstatic (N, v, µ)) . (27)

These equations are parameterized in terms of the normal force, N, (which is a function of time), sliding velocity, v,
(which is also a function of time), coefficients determined from high fidelity simulations, α and β, and the stationary
values of µ and T denoted as ·static. With the two free coefficients, α and β, these models are fit to the results from
high fidelity simulations of the system of interest. A predictive model for the evolution of friction, along with the wear of
a surface, however, is beyond the state of the art [381].

77 | doi:10.25518/2684-6500.72 M. R. W. Brake

http://dx.doi.org/10.25518/2684-6500.72


Journal of Structural Dynamics, 1, (pp. 49-137) 2021
Contact Modeling Across Scales: From Materials to Structural Dynamics Applications

3.3 Wear

One of the major sources of energy dissipation during relative sliding between two bodies is wear surfaces24. There
are many different categories of wear, that each contribute to the damage of a surface under different regimes
[387, 388]. In a review from 1995, over 182 different models of wear were found in papers published between
1957 and 1992 in the journals Wear and Wear of Materials [389]. While there is little consensus on the precise
set of categories, they can be generally classified as: adhesive, abrasive, fatigue, and corrosive, of which abrasive
wear is the most prevalent accounting for more than half of all industrial wear problems [390]. These different wear
mechanisms can occur simultaneously [391]; for instance, fretting is a combination of multiple wear mechanisms as
discussed in the next section.

The process of wear is strongly related to the compatibility of the materials in contact. As defined by Rabinowicz
[392], the compatibility of metals, with regards to wear rate, can be determined from the binary phase diagrams.
Compatible materials exhibit severe wear and are prone to seizing or cold welding (which are related to adhesive
wear), while incompatible materials tend to exhibit moderate wear that is driven by non-adhesive mechanisms [393].
An example of a material compatibility chart is provided in Fig. 14. This chart implies that a material pair such as
platinum and tin are compatible and likely to be prone to severe adhesive wear, and that a material pair such as lead
and nickel are incompatible, resulting in non-adhesive wear mechanisms dominating their interactions. The precise
mechanisms in action for a given tribosystem, though, are dependent upon more than just the materials in contact.

Carbon (C)

Cobalt (Co)

Copper (Cu)

Gold (Au)

Lead (Pb)

Nickel (Ni)

Palladium (Pd)

Platinum (Pt)

Silver (Ag)

Tin (Sn)

Sn   Ag   Pt    Pd   Ni    Pb   Au   Cu   Co    C

Identical

Compatible

Partially Compatible

Partially Incompatible

Incompatible

Fig. 14: An example of material compatibility charts developed by Rabinowicz. This modified excerpt is based on [336].

Adhesive wear occurs in sliding contact of two smooth surfaces when the atomic bond between materials in
the interface is greater than the strength of the surrounding area in one of the surfaces [394]. This can be further
differentiated as atom-by-atom adhesive wear and fracture-based adhesive wear. Atom-by-atom adhesive wear has
a smoothing effect on a surface that can lead to cold welding, galling, or seizing (particularly in materials such as
aluminum or titanium). Fracture-based adhesive wear, by contrast, is a roughening phenomena that generate debris
and lowers friction forces over time. The transition between these two distinct regimes of adhesive wear is governed

24Here, this article focuses on surfaces in contact; however, wear can also be due to electrochemical processes or other mechanisms that do not
involve the contact of two solid bodies.
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by the elastic energy released by debris generation being greater than the adhesive energy to debond two asperities,
creating a new pair of surfaces [395]. At the macroscale, the wear rate is able to be described empirically by the
normal load on the surface and cumulative sliding distance via Archard’s wear model (§3.3.2) [396]; however, at the
asperity level, the tangential load and its effect on the asperity junction size in addition to sliding distance is a better
indicator of wear rates [397, 394] as adhesive wear is dependent upon the real contact area of the contacting surfaces
[398, 399]. The rate of adhesive wear is significantly affected by the temperature within the interface [400]. During
dry sliding, it is possible for the flash temperature to instantaneously exceed 1000◦C [401] (even though the bulk
temperature of the specimens away from the interface may be close to the original temperature still). This increase
in flash temperature significantly increases the adhesive force, which, in turns, exacerbates the adhesive wear in a
system [400]. Methods to reduce adhesive wear include changing the microstructure of the surface (e.g., via coatings),
modification of alloying elements, or use of lubricants [402, 403, 404, 396].

Abrasive wear is defined as the loss of material when a hard surface or particle slides over a softer surface.
Abrasive particles can also form through work hardening, which results in cases where two similar materials mated
together experience abrasive wear. There are two different classifications of abrasive wear: two-body and three-body
wear [405]. Two-body wear refers to two surfaces in contact, and three-body wear [406] refers to a third object, such
as particulate or debris, between the two surfaces (this is also referred to as erosive wear sometimes). In three-body
abrasive wear, depending on the quantity of debris in the interface, the wear mechanism can transition from rolling to
indentation [405]. Generally, abrasive wear is governed by the angularity of the wear features (i.e., surfaces or debris)
[406], and the hardness of the surface, with harder surfaces exhibiting less abrasive wear [407]. For this reason,
materials such as tungsten cobalt or hard coatings are used for machine tools [408]. Abrasive wear, at least at the
nanoscale, is driven by the contact loads and is independent of the relative sliding velocity of the two surfaces [409].

Fatigue wear can be characterized as the formation of sub-surface cracks that, over time, grow until they reach
the surface and debris is generated [387]. This can also be conceptualized as the gradual degradation of the strength
of a surface until it can no longer support the repeated surface loading [410]. After abrasive wear, fatigue wear is
considered the second most common type of wear mechanism [388]. Fatigue wear can be categorized by two different
regimes – low cycle fatigue, and high cycle fatigue. In low cycle fatigue, wear particles are generated after a low
number of cycles as significant plastic damage is accumulated with each cycle of motion. By contrast, high cycle
fatigue is initiated by stress concentrations around inhomogeneities or other existing defects within the material that
gradually grow over time. Fatigue wear is a common failure mode in rolling contact (e.g., bearings) [411, 412, 413]
and prosthetics [42, 414, 415]. The science of fatigue wear, crack initiation, and crack growth is the same as in the
study of fracture mechanics [416]. In contrast to abrasive and adhesive wear, fatigue wear tends to generate relatively
large debris particles as larger sections of the interface can flake off depending on the size of the subsurface cracks.

Corrosive wear (sometimes referred to as erosion corrosion or tribocorrosion) occurs when chemical reactions
create a reaction layer on the surface of an interface that is subsequently removed via sliding [417, 418, 419]. When
the growth rate of the reaction layer is higher than the removal rate, this results in a protective reaction layer being
formed; otherwise, the bulk material is removed as the interface is worn. Corrosion itself is a process that converts a
refined material to a more stable form (e.g., an oxide) [168]. The oxides that are formed in metal joints tend to be much
harder than the bulk materials of the components. As a result, there is potential for wear mechanisms to exacerbate
each other, such as occurs with fretting wear. Corrosive wear is strongly dependent upon the environment that the
interface exists in [417, 420]. For instance, lower oxygen levels can potentially inhibit oxidation, whereas salt water can
significant increase corrosion rates. Corrosive wear can be greatly exacerbated by the chemical reactions between the
solids and any lubricant, particularly in the presence of electrical contact (e.g., lubricated contact pin-receptacle pairs)
[421]. As a result, the process of tribo-corrosion is described as the combination of mechanical wear processes (such
as abrasion) and chemical or electrochemical corrosion [422]. A persistent challenge in advancing the fundamental
understanding of corrosive wear processes is a lack of an adequate, unified approach for measuring wear rates in
highly controlled environments (controlling, for instance, quantities such as the concentration of abrasive particles in a
fluid) [423].

The four major categories of wear that are germane to contact mechanics as discussed in this review are
summarized in Table 3. There are many other categories of wear though. Perhaps the next two distinct categories of
wear would be electrochemical wear and cavitation wear [424]. Electrochemical wear is a special case of corrosive
wear that is accelerated by an electrical current that drives chemical reactions [425, 426, 100]. This process is often
used as a polishing method for metals, which is referred to as electrochemical machining [427, 428], and also as a
method to accelerate the study of corrosive wear [429, 421]. Consequently, this is a non-contacting wear method that
has limited application in contact mechanics; however, it is widely used in surface polishing. Likewise, cavitation wear
is a type of three body wear (the fluid and surface make up the two sides of the interface, and the air bubbles from
cavitation create the third body that drives the wear mechanism) that results when cavitation bubbles implode under
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Wear Type Mechanism Characteristics
Common Mitigation
Strategies

Adhesive

Atom-by-atom

Increase in friction; possible
seizing/galling/cold welding; smoothing
of surfaces and reduction in gap
between surfaces Use of coatings or lubricants

Fracture-based
Decrease in friction; roughening of
surfaces; generation of debris

Abrasive
Two-body or
three-body

Driven by contact loads; ploughing and
debris generation

Increase the hardness of the
surface or use hard coatings

Fatigue

Low cycle
Significant plastic damage each cycle
resulting in crack nucleation

Increase yield strength or
reduce contact loadsHigh cycle

Crack nucleation at stress concentations
or existing defects within the material
that gradually grow over time

Corrosive Chemical reactions
Oxidation or other chemical processes
that form a reaction layer on a surface
that facilitates material removal

Modification of environment
or lubrication; coatings to
prevent chemical reactions

Table 3: Common types of wear germane to contact mechanics.

high pressures causing shockwaves [430, 417, 431, 432]. These shockwaves result in cyclic stresses and wear if
they occur near or on a surface, and is often mitigated by micro- and nanoscale surface texturing [433, 434]. While
not germane to metal-on-metal contact, it does establish a fluid/gas/solid contact problem that has many connections
to the present review of contact mechanics.

Modeling wear in a predictive manner is a grand challenge within the tribology community. Wear events can be
categorized as either mild or severe [401, 435]. In mild wear, the oxide layer that forms as new material is exposed is
self-sustaining. That is, the rate of growth of the oxide layer is greater than the rate of material removal during the
wear process. In severe wear, the surfaces are significantly deformed with damage beyond the microscale. In focusing
modeling efforts on severe wear events, these typically involve multiple competing mechanisms and multiple branches
of physics (e.g., to account for fluid-structure interaction) and interacting bodies (whether debris or solid lubrication in
solid-solid interaction, or fluid interactions for lubricated interfaces). Modeling of wear becomes even more challenging
when considering the heterogeneity of many types of coatings used to mitigate wear (e.g., [414]). Thermal spray
coatings [436, 437, 438, 439, 440] and cold spray coatings [441, 442], for instance, are heterogeneous structures
that include voids, oxides, unmelted particle, lamellar splats (i.e., the shape formed by molten metal impacting a target
surface), and the underlying substrate, which is often textured to improve the bond strength of the coating. As an
example, a detailed image of the cross-section of a thermal spray coating is shown in Fig. 15. The substrate is shown
in light grey and the sprayed material is shown in dark grey.

