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Abstract
This paper describes a hybrid approach for modeling nonlinear vibrations and determining essential (nor-
mal form) coefficients that govern a reduced-order model of a structure. Incorporating both computational
and analytical tools, this blended method is demonstrated by considering a micro-electro-mechanical
vibrating gyroscopic rate sensor that is actuated by segmented DC electrodes. Two characterization
methods are expatiated, where one is more favorable in computational tools and the other can be
used in experiments. Using the reduced model, it is shown that tuning the nonuniform DC bias results
in favorable changes in Duffing and mode-coupling nonlinearities which can improve the gyroscope
angular rate sensitivity by two orders of magnitude.
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1 Introduction

Micro-electro-mechanical systems (MEMS) are commonly used in applications including signal processing, sensing,
RF switching, actuation, and timekeeping, owing to their advantages in sensitivity, high frequency range, low power
consumption, and low noise [1, 2]. Because of their size, MEMS devices possess the important feature where
mechanical forces and electrostatic forces are of comparable orders, an attribute not common in macroscopic electro-
mechanical systems. Most MEMS resonators are relatively simple in their mechanical designs, typically consisting of
beams, plates, or lumped masses that are lightly damped and have frequencies in the kHz −MHz range [3]. MEMS
devices offer the potential of actively exploiting a variety of nonlinear behaviors [4, 5]. For instance, a bistable potential
in MEMS can be used for energy harvesting [6] and microscale mass sensing [7]. Moreover, nonlinear MEMS devices
are also employed in applications including threshold pressure sensors [8], bifurcation based mass sensors [9], active
switches for gas detection [10], and suppressing frequency fluctuations due to various noise sources [11]. Nonlinear
mode coupling effects have also received extensive attention, with applications that include extending the ringdown
time with 1 : 3 internal resonance [12, 13, 14, 5], noise reduction [15, 16, 17, 18], utilizing frequency veering to realize
a bandpass filter [19], and tuning vibration characteristics with a secondary resonator [20]. In order to understand and
embrace the rich nonlinear behaviors in MEMS, this paper presents a hybrid approach that blends computational
analysis of a finite element (FE) model [21] with the advantages offered by reduced-order models (ROM) [22]. This is
achieved by distilling the pertinent information from the nonlinear FE model systems, which is used for studying the
ROM. The key to connecting the two models is based on the theory of normal forms [23], which offers a rigorous guide
to which model coefficients are essential, significantly simplifying the analysis. In the present work, this approach is
demonstrated for a MEMS vibratory gyroscope with nonuniform electrostatic tuning. The dynamic response of interest
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is described by two modes with nonlinear terms, including inter-mode coupling. The present study shows that two
nonlinear coefficients, namely the (equal) Duffing nonlinearity for the modes and a single coupling coefficient, are
sufficient to describe and optimize the response. This approach is similar in spirit, namely, the tailoring normal form
coefficients, to that presented in [24], where shape optimization was proposed as a method for tailoring nonlinear
response, which was successfully implemented for Duffing nonlinearities in MEMS [25].

MEMS vibratory gyroscopes enjoy the merits of high sensitivity to small angular rates, significant tunability, and
excellent compatibility with integrated circuits [26, 27]. As a consequence, there has been a significant amount of basic
and applied research related to different forms of MEMS vibratory gyroscopes, including, for example, single-structure
three-axis gyroscopes [28, 29], dual-mass gyroscopes [30], vibrating ring gyroscopes (VRG) [26], and disk resonator
gyroscopes (DRG) [31]. One of the pioneering works on MEMS gyroscopes is the high aspect-ratio, combined poly
and single-crystal silicon (HARPSS) VRG [26], for which design, fabrication, and testing were demonstrated. In
addition to the VRG, the DRG exemplifies another common type of MEMS device, featuring a larger capacitive area
and a more complex mechanical structure that entails superior tunability using electrostatics [32]. For most MEMS
gyroscopes, their nonlinearities are dominated by electrostatics, which have a softening effect; however, it is known
that a stiffening behavior is also possible, for instance, from tether suspensions [33]. In addition, in cyclically symmetric
gyroscopes with 1 : 1 degenerate modes, a 1 : 2 internal resonance can also be adopted in the design, providing
quadratic nonlinear coupling for the rate sensor. This can be achieved in a variety of ways, such as using two coupled
resonators [34], or utilizing hyperelastic materials [35]. While such relatively simple devices are not used in current
applications, they are useful for testing ideas that have the potential for implementation in multi-axis gyroscopes with
more complex geometries.