There have been many different approaches for modeling severe wear, ranging from Archard’s model (§3.3.2), to
thermodynamic processes. One interesting view of wear is as a nonequilibrium thermodynamic process [444, 420,
445, 446]. Models have been posited to predict wear rates for different tribosystems that span the erosion-corrosion
regime [420, 447], fretting [445], dry sliding [448, 449], and fatigue [447]. The crux of this modeling approach is
that wear is a permanent and irreversible degradation process that disorders a system and generates irreversible
entropy that must be in accordance with the second law of thermodynamics [445]. The multi-physics nature of
these interactions (involving temperature changes, dislocation kinetics, plastic flow, electrochemistry, etc.) makes
it particularly well suited to this phenomenological approach, though more work is needed to assess its practical
application to predicting wear [447]. In all cases, the precise mechanisms that constitute a wear phenomenon are
highly dependent upon the specific tribosystem, which limits the generalizability of any specific experiment or model.
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Fig. 15: Cross-section image of a thermal spray coating with key features identified. Here, the coating is composed of molten
metal that has been sprayed onto a textured substrate. The coating has both voids and inclusions such as unmelted particles or
oxides. Away from these features, the coating takes on a lamellar structure as layers are deposited on the surface. Image modified
from [443].

3.3.1 Fretting Wear

Adhesive, abrasive, and corrosive wear can occur simultaneously in a process known as fretting [450, 451, 452,
18, 453], which is a specific type of wear characterized by high frequency (100s-1000s of Hz) microslip or small
amplitude slip (on the order of 10s of µm, though potentially as much as 150 µm) between two bodies. Fretting is a
multifaceted phenomenon that involves high stress gradients, multi-axial loading, surface topography and chemistry
among other effects [18, 454]. In the context of structural applications, the salient feature of fretting is that there is no
(or insufficiently large) gross motion across a jointed surface that could lead to the removal of debris (though fretting
can also occur in situations that involve impact or gross slip, which expels debris from the contact patch [455, 456]).

During fretting, adhesive wear gives rise to debris formation that, due to the lack of macroslip across an interface,
becomes trapped in the interface. In fretting, this trapped debris can drive abrasive wear. Along the new surfaces
that are formed during fretting, corrosive wear increases the wear rate as the debris is oxidized. This is illustratively
shown in Fig. 16. The process of fretting, especially in the situation where debris is trapped within the interface, is a
non-Coulombic friction that can exhibit dramatic changes (usually reductions) in an effective coefficient of friction [457].
The role of the debris in the interface is highly dependent upon the dominant wear mechanism for the tribosystem:
when adhesive wear is the dominant wear mechanism for a triobsystem, the oxidized debris particles can act like
a solid lubricant and reduce the potential for fretting damage; conversely, when abrasive wear is the dominant
mechanism, the oxidized debris particles exacerbate the wear damage, as described above [458]. Post-mortem
inspections of interfaces that have experienced fretting can yield ranges of temperatures that the surfaces were heated
to. As different oxides form at different temperatures, an analysis of the oxides (both in terms of chemical composition,
size, and shape) in the interface can help determine how hot the surface was (i.e., the flash temperatures) during
excitation [459].

A number of factors (as many as 50 different variables [460]) can affect the damage due to fretting:

• Load – higher loads lead to higher damage;

• Amplitude – fretting increases up to the macroslip transition;

• Number of cycles – typically, fretting initiates after a number of cycles has passed, then continuously incurs
more damage with each subsequent excitation cycle;

• Temperature – which drives chemical reactions and oxide formation;

• Humidity – which can increase corrosion; and

• Material inertness – which influences a material’s ability to be oxidized.
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Dynamic excitation induces high 

frequency slip in portions of the interface

(a) (b)

Adhesive wear generates debris that oxidizes

and drives third body abrasive wear

(c) (d)

Fig. 16: An example of fretting showing (a) the assembled structure and excitation source, (b) illustration of asperity contact prior
to adhesive wear, (c) illustration of third body abrasive contact due to oxidized debris trapped in the interface, and (d) photo of the
interface showing fretting after excitation.

Often, fretting can result in a significant reduction of a material’s fatigue limit (up to 70%) [461]. Fretting can be
mitigated through redesign of the joint’s geometry, introduction of residual stresses (such as via laser or shot peening,
ultrasonic surface rolling, or cold expansion) [462, 463, 464, 465, 466, 467, 468], modification of the surface properties
(e.g., through coatings or changes in the surface properties or texture) [469, 458, 470, 471, 453, 472, 473, 474, 475,
476, 205], and lubrication [477, 478]. Recent research has even shown that it is possible to choose metallic alloys
that are able to grow a self-sustaining (self-lubricating) tribofilm during excitations within the fretting regime, which
significantly reduces the harmfulness of fretting wear [475].

One common approach to understanding the domains where fretting may occur is through the use of a fretting
map. There are multiple formulations of fretting maps, but a common theme among them is that they demarcate the
loads that may lead to partial slip or gross slip, and within those domains the loads that may cause crack nucleation
due to fretting [479, 480, 481, 482], as illustrated in Fig. 17. As indicated by the extensive region in which both fatigue
and wear-based damage occur in Fig. 17, different sections of the contact patch can have different dominant damage
mechanisms [483, 484]. This mixed regime, generally, is the most damaging regime for structural applications as
cracks can easily form and propagate due to the multiple degradation mechanisms [485]. Some recent progress has
been made in predicting the fatigue performance of structures exhibiting fretting. In particular, one approach has been
through the use of analysis techniques developed to study short cracks [486, 487, 488].

Regardless of the source of wear, the ultimate goal of research within the wear community is a predictive model
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Fig. 17: Illustration of a material response fretting map, adapted from [481]. Blue indicates load-displacement regimes where
fatigue-based cracking occurs; red indicates regimes where abrasive third body wear occurs; purple indicates regimes where both
degradation mechanisms can occur.

of wear rates that is based on the properties of the tribosystem (i.e., materials, loading, and environment for the
contacting surfaces). Some recent research even posits wear as being an atom-by-atom removal process that is
attributable to stress-assisted chemical reaction kinetics [489]. Given the large number of unknowns due to the
statistical (uncertain) nature of the interface, this is an ongoing research challenge [381].

Challenge 10: To derive a predictive model of wear rates for a specified tribosystem.

3.3.2 Archard’s Wear Model and its Permanence

Even though no universal model of wear exists, an empirical formulation, known as Archard’s wear model [490], has
seen wide-spread use due to its ability to characterize wear throughout a number of different regimes and mechanisms.
Archard’s wear model was originally developed to study adhesive wear, but many subsequent studies have adapted it
to abrasive wear as well. As a brief summary of the model, for two hemispherical asperities in contact with radius a,
the contact area is πa2. For a contact load of P, the mean contact pressure acting over this area can be related to the
hardness of the softer material via

H =
P
πa2 . (28)

When the two asperities are tangentially loaded such that they slip a distance of 2a, they lose contact. Archard’s wear
model assumes that there is a probability, k, that debris forms from this slip event, and that debris can be assumed to
be a hemisphere of radius a and volume V = 2/3πa3. Thus, the wear volume per sliding distance traveled is

W =
1
3

kπa2. (29)

As πa2 can be related to the contact load and hardness via Eq. 28,

W =
kP
3H

. (30)

Since k is an assumed constant, without loss of generalizability, κ = k/3, giving the wear volume for a sliding distance
s as

VT = Ws = sκ
P
H
. (31)
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As Eq. 31 is an empirical formulation, the parameters identified from a given experiment are only applicable to that
specific tribosystem. That is, the wear coefficient κ measured from a pin-on-disc experiment is not generally applicable
to a fretting experiment, even if the same materials and normal loads are used.

Despite its simplicity, Eq. 31 has found widespread support through experiments, particularly those focused
on system scale applications (such as fretting in aeroturbines [491, 479]). In particular, the relationship of wear to
hardness is strongly supported for plasticity dominated wear (e.g., adhesion and delamination) [164, 492, 493] and
also for some regimes of abrasive wear [459]. Further, due to its simplicity, it is widely adopted throughout system
modeling [494].

Archard’s wear model does, however, break down in several regimes. In cases such as fretting, where oxidation
leads to a hardening of the surface or the coefficient of friction significantly changes, it is important to account for
this changing hardness in the wear calculations. For these situations, though, modified versions of Archard’s wear
model can be derived to account for changes in hardness (e.g., [158]), or changes in the coefficient of friction (e.g.,
[495, 479]) that are observed during fretting. Another area in which Archard’s wear equation breaks down is with
respect to materials with very fine grain structures. Similar to how the Hall-Petch effect (§2.3.1) shows a significant
change in the material behavior around grain sizes of 10 nm, wear experiments show a significant deviation from
Archard’s equation for very small grain materials [154, 127]. This is partially attributable to a breakdown in the
Hall-Petch effect for these grain sizes [496]. Given that even soft materials can have high wear resistance [497] (which
contradicts Archard’s model that relates wear resistance to hardness), an alternative quantity suggested to predict
wear resistance is the ratio of hardness to elastic modulus [8].

Nanoscale wear experiments have elucidated several mechanisms that result in the apparent violation of Archard’s
equation (i.e., showing that as the hardness increases, the wear rate unexpectedly increases too in some regimes)
[154, 489, 127]. One potential mechanism is the chemical mixing of the different layers of material near the wear
surface (this is especially prevalent in thin films where the tribolayer, thin film, and bulk material of the substrate
could all interact) [489, 127]. A second mechanism comes from the grain sizes evolving during wear. As observed
in [154, 161], the grain sizes tend to evolve to a specific size for a given tribosystem (i.e., large grains shrink to a
specific size and small grains grow to the same size). As observed in [154, 157, 161], wear could be categorized into
different regimes for the same tribosystem – e.g., low cycle wear could be characterized by the mating of the two wear
surfaces, medium cycle wear by the development of gradients in the grain sizes, and high cycle wear by the formation
of a distinct coarse grain layer. More work is needed to understand the scale-dependence of wear, how it contributes
to the prediction of a wear rate for a given tribosystem, and what the ramifications for macroscale applications are.