Ring gyroscopes consist of a thin ring suspended from a central post with soft springs and with electrodes placed
around the circumference. Due to their cyclic symmetry, these rings have pairs of degenerate vibration modes [36].
One of these, the drive mode, is resonantly driven with one set of electrodes and the other, the sense mode, is used
for readout using capacitive effects from another set of electrodes. These two modes are linearly coupled by Coriolis
effects when the ring is subjected to rotation about the axis of symmetry, and this coupling is the basis of the device
input and output characteristics [27].

Rate sensitivity, that is, the amplitude of the output signal for a given rotation rate, is an essential device
characteristic of MEMS vibratory gyroscopes, and is the focus of this study. Typically, a large signal is desired in order
to extract it in the presence of the inevitable background noise. Typically, the gyroscope is operated such that the
response of the drive mode is linear, in order to avoid undesirable and unpredictable nonlinear effects. One important
limit to the linear dynamic range of these devices is the Duffing nonlinearity of the modes, which can arise from
mechanical and/or electrostatic effects. Another nonlinearity observed in gyroscopes is related to coupling of the
drive and sense modes. In fact, it has been experimentally observed that self-induced parametric amplification arising
from nonlinear dispersive coupling can greatly improve the system’s input-output performance [37]. Furthermore,
the dynamic modulation of modal coupling can be demonstrated, wherein parametric pumping is implemented, and
the coupling is tuned by electrostatics [38]. Also, it has been proposed to use nonuniform DC bias voltage, variable
electrode gap distance, and variable ring thickness allowing one to tailor the Duffing nonlinearity and dispersive
coupling strength, which can be used to influence the rate sensitivity [39]. The analysis in [39] was based on a
simplified two degree of freedom, ROM derived by modal projections of the governing PDE, as described in [40]. Of
the proposed nonlinear strategies, the nonuniform DC bias tuning is the simplest to implement and forms the basis of
our present work, in which we clearly demonstrate the utility and validity of the ROM by deriving its coefficients from a
FE model.

Certain properties of a MEMS gyroscope are fixed by hardware, namely its mechanical form and the layout of
electrodes for actuation and readout. Once these are determined, one can vary the following inputs: the drive mode
excitation amplitude and frequency and, importantly, the DC biases on electrodes. The present design is based on
optimizing some aspect of performance over a range of configurations and inputs. We start with a simple ring with a set
of segmented electrodes that offer the desired nonuniformity, while preserving the symmetry of the modes of interest.
This leads to a pattern of DC voltages with two tuning parameters, a uniform component that can be used for tuning of
the operating frequency, and a nonuniform component that allows one to manipulate the Duffing and mode-coupling
nonlinearities to achieve the desired response. Once the desired tuning is determined, the corresponding drive mode
operating conditions are implemented, specifically, the maximum amplitude attainable without encountering bistability
in the frequency response. While this is a restricted optimization problem, it demonstrates the power of tailoring
nonlinearities to enhance system performance.