Challenge 11: What is the scale-dependency of wear, its relationship to the Hall-Petch effect, and its
ramifications for macroscale applications?

3.4 Lubricated Contact

The domain of lubricated contact is far more extensive than can be covered in this review25. However, some concepts
are discussed here as a starting point for readers interested in learning more. In general, lubricants are typically an
oil-based liquid (though sometimes a water-based liquid is used) with additives designed to affect the tribological
properties. Additionally, solid lubricants [499, 223], such as graphene and MoS2, or gaseous bearings (such as air)
are also used. In all cases, the lubricants are intended to separate the contacting surfaces, reduce wear, and control
friction. Additionally, some lubricants also inhibit corrosion, promote the formation of oxide layers, provide sealing,
eliminate heat, remove debris, and reduce noise.

For non-solid lubricants, the frictional properties are described by the Stribeck curve [500, 501, 502], which is
illustratively shown in Fig. 18. The Hersey number (also referred to as the Stribeck number)

Hersey =
ηv
P
, (32)

is parameterized in terms of the fluid viscosity, η, relative velocity of the two sides of the interface, v, and normal
load, P. Higher Hersey numbers indicate thicker lubrication films and higher damping. For machine components, the
vibration characteristics change significantly through the different regimes of the Stribeck curve. As described in [413],
common characteristics of each regime (for industrial applications) include:

Unlubricated contact consists of relatively high frequency vibration and stress waves that include impact events.
This regime is exacerbated by adhesive and fatigue wear that induce surface roughening.

25For a detailed review of lubricated contact in revolute joints and journal bearings, see [498].
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Boundary Lubrication still consists of relatively high frequency vibration and stress waves, and still includes impact
events. The vibration in this regime is exacerbated by abrasive wear, with significant surface roughening still.
Further, the hydrodynamic forces are insufficient to separate the two surfaces that are in contact, the load is still
primarily carried by solid-solid contact as well as boundary lubrication on the asperities, and the fluid lacks thin
film damping effects. Boundary lubrication is dependent upon the role of the lubricant and surface chemistry to
form a tribofilm.

Mixed Lubrication spans both elasto-plastic hydrodynamic lubrication and elasto-hydro-dynamic lubrication. The
response of the surface, and its wear, is still significant in this regime, but viscous characteristics begin to
emerge. Generally, over time, abrasive and fatigue wear lead to surface smoothing.

Elasto-Plastic Hydrodynamic Lubrication is a relatively new field of study in which the deformations of the surface
are significant enough to drive both abrasive wear and fatigue wear. This regime can exist for both high loads
(P) and low velocities (v), and can also occur if an interface is starved of lubricant (i.e., the lubricant is not
replenished quickly enough during use).

Elasto-Hydrodynamic Lubrication still considers the deformation of the surfaces; however, deformation is limited
to the elastic regime. The behavior of the lubrication is often described by Reynold’s equation for hydrodynamic
oil pressure build up. Typically, the film thickness is constant, which results in reduced vibration and friction.

Hydrodynamic Lubrication exists when the pressure within the lubrication film is sufficient to separate the two
surfaces, resulting in a relatively thick film that exhibits fluid damping effects and minimal vibration. As with other
regimes, the contamination of the lubricant with debris can increase abrasive wear.

Hersey number or velocity
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Fig. 18: Illustration of a Stribeck curve, with boundaries of dry friction, boundary lubrication, elasto-plastic hydrodynamic lubrication,
elasto-hydrodynamic lubrication, and hydrodynamic lubrication indicated.

Across the regimes of both boundary lubrication and mixed lubrication (including elasto-plastic hydrodynamic
lubrication [503] and elasto-hydrodynamic lubricaiton [504]), the deformation of the two sides of the interface is
significant. At times, especially with boundary lubrication, the interface is insufficiently lubricated and solid-on-solid
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contact still occurs. Even small amounts of lubrication, however, can significantly affect the contact properties of an
interface – including the adhesion forces, contact area, and gap function – as liquid films can create a tensile force
between surfaces [505].

The surface topography for boundary and mixed lubrication regimes is able to attenuate both friction and wear
significantly if designed correctly [506, 434]. By patterning a surface with micro dimples, fluid resevoirs are created that
can both promote the retention of lubricating film and serve as a trap for wear debris [507, 508]. These advantages
hold even for unlubricated interfaces [509]. Due to changes in stiffness and damping in an interface, surface texturing
can affect the vibration of a structure [510]. The optimal pattern for a surface texture is dependent upon the application,
contact geometries, and operating conditions [434]; however, asymmetric textures, such as ellipsoids and chevrons,
seem to offer improved load carrying capacity and friction reduction capabilities compared to spherical dimples26.

While it has been demonstrated that surface texturing can improve the tribological properties for even unlubricated
interfaces, an open research question is whether this will have an effect on fretting fatigue.

Challenge 12: Can surface texturing be used to improve the tribological properties of unlubricated
contacts, and if so, in what regimes will it be most successful?

3.5 Heuristic Modeling

Tribological models of wear and frictional processes typically result in very computationally intensive simulations (e.g.,
[511, 512]). In order to make the results of these simulations more tractable and applicable to study more general use
cases (as opposed to the specific use case that they are first run on), heuristic modeling techniques are needed. Two
exemplary heuristic models are Archard’s wear model (§3.3.2) and Coulomb’s friction model. These often-applied
models have been used to fit the results of both simulations (i.e., as heuristic models) and experiments (i.e., as
empirical models). In general, heuristic models are formulated for specific simulations. As an example, in [372] a
cellular automata simulation of wear of a brake pad is established, from which a set of coupled differential equations
is fit.

Data-driven modeling techniques, such as surrogate-based models [513, 514, 515, 516], have seen recent
popularity for representing computationally intensive simulations with a relatively cheap model. In particular, machine
learning techniques, which span a broad range of modeling approaches, have seen widespread adoption throughout
the physical sciences due to their ability to discerning patterns within large data sets [517]. This widespread adoption
has also included extensive research within the materials [518, 519, 520, 521], tribology [522, 523, 524, 525, 526],
and structural dynamics [527] communities.

Challenge 13: How can machine learning frameworks be leveraged to advance our understanding of the
physics of friction, wear, and contact?

3.6 Overarching Challenges and Thematic Issues

The diversity of research areas within the field of tribology gives rise to many challenges for advancing the physical
understanding of how surfaces interact. Inherent in many tribology studies are multiple categories of physics (such as
solid interactions, fluids, heat transfer, etc.), and multiple damage mechanisms that can and do occur simultaneously.
Thus, distinguishing the major contributing factors to the evolution of damage (and thus friction and wear) of an
interface is a major challenge and research goal within tribology. In summary of the discussion throughout this section,
there are several consistent themes:

• With a view of friction as a system rather than as a static parameter (i.e., µ), several questions must be
addressed to advance a new generation of models: What mechanics dominate frictional interactions in different
regimes (e.g. acoustics, plasticity, etc.)? What model would be best to represent it? Can anything be learned
from black box heuristic models that can advance our physical understanding of friction? What is the boundary
of applicability for current models (such as Archard’s wear model)? For cases where current models apply, can
a predictive model for µ be developed?

• Many research areas in tribology focus on a specific application (e.g. the wear performance of a particular
alloy). Is it possible for these narrowly defined projects to be incorporated into a larger effort by defining a set
of best practices in experimental data to be collected such that the results can be directly added to the new

26This observation ties in well with the modeling and observations of elliptical contact, which is discussed in §3.1.1.
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generation of Ashby maps? Is a new benchmark or reference measurement/system needed? Can data science
help identify bridging mechanisms across the studies for more general application?

• The persistence of Archard’s work is due to its usability. Instead of focusing on the breakdowns of Archard’s
work, can a new set of scaling laws motivated by Archard’s work be used to explain how newer models could be
extended to larger regimes?

Finally, as seen in the scale dependence effects between the nano- and microscales (e.g., the Hall-Petch limit and
its influence on hardness), is there an inherent difference between macroslip and microslip? As friction is studied at
the macroscale in structural applications, how relevant is data from tribological studies of friction and wear? A danger
exists in over-applying the results of one type of wear test that involves gross slip to study the dynamics of a structure
that only exhibits microslip. Thus, as friction is considered from the macroscale perspective, a closing challenge for
the tribology community is:

Challenge 14: Can new experimental benchmarks and tools be established to measure and assess
microslip properties that are relevant to the frictional interactions observed within structures that exhibit
no gross slip?

4 Macroscale Research in Contact Mechanics and
Dynamics

In contrast to the (often) rigorous approach towards contact modeling at the tribological and materials scales,
macroscale methods within the dynamics community often approximate contact with simplified functions in order to
produce tractable models (e.g., coefficients of restitution or penalty stiffnesses) [528]. This modeling simplification was
borne out of necessity in order to model contact within very large structures. Across a range of disciplines including
aerospace [529], automotive [530, 531], tires [532, 533, 534, 535], granular materials [536], machine elements
[537, 538], gears [539, 540], orthopaedics [541], and other multibody systems [542], design models can exceed
millions of elements (often with element sizes kept coarse, such as 1 mm in length, to accommodate the large-scale
nature of the structures), which necessitate upwards of 500,000 core hours for a single design study. Given that these
models are applied to structures, it is infeasible to model every contact with sufficient resolution for convergence (e.g.,
in the finite element studies used to deduce the constitutive models for elastic-plastic contact, upwards of 1,000,000
elements have been used for a single contact pair [543, 176, 177]), especially given that there may be hundreds, or
even thousands, of contact pairs throughout a structure [26].

4.1 Contact Modeling

In macroscale finite element software, there are multiple approaches to simulate contact. The choice of modeling
approach can have significant effects on both fidelity and computational time. Some methods are based on physical
models of contact (e.g., Hertzian contact), whereas other approaches are mathematical constraints that are imposed
to prevent unrealistic penetration of the contact surfaces. Several of the common modeling methods and formulations
are:

Penalty Stiffness, in which a piecewise linear spring is used to indicate contact. When the surfaces are out of
contact, the stiffness is set as zero, and while in contact, a stiffness, kP, that is usually orders of magnitude
stiffer than the rest of the system is used as a penalty to prevent large displacements into a surface:

FP =

 kPδ δ > 0

0 δ ≤ 0.
(33)

Dissipation with penalty stiffness models is usually handled by the addition of a linear viscous term of the same
form as the contact model. Thus, the dissipative force, FD can be formulated in terms of a viscous damping
constant, c, displacement into a surface (i.e., interference), δ, and velocity, v, as

FD =

 cv δ > 0

0 δ ≤ 0.
(34)
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This viscous damping model is a modeling simplification (i.e., a linearization of the nonlinear phenomenon of
friction) used for convenience and is not based on empirical observations.

Coefficient of Restitution is an instantaneous contact model whereby, upon contact, the velocity of the contacting
point is instantaneously changed by the restitution rule. There are multiple definitions of the coefficient of
restitution [252, 544, 545, 24] that are formulated in terms of the linear momentum, angular momentum, kinetic
energy, velocity magnitude, or even the strain energy.

Hard Contact is a model used within finite element simulations that prevents any penetration of surfaces during
contact events. This model tends to be overly stiff, especially if the underlying material models used do not
account for plasticity.

Lagrange Multipliers are often used in analytical models as an additional constraint equation. In the context of
contact, the Lagrange multipliers are physically interpreted as the contact force between two bodies. In practice,
they can result in solutions that fall between a penalty stiffness model and a hard contact model as numerical
methods can relax how strictly the constraint equation must be enforced.

Augmented Lagrangian methods are related to Lagrange multipliers; however, rather than adding an additional
constraint equation, they seek to replace a constrained optimization problem with a series of unconstrained
optimization problems (which are the Lagrangian of the original, constrained problem) coupled with a penalty
term that resembles a Lagrange multiplier formulation [546].

Constitutive Models, such as described in §3.1, are used as point-wise contact models for simulations that do not
consider the local deformation due to contact (either rigid body dynamics or flexible body dynamics in which
contact is localized and deformations are negligible on the scale of the system).

Hertzian or elastic contact (i.e., Eq. 1; see also [21, 547]) is a special case of constitutive modeling that has no
dissipation built into it. Some researchers have added dissipative terms either as a linear, viscous damping
model or in a similar form to the Hertzian contact model. For example, FD could be expressed in terms of the
loss modulus η of the system as

FD =
4
3
η
√

r sign(v) ‖v‖3/2 . (35)

Contact and impact, by their very nature, are dissipative events. The energy dissipated by the different contact
models, however, varies considerably. Without a dissipative term built into the contact models (such as for the penalty
stiffness, Hertzian, some Lagrange-based methods, or hard contact), contact is reduced to an elastic event. The
simplest approach to incorporate damping into a contact model is to add a linear viscous damping term in the same
format as for the penalty stiffness model (i.e., Eq. 34). This approach, as shown by the dashed line in Fig. 19, results
in a dissipation rate that is constant with velocity, just like a coefficient of restitution model [548, 25, 536]. Contact of
real materials, though, often shows increasing levels of dissipation with velocity, and thus a coefficient of restitution
model or a linear viscous damping model are non-physical. The Hertzian model with damping (Eq. 35, the solid
line in Fig. 19) can be calibrated to nearly match the experimental data; however, the calibration is the tuning of a
non-physical parameter and is thus non-predictive.

One further short coming of the coefficient of restitution model is that it assumes that contact is instantaneous
[549]. In reality, contact durations extend over finite intervals (the length of which is highly dependent upon the
material pairs), and can significantly affect the dynamics of a system that is aperiodic [548]. Early measurements
of impacting systems, however, had insufficient resolution to show that impacts look more like a Haversine function
than a delta function [550]. Historically, the coefficient of restitution was significantly more efficient than other contact
approaches due to the assumption of instantaneous contact; more recently, though, the use of analytical constitutive
models coupled with using a more relaxed contact condition (e.g., a penalty or augmented Lagrange method) has
rendered the computational time to be equivalent if not faster than coefficient of restitution methods [544].

To address the non-physical nature of an instantaneous contact model, a dissipative force model for the coefficient
of restitution was proposed by Hunt and Crossley [551, 552]. In their model, the contact force is composed of a
conservative elastic force (e.g., Eq. 1) and a dissipative force (e.g., Eqs. 34 and 35)

F = Kδn + ηδnδ̇, (36)

For K = 4/3E∗
√

r∗ and n = 3/2, the elastic portion of Eq. 36 reduces to the Hertzian contact model (Eq. 1). This
model form has seen widespread adoption, and there have been multiple improvements to this model since it was
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Fig. 19: Example of predictions using either a coefficient of restitution or a piecewise linear model (dashed line) and a Hertzian
model with damping (solid line, Eq. 35 with η tuned to match the experiments) compared to experimental data from [295] for
Stainless Steel 304 impacted by work hardened Stainless Steel 440C spheres.

first published (e.g., see the review of [552]). In its original form [551], which gives similar results to the more recent
models for low velocity impacts, the viscous coefficient can be expressed as

η =
3K(1 −CR)

2v0
(37)

in terms of a given impact velocity, v0, and prescribed coefficient of restitution CR. That is, this family of contact models
require the prescribed coefficient of restitution as an input, rather than being able to predict it like the elastic-plastic
constitutive models described in [83]. The difference in these two modeling approaches is highlighted in Fig. 20, which
compares the Hunt-Crossley model (Eqs. 36 and 37) to the elastic-plastic model of [24].

To make the comparison in Fig. 20, in addition to the material properties that are used to describe the elastic-
plastic model, the Hunt-Crossley model is also prescribed the coefficient of restitution (CR = 0.75) for the impact
velocity of interest (v0 = 0.2 m/s), which is in agreement with the data for oxygen-free copper reported in [295]. The
load-displacement measurements for this specific specimen are unavailable at this load level and for this precise
geometry, but measurements at lower loads and a smaller indenter (Fig. 20(b)) are similar to the shape of the elastic-
plastic model. The contact forces predicted by the Hunt-Crossley (and similar) models are in stark disagreement
with measured contact forces for metals and ceramics. While Eq. 36 may be appropriate for polymers and other
visocelastic materials, this simplified modeling approach is inappropriate for metals, ceramics, and elastomers (e.g.,
see [240]).

To highlight the differences between several of the other contact models (in terms of the stiffness and satisfying
the displacement constraint), a one degree of freedom (DoF) oscillator with a rigid stop located at a displacement of
4.0 from the equilibrium position was modeled. A static force was applied to the oscillator, which was initially at rest,
and the contact with the rigid stop was modeled using a penalty stiffness, Lagrange multiplier, and an augmented
Lagrange formulation, as shown in Fig. 21. In the penalty stiffness model, the parameter α was defined as the ratio
between the penalty stiffness and the stiffness of the oscillator’s spring. For values of α that are not significantly
greater than the system’s stiffness, excessive penetration of the rigid stop is observed. However, in order for the
solution to converge in the stiffest cases, up to 149 iterations were needed. For the Lagrange multiplier (Fig. 21(b)),
only nine iterations were needed for convergence, and none of the force levels exhibited penetration into the rigid stop
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Fig. 20: For an Oxygen-free Copper puck being indented by a 440C work hardened Stainless Steel grade 100 sphere: (a)
Comparison of the Hunt-Crossley contact model (blue, dashed line, Eq. 36, [551]) with the elastic-plastic contact model of [24]
(red, solid line) for an impact velocity of 0.2 m/s (with a sphere radius of 1.1125 cm), based on measured data from [295], and
(b) measured force-displacement behavior (also from [295]) for the same specimen indented by a 3.175 mm radius 440c work
hardened Stainless Steel grade 100 sphere.

like the penalty stiffness model did. Lastly, the augmented Lagrange method is formulated with the same penalty
parameter α as the penalty stiffness model. However, the additional constraint imposed for convergence of the method
requires that α < 1. As shown in Fig. 21(c), the method converges the fastest for values of α just less than 1.

In static implementations of these contact models, the penalty stiffness model is able to be solved with the fewest
steps as it is equivalent to fixing a linear stiffness with magnitude controlled by α. In the Lagrange multiplier formulation,
the Lagrange multipliers appear as a linear multiplier for the constraint equations. The system of Euler-Lagrange
equations will always contain the constraint equations and thus the minimizer will always satisfy the constraint. In
this formulation, the Lagrange multipliers are additional unknowns in the system. Although this is a computational
disadvantage in comparison to the penalty approach, the final solution, i.e. the minimizer of the Lagrangian, will
exactly satisfy the constraints. Further, physical interpretations may be obtained for the Lagrange multipliers. Lastly,
the augmented Lagrangian approach can be modeled using an inequality for the constraint condition. As shown in
Fig. 21(c), this can result in numerical chatter for values of α ≥ 1. Finally, regarding the precise value for the stiffness,
one commonality with these models is that the constraint equations can be rewritten in terms of a higher fidelity
constitutive model (e.g., §3.1).

As an alternative to hard contact models (e.g., Lagrange multipliers) or penalty models (e.g., penalty stiffness
or the augmented Lagrange method), constitutive models (§3.1) offer a higher fidelity, physics-based approach for
modeling contact. These force-displacement constitutive models are often implemented using the same numerical
methods as for other contact models (particularly the augmented Lagrange method). For example, constitutive models
can directly replace the penalty term in a penalty model, allowing for a nonlinear model for the interfacial stiffness.
The validation studies for these models (see §3.1.6) are typically conducted on stiff solids where the deformation due
to contact is highly localized (e.g., a sphere, large block, etc.), and usually involve the contact between a sphere and a
flat, or two spheres. In these situations, unlike for contact of a slender beam, the far-field deformation due to contact
is negligible, and validation studies model the test specimen as rigid bodies with localized deformation described by
the constitutive models.

4.2 Contact Taxonomy

Though many of the fore-mentioned studies model contact as between two spheres (or ellipsoids), the nature of
contact varies dramatically based on the geometry of the contact interfaces [553]. Several different types of contact
geometries are illustrated in Fig. 22, and the characteristics of these types of contact are summarized in Table 4.