The selection of the nonuniform bias considers two competing effects. The Duffing nonlinearity is desired to be
small so that one can operate the drive mode at a large amplitude. On the other hand, the nonlinear dispersive
coupling coefficient is desired to be large in order to maximize the parametric pumping of the sense mode. As these
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Fig. 1: Schematic diagram of the VRG with nonuniform DC bias. The gyroscope ring is modeled using the isotropic single-crystal
silicon model in COMSOL. It has an inner diameter of 200 µm, a width of 10 µm, and an electrode gap distance of 1 µm. The
blue/green electrodes have a DC bias voltage of VDC (1 ± rDC). The diagrams on the right indicate the drive and sense modes.
Diagrams created using COMSOL [41]

two nonlinearities are intrinsically linked by the device physics, guided by the observations in [40], we consider how the
rate sensitivity depends on a ratio of the two coefficients, resulting a relatively simple single-parameter optimization.
This exhibits the utility of the fundamental understanding obtained from the ROM.

Herein, a COMSOL [41] FE model of a MEMS VRG is employed to characterize and manipulate the system
parameters based on the ROM. For actuation of the gyroscope’s drive mode, we consider an open-loop, externally
imposed, resonant harmonic drive. 1 We use static and dynamic simulation-based setups for characterization of the
gyroscope’s linear and nonlinear parameters. Two methods of characterizing the essential nonlinear parameters are
presented and compared, one involving a controlled static deformation and the other using a time domain simulation of
the full FE model. The results demonstrate the validity of the two characterization approaches, which gives confidence
to using the ROM for analyzing the response. These results are used to illustrate the significant rate sensitivity
improvement offered by optimal tuning of the nonuniform DC bias.

This paper considers an highly idealized model (based on the theory of normal forms) and focuses on nonlinear
phenomena, specifically,tuning the nonlinear dynamics of a vibratory MEMS gyroscope to enhance its sensitivity. It
is recognized that there are many critical practical issues related to gyroscope design and dynamics that are not
considered in the present work, such as quadrature error, mode matching, material and damping anisotropy, nonideal
electrostatic effects, temperature and other environmental sensitivities, resolution, bandwidth, etc., cf. [27]. The
ultimate utility of the presented approach for nonlinear tuning will rely on its capacity to mesh with the techniques
used to address these other effects.

This paper is organized as follows. In Section 2, we present the basic description of the COMSOL FE model and
the essential two-mode vibration model and describe the process of deriving the former from the latter. In Section
3, we describe and compare the two characterization methods for identification of nonlinear system parameters. In
Section 4, we analyze the results from the COMSOL model and numerical simulations of the ROM while varying the
pattern of DC tuning, and we determine its implications for optimizing the rate sensitivity. Finally, conclusions are
drawn in Section 5.

2 Modeling

This section describes the main features of the computational and reduced-order models and the means of distilling
the latter from the former.

1In practice, closed loop operation employing a phase-locked loop is used, but this is equivalent to the open-loop drive response in terms of the
form of the frequency response.
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2.1 Layout and FE Model

In this work, a prototypical model for a VRG under electrostatic actuation and sensing is created and analyzed using
COMSOL Multiphysics [41]. The basic layout for the device is shown in Fig. 1. The ring, representing the main portion
of the gyroscope proof mass, is suspended by eight semi-circular arcs, which act as curved support springs and are
attached to a central anchor. The ring inner diameter is chosen to be 200 µm and its width is 10 µm. In our simulations
we chose the ring material to be single-crystal silicon, which is taken to be uniform and isotropic with an effective
elastic modulus and Poisson’s ratio.2 The vibrations of interest occur in plane and therefore a planar FE model is
employed. This assumption is reasonable due to the high aspect ratio of the structure. Also, since we are modeling a
rotation rate sensor, in COMSOL we impose a global rotation rate of Ω to the frame of reference in which the structure
vibrates.

For operation as a rate gyroscope, the lowest frequency pair of degenerate modes are of interest: the drive mode,
with a mode shape having azimuthal dependence cos 2θ, and the sense mode, with a mode shape of sin 2θ. These
two modes maintain a 45◦ difference in their nodal diameters and are conveniently addressed by the chosen electrode
pattern [26]. The segmented electrodes are used to approximate these modes in an azimuthally discrete manner, in
order to access them independently.