Each of the different geometries discussed in Fig. 22 and Table 4 have very different contact properties. For
instance, in Hertzian contact, the contact area increases with the load; whereas for receding contact, the contact area
decreases with the load, and for complete and common edged contact, the contact area is independent of the load.
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Fig. 21: Example of convergence for three different contact models: (a) penalty stiffness, (b) Lagrange multipliers, and (c)
augmented Lagrange, showing the influence of the penalty parameter α.
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(a) (b) (c)

(d) (e) (f )

(g)

Fig. 22: Example of different types of common contact, showing (a) Hertzian (i.e., between two round or a round and flat surface),
(b) pin-in-hole, (c) receding, (d) complete, (e) common edge, (f) flat and rounded, and (g) blunt wedges and cones. Figure based
on Fig. 1.1 of [488].
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Contact Type Load, Deflection, and Contact Area Characteristics
Pressure at Edge of
Contact

Hertzian [91, 21]

As discussed in §2.1, the contact radius for spherical
contact is related to the applied load via
a = (3/4Fr∗/E∗)1/3, which is often reformulated as
a =
√

2r∗δ; similarly, the displacement could be expressed
as δ = a2/r∗; for elliptical or cylindrical contact, these
relationships no longer hold, but the contact area does still
increase with force

Zero

Pin-in-Hole [554, 555]
Similar to Hertz for small loads and contact angles; contact
patch defined by geometry primarily

Zero

Receding [556, 557, 558]

Dependent upon the thickness of the thinner body, width of
the applied load, and material properties; contact area is
independent of applied load magnitude in most theoretical
examples, but for more realistic loading cases may
decrease with load magnitude

Zero

Complete
[13, 487, 559, 488]

Contact area is independent of normal load; stress
singularity at edges of contact is dependent upon material
dissimilarity and angle of corner in contact (shown is a 90◦

corner in Fig. 22(d)); shear loading can cause separation

Infinite/Singular

Common Edge [560, 561]

A unique type of contact that has a finite and nonzero
stress field at its edges; unlikely to occur in practice as
small misalignments between the two bodies results in
complete contacts

Finite, but nonzero

Flat and Rounded
[562, 563, 564]

Contact area is weakly dependent upon the normal load;
contact pressure tends to have high values near the edge
of contact, but tends to zero at the contact edge itself

Zero

Blunt Wedges and Cones
[90, 4, 89]

Load is related to contact radius via F = 1/2πa2E∗ cotα.
This incomplete contact has very high pressure at the tip,
exhibiting a logarithmic singularity, and is very common in
hardness testing.

Zero

Table 4: Characteristics of different types of common contact.

Further, the stress state at the edge of the contact patch for complete contacts is singular in nature; while for Hertzian
and receding contact it tends to zero, and for common edge contacts it is finite and non-zero. From the mechanics
community, a contact is defined as complete if the contact area is independent of the applied normal load [488]. When
complete contacts are subjected to shear loads, the contact area can decrease, but it can never increase. Incomplete
contacts (specifically, Hertzian, pin-in-hole, and blunt wedges and cones) are non-conforming, with contact pressures
at their edges going to zero, and contact area that increases with load. Receding contact typically occurs when the
loads acting on the contact bodies do not fully span the length of the contact patch (as denoted in Fig. 22(c) by the
point load on the top body; this is especially common in thin coatings [565] and contact of wires [566]).

4.3 Contact in Flexible Body Dynamics

Much of the previous research that has been highlighted here focused on the static or quasi-static contact between
two bodies that are sufficiently large that the far-field of their domains can be described as fixed in some sense (e.g.,
clamped or fixed displacement). Within the vibro-impact community, though, contact between bodies can excite many
vibration modes of a structure. In these cases, the bodies themselves are more likely to be deformed in their mode
shapes than to be deformed locally by the contact event. In this sense, contact is considered elastic or a point force
described by a pre-existing constitutive model. One challenge with structures subjected to vibro-impact is that they
are nonlinear systems by definition, and can thus exhibit strongly nonlinear or even chaotic behavior [567, 568, 569].
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Consequently, well-designed validation studies are a necessity for assessing models of vibro-impacting systems.
As discussed in §3.1.6, validation experiments can be categorically classified as direct or indirect. In direct studies

([297, 300, 302, 303, 304, 298, 301, 299, 295]), the force-displacement curve of the constitutive model is directly
measured from a quasi-static indentation/flattening experiment; whereas for indirect studies ([305, 235, 306, 570, 318,
307, 308, 322, 295]), the coefficient of restitution from an impact event is measured. As a third category, an extensive
set of validation data exists within the vibrations and multi-body dynamics community for looking at flexible systems
with impact [550, 544]. Since these data sets convolute the material and structural response, they are not applicable
to formulating constitutive models; however, they are essential for understanding how contact influences a structure’s
nonlinear response. Thus, they are paramount for the large range of applications that span both rigid body dynamics
[544, 542, 41] as well as vibro-impact or flexible body dynamics [571, 550, 572, 573, 574, 548, 25, 575].

Since the publication of the seminal works of the early 1980s [576, 577, 578, 579, 580, 581, 582, 583, 584, 585,
586, 587, 588], there have been thousands of papers spanning the fields of vibro-impact and impact dynamics. Thus,
for reviews of this topic, the reader is referred to [589, 567, 590, 591, 592, 569, 593, 594] for more information on
impact oscillators. Notable papers during this time include:

• An investigation of the subharmonic and chaotic responses of impact oscillators [588];

• A critical assessment of the influence of preload and damping on vibro-impact [595, 596];

• The conditions for strange attractors, Hopf bifurcations, and invariant manifolds in impact dynamics [597, 598,
599, 600];

• The emergence of grazing impacts and chatter in flexible systems [601, 602];

• The application of nonlinear normal modes for studying piecewise systems [603];

• The use of random vibration to study jump phenomena [604]; and

• The influence of smoothing piecewise nonlinearities on the dynamics of vibro-impact systems [605].

More recent research has sought to integrate the constitutive modeling from the tribology community with flexible and
rigid body simulations [606, 544, 548, 25, 607, 41].

4.4 Jointed Structures and Interface Discretizations

Recent efforts to develop more accurate, or even predictive, models of jointed structures have led to an increased
emphasis of modeling contact across relatively large interfaces [26]. As a result, the state-of-the-art modeling of
jointed interfaces has rapidly evolved from using a small number of large contact patches (often modeled with an Iwan
model [30, 608, 609] for the tangential forces, and a hard contact or penalty contact model for the normal forces) to
higher resolution models that are more consistent with physics [81, 610, 611]. Two primary sets of considerations for
modeling jointed structures include the level of interface discretization and the salient physics included in a model
[612].

There are four common, phenomenologically different approaches for discretizing a jointed interface: patch-wise
models, point-wise models, thin-layer models, and modal models. These four modeling approaches are summarized
in Table 5. For both patch-wise and point-wise models, the interface is typically modeled with a penalty stiffness. The
major difference between these two classes of interface discretizations is the number of contact points between each
surface. In the patch-wise discretization [219], typically a small number of patches (e.g., five) are defined on each
surface. Patches that are opposite each other when the joint is mated together are connected via a virtual node with a
spider or similar element (e.g., Fig. 23(c) and (d), see [614] for a derivation of a spider/RBE3 element specifically
for jointed interfaces). By contrast, a point-wise model [36, 613, 55, 616, 617, 612, 618] requires a conformal set of
nodes on both sides of the interface that are directly tied to each other, such as shown in Fig. 23(b). One consequence
of requiring a conformal set of nodes is that often these models break down (at least in terms of accuracy if not more)
once a node has displaced an entire element’s length relative to its matching node on the opposite surface. As a
hybrid between these two methods, another approach is the use of a coarsened interface that contains zero thickness
elements (e.g., Fig. 23(e)). The zero thickness elements connect the two surfaces together with a set of elements that
are superimposed on top of an existing mesh [32, 58, 81, 614, 610]. Forces from the zero thickness elements are
transferred to the corresponding surfaces via a set of tractions, which are formulated to not require a set of coincident
nodes on either surface. The constitutive model for both normal and tangential contact is implemented internally to
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Discretization Description Typical DoF Example

Point-wise

Node-to-node contact in which conformal sets
of nodes on two surfaces are tied together with
a set of constitutive models to describe each
DoF. Typically the normal DoFs are linear
springs and the tangential are either Coulomb
or Jenkins elements. The rotational DoFs are
often ignored or not included in the model
formulation.

100s-1000s
Bograd et al.,
2011 [613]

Patch-wise

A patch-to-patch formulation in which node
sets from one side of the itnerface are
connected to node sets on the opposite
interface via a spider or RBE3 element (e.g.,
[614]). The constitutive formulations for the
tangential displacements typically use
hysteretic models as discussed in [342], and
the normal DoFs typically use linear springs.

<100
Lacayo et al.,
2019 [609]

Thin-layer of
elements

A separate, non-conformal mesh of thin (often
infinitesimally thin) elements is introduced
between the mating surfaces. Hysteretic or
more advanced friction models are directly
implemented in the constitutive behavior of the
elements, and the normal behavior often
includes a nonlinear contact model (e.g.,
Hertzian).

100s-1000s
Balaji et al., 2021
[614]

Modal

The modal equations for the vibration of a
structure are augmented with hysteretic
elements for each individual mode. In this
manner, the characterization of a mode’s
response is used rather than the response of
the contact interface itself.

<10, depending on the
number of modes of
interest

Roettgen and
Allen, 2017 [615]

Table 5: Common types of interface discretization for jointed structures.

the zero thickness elements; in this manner, more sophisticated contact models are being employed for analyzing
jointed structures, such as those based on rough contact theory (e.g., §3.1.4 or [619]).

In modal models, the hysteresis of the system is captured via modal hysteresis models that are calibrated for
each mode individually [620, 621, 622, 623, 624, 615, 62]. These models are well-suited for modeling structures
with weak nonlinearities (as they assume that the mode shapes do not change appreciably and that the modes
do not couple), but do require calibration data – rendering them non-predictive. Implementations of modal Iwan
models usually linearize the contact interfaces, relegating all nonlinearity to the modal hysteresis model [624]. A
separate approach – modal substructuring (both experimental and analytical) – develops linear representations of a
jointed system through modal analysis [625, 626, 627]. Like other modal models, the treatment of contact in modal
substructuring approaches tends to be linear.

Regarding the salient physics included in a model (or lack thereof), earlier approaches for modeling jointed
structures regularized the interface [608]. This typically took the form of a simplification that assumed that there were
no normal kinematics, that the nonlinearity could be adequately captured by a hysteretic element, and that only a
few hysteretic elements were needed to model the structure accurately27. These approaches typically necessitated
intensive model updating exercises [609]. From recent experiments on jointed structures, though, it can be concluded
that the previous method of regularizing the interface and using a coarse mesh is not feasible for developing a
predictive framework. Instead, models of jointed structures must account for:

27For a review of hysteretic elements used in joint mechanics, refer to [342].
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(a)

(b)

(c)

(d)

(e)

Fig. 23: Examples of different discretization methods for a jointed structure, showing: (a) the entire interface, (b) an example of
node-to-node contact modeling in which nodes are directly connected to each other (only a subset of the tied together nodes are
shown for clarity), (c) an example of a virtual node with a spider element, in which patches are connected to each other, (d) the full
mesh on the interface with different patches defined by the different colors (in this case, there are five discrete patches), and (e) a
hyper-reduction formulation for a zero thickness element implementation in which a coarse mesh of zero thickness elements is lain
atop the original (or reduced order model) interface mesh.

• Contact patches that vary in size and pressure distribution over time [221];
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• Separation of the contact interfaces over each period of excitation [378, 628];

• Significant tangential motion, including macroslip, even at low excitation amplitudes [378];

• Energy dissipation due to impact events [378, 628];

• Mode coupling [629, 630];

• Receding contact (i.e., higher bolt torques lead to lower contact areas) [221];

• Asymmetrical behavior across the interface, determined by the mesoscale topography [378, 628, 221]; and

• Pressure cones that are as small as zero degrees [378].

Additionally, the mesoscale and interfacial geometry of the interface significantly influence the contact pressures [631].
Further, new techniques to interrogate the nature of the contact patch using ultrasonic methods are now available
[632, 633], which promise to provide even more data for hypothesis testing and model validation. Once these physical
observations are reconciled within a modeling framework, it is shown that simulation results have the potential to
be predictive in the near future – provided that an accurate normal contact model is used (that accounts for both
the microscale topography in which asperities are ellipsoidal and the mesoscale topography that is formed from the
manufacturing process and residual stresses) [81, 610, 611], and that the bolt preload is controlled for instead of bolt
torque [634, 81]28

4.4.1 Wear of Jointed Structures

Several open questions still exist for modeling contact and the physics of a jointed structure, chiefly the role of
wear. Fretting is commonly observed in jointed specimen [635, 636, 26, 384, 637]; however, the extent, necessary
conditions, and evolution are still unknown. Further, the role of other types of wear, especially fatigue and those
related to plastic damage, are unknown though their effects have been observed [637].

To illustrate the complexity of wear in jointed structures, three nominally identical beams (i.e., fabricated from the
same lot of material with the same dimensions, though differences likely existed in terms of the mesoscale topography
from machining and surface roughness from polishing) were studied (see Fig. 24 for the measured natural frequencies
and Fig. 23 for a model of the interface) [637]. The first beam (dashed black line in Fig. 24) was subjected to only
impact hammer testing. Following a high magnitude impact hammer test (approximately 15 kN), a significant and
permanent decrease in natural frequency was observed (of approximately 17.5%, corresponding to a 30 Hz decrease).
The second beam (dotted blue line in Fig. 24) was subjected to only low amplitude shaker tests, and exhibited no
significant changes in its linear natural frequency29. The third beam (solid, red line in Fig. 24) was subjected to both
impact hammer and shaker testing. Over the lifetime of this beam, its natural frequency was observed to decrease by
over 10%. When all three structures were unbolted and the individual beams (i.e., one half of the jointed system)
were tested in isolation, the natural frequencies of these linear systems stayed constant throughout the entire test
campaign. From studies such as this one, it is clear that wear can significantly influence the contact properties of an
interface without modifying the properties of the bulk material. The precise mechanisms for wear, though, vary. In the
first beam, wear is driven by extensive yielding across the interface. In the third beam, significant fretting wear was
observed.

These observations yield several questions: what are the precise mechanisms of wear in jointed structures? Is
it possible to identify and design for mechanisms that can initiate or exacerbate the wear behavior? Additionally,
how can these wear mechanisms be incorporated into modeling efforts for jointed structures? One approach was
postulated in [384], in which the hysteresis model for the interface was convoluted with a wear function that governed
how the contact parameters evolved over time. This approach, though, is a best fit to data and is not suitable for
prediction. Since predicting wear is a grand challenge within the tribology community, it will also be a formidable
challenge for studying how jointed structures change over time.

Challenge 15: What are the different wear mechanisms that occur in different categories of joints, and
what are the conditions necessary to initiate and propagate wear?

28The observed variability in strain of bolts torqued to a nominal level is considered one of the greatest sources of experimental error in existing
measurements.

29Here, linear natural frequency refers to the natural frequency measured at very low excitation levels where the joint is assumed to be inert.
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4.5 Tribomechadynamics

The majority of macroscale modeling approaches are based in either solid mechanics or structural dynamics. These
approaches, though, neglect the effect of wear and the bulk of tribology-based research on friction and contact at
small length scales. The field of tribomechadynamics [26, 638] was defined to bridge this gap and to emphasize the
need for modeling approaches that combine tribology, mechanics, and dynamics. Early tribomechadynamic modeling
approaches [639, 640] originated as members of the tribology community including elements of structural dynamics in
models used to study the health of machine elements. Since the term tribomechadynamics was first used [638, 631],
it has become a new approach for structural dynamicists to enhance their model fidelity by incorporating elements
of tribology and contact mechanics. This has led to multi-scale models spanning applications as diverse as joint
mechanics [641, 631, 384, 188, 81, 637, 618, 642, 643, 644, 614, 221, 610], belt drives [645, 646, 647, 648, 649],
aeroturbines (and underplatform dampers in particular) [650, 617, 651, 652, 653, 654, 655, 656, 657, 633, 658, 659,
660, 661, 662, 663, 664], rigid body dynamics for robotics [41], biomedical applications [49], and violin bow-string
interaction [665].

In particular, the use of tribomechadynamic modeling frameworks for jointed structures has led to a drastic
improvement in predictive capability for jointed structures. Before the deliberate integration of tribomechadynamic
modeling strategies, the benchmark for blind predictions of the nonlinear dynamics of a jointed structure was 25% error
in predictions of stiffness and predictions of damping within two orders of magnitude [608]. Due in part to improvements
in reducing experimental error for measuring the properties of jointed structures [631, 637], tribomechadynamics-
based models of jointed structures have been demonstrated to predict the behavior of a jointed structure blindly
(i.e., without calibration data) to within 1% for stiffness and damping [81, 611]. This improvement in modeling is
largely due to the insights gained from the recent experimental observations (§4.4) [378, 628, 221, 629, 630], and
the reconciliation of both an improved treatment of the local kinematics of the joint as well as improved contact and
hysteresis models (such as accounting for both plasticity and that asperities are elliptical instead of spherical).

The ultimate goal of tribomechadynamic analyses is to model (and optimize) an entire structure in a predictive
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Fig. 24: Degradation of the linear frequency of three nominally identical jointed beams. The beam with frequency reported by the
black dashed line only experienced impact hammer tests. The beam with frequency reported by the red solid line experienced both
impact hammer and shaker testing. The beam with frequency reported by the blue dotted line only experienced shaker testing.
Adopted from [637].
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manner (i.e., without calibration data). To accomplish this goal, several challenges exist. First, in order to assess the life-
time performance of a structure, and how it degrades with wear, a rigorous treatment of wear in tribomechadynamical
models is needed (see Challenge 15). Second, new techniques to scale tribomechadynamic models up to study an
entire assembly are needed. To date, the majority of tribomechadynamic analyses have focused on relatively small
systems that contain only a few joints at most. As these analyses typically have 100s to 1000s of DoFs per interface,
this is not a tractable solution for structures with 100s or 1000s of interfaces.

Challenge 16: What types of mutli-fidelity analyses will be necessary to scale tribomechadynamic models
to study large assemblies?

In order to address this challenge, the author proposes that a multi-fidelity modeling approach is needed. For
typical structures, there only exists a small number of unique types of joints. Based on the concepts of the surrogate
system hypothesis [219], each of the different types of joints can be modeled via a predictive modeling framework to
generate data that a calibrated model could be fit to [610]. These calibrated models could then be used to to simulate
the dynamics of an entire structure in an efficient method, as summarized graphically in Fig. 25.

Joint

Predictive Model Calibrated Model System Model

-Physics-based

-Computationally

  Intensive

-Standardizable

-Fast

-Sufficiently

  accurate

-Chosen to reduce

  model form error

-Many DOFs

-Composed of

  many similar

  joint models

Fig. 25: Proposed multi-fidelity approach for applying tribomechadynamics to an entire structure. Engine image courtesy of Rolls
Royce.

What still must be addressed, though, is the efficient simulation of large structures. This will necessitate further
advances in reduced order models. There are a number of promising techniques already available: hyper reduction
[666, 614, 667], modal derivatives [668, 669], and dictionary-based machine learning strategies (i.e., to preserve the
physical interpretability of the results) [670, 671, 672]. Additionally, transient and random vibration simulations of these
structures necessitate multi-scale simulations in time as typical applications (e.g., launching a satellite) necessitate
minutes of excitation to be simulated. Some recent progress to extend existing transient methods has been made
[673], but the efficacy of this and other approaches for studying the random vibration of a large, assembled structure
with many joints has yet to be demonstrated.

Time integration methods, in particular, are significant limitations for modeling jointed structures. As a result,
most of the recent modeling efforts have focused on steady-state [55, 56, 57, 58, 59] or quasi-static [60, 61, 62, 63]
modeling methods as these are more efficient approaches to studying the hysteretic properties of a jointed structure.
To assess the effects of random vibration, shock, or other transient events, time domain methods are paramount. Most
existing joint models rely upon standard integration schemes, such as detailed in [674]. There have been many recent
improvements to these algorithms, such as IMEX schemes [675, 54], which combine implicit and explicit methods into
a single algorithm, adaptive time stepping for non-smooth dynamics (including contact and friction) [676], contact
detection algorithms to allow for an expanded use of large time steps away from contact [677], combination of the
time integration scheme with the augmented Lagrangian method for the contact model [678, 679], and applications
of energy conservation to formulate more efficient schemes [680, 681, 682]. Much of the recent work has focused
on multibody dynamics, which often consider rigid bodies instead of flexible bodies. This raises the question: if time
integration methods were developed specifically for the contact of deformable bodies, would these algorithms be able
to benefit from the knowledge of the nonlinear mode shapes of the assembled structures?

Challenge 17: Can knowledge of the nonlinear mode shapes of jointed structures be used to devise a
more efficient time integration strategy that is suitable for transient and random vibration analysis?
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The next major challenge to be addressed is the influence of multi-physics. It is well known that the hysteretic
and wear behavior of a joint changes dramatically with temperature [683, 684, 685, 686, 687]. Further, structures
themselves also exhibit significant dependency on temperature [688, 689]. However, it is unknown how these effects
couple.

Challenge 18: How do the effects of temperature on joint mechanics and structural dynamics couple?

These problems are further exacerbated by the existing studies on how friction and wear evolve with temperature
being out of context. For instance, measurements of the wear properties is typically done with a sphere-on-flat or a
flat-on-flat contact patch without consideration for the dynamics of the structure that it is attached to. Consequently,
the measured hysteretic properties for materials going into an interface are significantly different than the hysteresis
measured in the context of the actual application.

To demonstrate this, Fig. 26 shows the measured hysteresis for the Brake-Reuß beam (detailed in [26, 631]), and
from a fretting rig (detailed in [384]) for test specimens fabricated from the same lot of material. While these two data
sets are not directly comparable, due to the excitations being significantly different and the quantities measured not
being the same (e.g., the acceleration and force measured for the jointed beam are from the impedance head where
the shaker is attached to the system, whereas the quantities for the fretting rig are more direct measurements of the
force and acceleration across the interface), their qualitative comparison highlights several significant differences in
the measurements of hysteresis.

Even though the materials are identical in the two experiments, the measured hysteretic properties differ signif-
icantly. Over the first four hours of testing for the Brake-Reuß beam (Fig. 26(a)), the evolution of the system-level
hysteresis is shown; as the system incurs wear, the natural frequencies of all of the modes decrease as the system
softens 30, and higher harmonics are evident in the hysteretic measurements (Fig. 26(b) for hours seven and eight of
testing). As the system wears further (Fig. 26(c)), these higher harmonics go away as the conditions necessary for
modal coupling are no longer present (e.g., see [629, 630]). By contrast, the hysteresis measured by the fretting rig
(Fig. 26(d)) stiffened with wear and exhibits a much simpler hysteretic behavior that can be adequately captured by a
Bouc-Wen or Iwan model [384, 342].

Inherent in the measurement of Fig. 26(d) is that the tribosystem of the fretting rig experiment consists of an
(approximately) constant normal pressure and gross sliding sufficient to expel debris from the interface. In the wear
studies of the in context behavior of a jointed structure (i.e., the hysteretic behavior of Fig. 26(a)-(c)), the contact
pressure across the interface varied significantly with time (going to zero at the edges, and varying by up to 20%
in the center of the contact patch [221]), and there was insufficient motion to expel any debris from the interface.
As a result, the wear mechanisms present in the two different experiments are not the same. It is possible that the
hysteresis of the system (i.e., Fig. 26(a)-(c)) could be expressed as a combination of hysteretic elements similar
to those measured in Fig. 26(d) that are implemented discretely across many patches within the interface (e.g.,
Fig. 23(e)). In this framework, each subsection of the interface would have a time varying contact pressure and locally
evaluated hysteretic properties due to the mesoscale topography, distribution of asperities, residual stresses, and
residual damage. It is unclear, though, if the hysteresis of the tribosystem measured in [384] (i.e., Fig. 26(d)) will be
relevant to this type of modeling approach though.

Challenge 19: How can the hysteretic measurements of (out-of-context) fretting test rigs be related to the
hysteresis measured in built-up structures?

4.6 Shakedown and its Relationship with Fretting

Often in systems that exhibit fretting, the effective coefficient of friction for the system can dramatically decrease over
time until a stable value is achieved [457]. This process is often referred to as frictional shakedown [488]. Related to
the concept of plastic shakedown [691, 692, 693, 694], which states that if a set of self-equilibrating residual stresses
exists that prevent yielding for a body under cyclic loading, then the body will always settle into this stress state
regardless of the initial conditions [488], frictional shakedown is defined as an interface achieving a steady-state
condition in which no frictional dissipation occurs. For general frictional interactions, frictional shakedown is not
as robust as plastic shakedown – i.e., it is not guaranteed that if a system can shakedown it will; however, it has
been demonstrated that for uncoupled contacts (in which the tangential/slip displacements do not modify the contact
pressure), shakedown will occur if it is possible [695, 50, 51, 696, 488]. Many parallels exist between fretting fatigue

30Here, softens is used in accordance with the nonlinear dynamics terminology, and is used to mean that the frequency, and consequently
stiffness, of the system is decreasing as the excitation amplitude increases.
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Fig. 26: Measured hysteretic behavior for the Brake-Reuß beam (a)-(c) [690] (the system is described further in [631], with
excitation frequency near 150 Hz), and for a fretting test specimen that had a 1 mm2 contact patch (d). All specimen were fabricated
from the same lot of material. In (a), the measured hysteresis over the first four hours of fixed frequency shaker testing is shown, in
(b) the measured hysteresis from the seventh and eighth hours are shown, and in (c) the measured hysteresis from hours nine
through twelve are shown. In (d), the hysteresis loops from five hours of testing on a fretting rig (described in [384], with excitation
frequency of 100 Hz) are shown.

and notch fatigue, which has enabled the literature related to plastic shakedown to be applied directly to understanding
frictional shakedown and fretting [450, 697, 698, 699, 486, 13, 51].

Much like the hysteretic models used to study frictional interactions, frictional shakedown studies the role of the
system’s memory of previous frictional states [696] (e.g., such as the interactions between different asperities or, in
the context of an Iwan model, the state of stretch and slip of the different springs in the parallel set of sliders used),
and how these previous states influence a structure’s ability to shakedown to a steady-state in which there is no
frictional dissipation. To this end, several discrete states are able to be defined: unconditional shakedown, conditional
shakedown, and dissipative [700, 701]. In the unconditional shakedown regime, it is guaranteed that the system
will shakedown; whereas, for the conditional shakedown regime, there is no such guarantee, but it is possible for
the system to shakedown. In the third regime, here termed dissipative, it is guaranteed that the system will never
shakedown and will always dissipate energy over every cycle of cyclic loading. Understanding the bounds of these
regimes can be extremely useful for designing a structure to avoid excessive wear. This is particularly important for
studying applications that are concerned with fatigue, such as aeroturbines, which are designed to survive billions of
cycles of loading.
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A challenge in understanding the physics of fretting fatigue and frictional shakedown has been the extreme diversity
of experiments. The lack of standardization has prevented insights on common benchmarks from being combined
into a more comprehensive understanding of the physics of fretting [702, 485]. With the increased standardization
of fretting rigs and improvements in experimental techniques, significant advances have been observed in the
understanding of the physics of fretting [18].

Challenge 20: In order to develop more fundamental insights into the physics of wear and fretting,
standardized experiments and benchmarks are needed that will allow for synthesis of insights from across
multiple experimental efforts.

4.7 Overarching Challenges and Thematic Issues

Much of the recent research at the macroscale involving contact is characterized by relatively simple models of contact.
This is in sharp contrast to the recent progress within the materials and tribology communities. Often, piecewise
linear contact models or static coefficients of restitution are used, which neglect the multitude of phenomena that can
occur during a contact event. Research in the area of tribomechadynamics has shown that it is both possible and
computationally feasible to include higher fidelity contact models for analysis of built-up systems. To summarize the
discussion of this section, and to look forward at upcoming challenges, several themes are highlighted:

• One of the greatest areas for immediate improvement of macroscale modeling is the utilization of more accurate
contact models. The second greatest area for improvement is in increasing the fidelity of modeling local
kinematics in a reduced sense. This could be both in the form of model reduction theory or in terms of intelligent
definition of contact patches in an interface.

• Many of the assumptions used in modeling jointed structures are incorrect. In order for a predictive modeling
framework to be developed, more realistic assumptions are necessary. Modeling simplifications, though, are
still suitable for calibrated modeling frameworks.

• The frontier of macroscale research, now that numerical methods have caught up with modeling, is to involve
wear calculations in structural models. Thus, the next challenge is developing time (wear) evolving constitutive
models for friction and contact. Once heterogeneous materials, such as from AM or the application of coatings,
are considered, this problem becomes even less tractable.

• The multiphysics of contact in frontier applications (e.g., aerospace) involve several competing mechanisms
interacting in manners that are unknown. Both experimental and modeling efforts are needed to better
understand the effects of temperature and other deviations from ground-based experiments (e.g., the propensity
for galling in space to be assessed) on the response of jointed structures.

To study elements of contact mechanics for a jointed structure in isolation, such as fretting in isolation, or, more
specifically, the contact mechanics of a jointed interface, neglects the dynamics of the structure. While removing
frictional dissipation from a system can improve the wear life of an interface, it results in an underdamped structure
that will experience more severe vibration-related issues throughout. Consequently, this can unintentionally lead to
shorter interface lives due to fatigue and wear driven by the increased system vibration. This highlights the importance
of intentionally considering both tribological and dynamic issues simultaneously, which is the expressed purpose of
tribomechadynamics.

5 Concluding Thoughts

Throughout this review, a number of overarching themes have been pervasive:

• Multi-scale methods (in both space and time), which incorporate the influence of phenomena as small as material
structure on the response of macroscale structures, need to advance simultaneously with the improvement of
models at all scales.

• A better understanding of plasticity (including the scale and geometry dependence of hardness) is needed and,
consequently, of the rough contact of real surfaces.
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• Friction is best thought of as a system of phenomena that are simultaneously contributing to the measured
response of a structure, not as a (static) parameter.

• Wear is a multi-faceted phenomena that can lead to extremely different effects for a macroscale structure (e.g.,
galling versus fretting fatigue); while a predictive model does not exist, existing models can provide new insights
for macroscale applications.

• The multi-physics of contact in macroscale applications is often neglected due to the challenge of modeling the
mechanics of an interface in a predictive manner. With the increased role of frontier applications, though, this
approach is not sustainable.

• The design of materials in contact for macroscale applications must include better understanding of both
coatings and additively manufactured materials.

• Both consistent experimental methods with well-defined benchmarks and new experimental techniques to gain
unprecedented insights into the role of contact are needed.

These themes can be categorized into four different topics: multiscale modeling, contact of real surfaces, extreme
environments, and an improved connection between the design of a material and the design effort for macroscale
structures. These themes are further expanded in the remainder of this paper.

5.1 True Multiscale

Tribology research is motivated by macroscale issues; however, it is inherently a meso- or microscale research area.
Experiments that originate within the tribology community often relegate contact to well defined loads (e.g., point
loads), not as time and area varying quantities as observed in interfaces measured at the macroscale. Further, when
macroscale loads are used to inform the loading of a tribological study, the macroscale loads are often relegated to
rigid body analyses that neglect the flexible body effects and local kinematics of interfaces. As a result, a persistent
question is: ‘how relevant are tribological experiments to structural applications?’ As an example, fretting and wear
studies are often conducted with a spherical or small contact in gross sliding with a constant normal load. However,
fretting in structural applications typical involve a large interface that may have little to no gross motion and significant,
time and spatially varying normal contact pressure throughout the interface. As a consequence, either theory to relate
the existing experiments to realistic loadings or else improved experiments that consider realistic interface conditions
are needed.

More broadly, as detailed models of contact and material behavior at small scales are advanced, new methods are
needed to incorporate these into macroscale applications. The review of multiscale modeling techniques is beyond the
scope of this article; however, existing techniques are either insufficient or not adopted. The challenge of multiscale
modeling is exacerbated when an application such as a rocket launch is considered: for this type of application, the
length scales of interest range from nanometers (to study the material’s plastic response) to hectometers (e.g., the
space launch system for the Artemis program by NASA is over 100 m in height), and the time scales of interest range
from nanoseconds (to resolve contacts accurately) to minutes when transient or random vibration environments are
considered. To tackle this challenge, there are numerous potential approaches: multi-fidelity modeling (i.e., where
models from one scale are deliberately simplified as a modeling assumption), one-way coupled models (e.g., in which
models of small scale effects are compiled into a heuristic model that is used to calculate the effects of a smaller
length scale on a larger, but not vice versa), or, with significant investment, true multiscale that simultaneously couples
the small and large scales permitting both to affect one another.

5.2 Modeling Contact of Real Surfaces

Real surfaces are not collections of elastic, hemispherical asperities. Instead, a typical surface contains ellipsoidal
asperities that exhibit plastic responses well before plasticity is observed in the bulk of the substrate. Further, the
concepts by Archard [264] – that real surfaces consist of protuberances upon protuberances and that the smaller
scale asperities will crush and exhibit plastic deformations while the larger scale asperities are still exhibiting elastic
responses – have proven true over time [267]. A second set of modeling assumptions that significantly changes the
nature of contact is that two rough surfaces can be treated as a rough surface in contact with a smooth surface (i.e.,
see Fig. 11). This treatment neglects the many oblique contact interactions that occur within a rough interface, and
likely stiffens the model of the interface [271].
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These observations are further compounded when considering modeling approaches for joint mechanics. Often,
normal contact is modeled in an elastic or linear (i.e., a penalty spring) manner. While elastic contact models are
stiffer, overall, than elastic plastic (since plasticity softens an interface), the unloading portion of an elastic-plastic
response curve is significantly stiffer than an elastic interaction (see Fig. 7), which is the more relevant regime for
modeling a preloaded jointed interface. Taken together, these features can account for a significant percentage of
an interface’s stiffness. Serendipitously, though, a detailed knowledge of the microscale distribution of asperities is
not needed as recent research indicates that statistical knowledge of the asperity features should be sufficient for
predictive modeling [81, 611].

5.3 Extreme Environments

Many current frontier applications involve extreme environments (e.g., space, deep sea, hypersonic flight), which
are characterized by extreme values in pressure and/or temperature. For many fields, structures are characterized
and modeled at a nominal (room) temperature and pressure. However, the effects of the extreme temperatures and
pressures significantly change the response of the material, interface, and structure [688, 689]. New experiments and
theories are needed to investigate these extreme conditions. However, this necessitates a high financial burden that is
in conflict with the recent industrial push for fewer experiments.

Examples of existing temperature and pressure testing systems are mostly limited to looking only at material or
tribology, and often yield data that is out of context (e.g., Fig. 26). As a result, a fundamental understanding of how
these out-of-context experiments can be related to the dynamics of a built-up structure must be developed. Extending
this understanding to the study of temperature-related effects is paramount for meeting the challenges posed by
frontier applications in hypersonics, space, and deep sea exploration, in which significant temperature variations are
found throughout the operating life of a structure, both geometric and material nonlinearities can exist, and loadings
can be unsteady due to fluid/structural coupling.

5.4 Designing Materials for Intended Responses

As discussed in §2.3.2, a wealth of information exists at the nano- and microscales on how coatings and nano-
structured materials offer tremendous advantages for improving the contact mechanics and wear of an interface
[703, 132, 410, 168]; however, this information is rarely adopted by system designers to design a structure optimally.
Too often, questions – such as ‘for a given material and application, what type of coating should be used?’ – go
unanswered. Two issues must be addressed to enable answers to questions like that. First, research must investigate
how coatings influence the macroscopic properties of a structure, and second, design guides to select the optimal
coating for a given structural application must be developed for (or be adopted by) the macroscale design community.
These issues are often further exacerbated by tribologists not being engaged early in the design process, but rather
only after things go wrong.

As a more sophisticated understanding of contact at the macroscale is integrated into best modeling and design
practices, it is paramount that the vast amount of materials research be accessible. Previous leaps of applying
the knowledge from material scales to system level design have resulted in huge, transformative advances. As an
example, consider the Wright brothers: by using liners in their engines to prevent galling and seizing, this allowed
them to fabricate their engine blocks out of aluminum instead of cast iron [704]. This change enabled their engines to
be light enough for them to achieve the necessary lift for flight.

Like for the Wright brothers’ plane, personalized manufacturing is becoming tenable for many engineering
applications due to additive manufacturing. As highlighted in §2.4, the AM process creates parts with inherent
variability in terms of structural properties. These need to be quantified/characterized and understood in order for
meaningful design work to be done involving AM processes. The challenges associated with contact of AM parts
in macroscale applications are significantly greater than just quantifying their role at the material level as the parts
themselves introduce heterogeneity and uncertainty that typical macroscale analyses do not consider.

5.5 Summary of Challenges

Throughout this review, 20 challenges for contact modeling and experiments across scales were identified. Accompa-
nying these challenges is the view that the research at each scale discussed needs to be informed of the ramifications
of contact at other scales. For instance, a mesoscale analysis focused on improving the wear performance of
an aeroturbine blade may result in a structure with significantly less damping that, in turn, increases the vibration
amplitude and significantly reduces the life of the structure. These challenges, therefore, should be viewed in the
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context of not just how research at each scale can be advanced, but how research from each scale can be used to
better understand contact at other scales. The 20 challenges can be broadly grouped into several categories:

• New and accessible tools are needed for system level analysts to design structures with coatings, surface
texturing, and surface conditions in mind from the start, not just as an a posteriori effort to understand
qualification tests.

• Standardized experiments, benchmarks (intentionally spanning a range of different cases), periodic assessments
of the state-of-the-art, and data reporting requirements are needed to facilitate the use of experimental results;
too often, the data reported does not anticipate the potential needs of the research community.

• New approaches to relate experiments from one scale to models at a different scale are needed, particularly in
trying to understand the complex set of phenomena that occur within interfaces of large, assembled structures.

• A more sophisticated understanding of wear in built-up structures, and modeling frameworks that are capable of
assessing the degradation of a structure over time, are needed.

• While further research is needed to better understand plasticity and rough contact, the existing models of
contact from the materials and tribology communities are more advanced than what is commonly used by the
macroscale research community and should be adopted as tribomechadynamics demonstrates that these can
be incorporated without incurring significant computational costs.

• The frontier areas of engineering (e.g., space, hypersonics, deep sea exploration) will necessitate significant
advances in understanding contact mediated by extreme temperatures, pressures, and novel materials (such as
additively manufactured parts).
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Tim Rupert, University of California Irvine
Yang Xu, Auburn University
Yu-Lin Shen, University of New Mexico
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B List of Challenges

The challenges, as defined throughout this review in the text, are repeated here verbatim in order to provide an
accessible list:

Challenge 1: How does the hardness measured at one scale with a specific geometry relate to the
hardness measured at a different scale and/or geometry?

Challenge 2: More, and more accessible wear evolution maps are needed to facilitate designers and
application engineers selecting materials and their structure for interfaces.

Challenge 3: When considering the properties of a substrate, what are the optimal properties for a
coating for a given application and environment?

Challenge 4: What is the fundamental relationship between indentation measurements and the plastic
properties of hardness and fracture toughness?

Challenge 5: Can additive manufacturing processes be qualified to ensure consistent material properties
from one part to another (including across different machines)?

Challenge 6: What are the effects of modeling simplifications on the prediction of contact between two
rough surfaces? Which assumptions (e.g., representing the two surfaces as one rough and one flat, or
using a statistical or fractal distribution of asperities) significantly affect the predictions of contact force
and contact area, and which assumptions introduce minimal model form error?

Challenge 7: What mechanisms need to be in place to facilitate the periodic assessment of the state-of-
the-art through the definition of research challenges for the community to engage in collaboratively?

Challenge 8: Papers that report experimental data must include a thorough characterization of the
materials being tested in addition to the results from contact experiments for future modeling efforts.

Challenge 9: What are the mechanisms that contribute to frictional energy loss, and what are their
relative contributions in different settings?

Challenge 10: To derive a predictive model of wear rates for a specified tribosystem.

Challenge 11: What is the scale-dependency of wear, its relationship to the Hall-Petch effect, and its
ramifications for macroscale applications?

Challenge 12: Can surface texturing be used to improve the tribological properties of unlubricated
contacts, and if so, in what regimes will it be most successful?
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Challenge 13: How can machine learning frameworks be leveraged to advance our understanding of the
physics of friction, wear, and contact?

Challenge 14: Can new experimental benchmarks and tools be established to measure and assess
microslip properties that are relevant to the frictional interactions observed within structures that exhibit
no gross slip?

Challenge 15: What are the different wear mechanisms that occur in different categories of joints, and
what are the conditions necessary to initiate and propagate wear?

Challenge 16: What types of mutli-fidelity analyses will be necessary to scale tribomechadynamic models
to study large assemblies?

Challenge 17: Can knowledge of the nonlinear mode shapes of jointed structures be used to devise a
more efficient time integration strategy that is suitable for transient and random vibration analysis?

Challenge 18: How do the effects of temperature on joint mechanics and structural dynamics couple?

Challenge 19: How can the hysteretic measurements of (out-of-context) fretting test rigs be related to the
hysteresis measured in built-up structures?

Challenge 20: In order to develop more fundamental insights into the physics of wear and fretting,
standardized experiments and benchmarks are needed that will allow for synthesis of insights from across
multiple experimental efforts.
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