One of the main goals of the present study is to examine the effects of a nonuniform pattern of DC bias voltages
on the system response. To that end, we generalize the system so that the DC bias is nonuniform on the electrodes,
in the pattern indicated in Fig. 1. Specifically, there are 32 cyclically arranged, segmented electrodes, 16 of which
are evenly positioned on the periphery of the ring, and 16 others are located on its interior, hence preserving the
cyclic symmetry of the system at the order of the vibration modes of interest, namely, those with two nodal diameters
[36]. As we elaborate below, the presence of electrodes on both the interior and exterior sides of the ring helps
to minimize coupling of the drive/sense modes to other vibrational modes. The electrostatic gap between the ring
and electrodes are chosen to be 1 µm, which is similar to the typical gap dimensions obtained in microfabrication
processes [42]. The number of electrodes is chosen deliberately in order to study the effect of nonuniform bias voltage
on the dynamical performance of the gyroscope. As shown in previous work [39], an 8-electrode (accounting for
exterior electrodes only) configuration can support only a uniform bias distribution necessary for preserving mode
matching of the drive and sense modes, and the minimal number of exterior electrodes that can support a nonuniform
bias is 16. Nonuniformity of the DC bias is implemented by applying two distinct voltages to adjacent electrodes. In
particular, the electrodes have DC bias voltages of VDC (1 ± rDC), where + (−) is applied for even- (odd-) numbered
electrodes, as depicted by the blue and green electrodes in Fig. 1. Due to the selection of the drive and sense modes,
the sign of rDC matters. Typically, the range for rDC is [−1, 1].

VRGs possess many vibration modes, encompassing torsional, radial, translational, flexural, and out of plane
modes, some of which are depicted in Table 1 (these modes are described in more detail below). All modes except
the drive and sense modes, modes 4 and 5 in Table 1, are considered extraneous to its function, but nonlinearities
will necessarily couple all modes to some degree. Also, although the system is constructed with cyclic symmetry
in COMSOL, we allow for asymmetric responses, for example, arising from the coupling of the modes of interest to
these extraneous modes. These other modes can render the dynamics of the drive and sense modes to be effectively
noisy. This is especially the case since these devices are lightly damped, and these intermodal interactions are widely
observed in COMSOL simulations. Of course, such noisy responses are associated with loss of signal resolution and
increased dissipation of the modes of interest. In contrast with previous VRG designs, where only the outer electrodes
are employed, this design embraces the inner electrodes, as these were found to help restrain unfavorable couplings
to other modes.

2.2 Two-Mode Model

In this section we briefly review the essential features of gyroscope operation, which can be described by a two-mode
model for the drive and sense modes. For the present work, this model must include nonlinear effects which, as will
be demonstrated, are dominated by electrostatic effects.

The operation of a VRG, or any single-axis gyroscope, is based on Coriolis coupling of the drive and sense modes,
which is linear in terms of the modal velocities. Simple linear vibration models with two modes are able to capture the
basic operational aspects of such gyroscopes, but nonlinear effects can play an important role. The nonlinearities
of present interest are captured in a potential comprising the drive and sense mode amplitudes, incorporating both

2In COMSOL, an option for isotropy is provided for single crystal silicon, which makes the (qualitative) material properties very similar to
polysilicon, with slight differences in the values of the material constants. Therefore, we note that discrepancies may exist between our analysis
and single crystal silicon models of MEMS gyroscopes.
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Fig. 2: Drive mode steady-state response. (a) Drive mode steady-state amplitude versus frequency detuning parameter, with
f = fcr and with back-action from the sense mode neglected. The orange curves demonstrate the frequency response at different
drive levels, where the solid curves suggest stable responses, and the dashed curves are for unstable responses. The yellow curve
signifies the saddle-node (SN) bifurcation conditions, and the magenta dot represents the critical condition. (b) Parameter plane for
drive amplitude versus drive frequency. The yellow region indicates the bistability region. which is bounded by the SN conditions.
The magenta dot manifests that the critical condition is also the cusp bifurcation condition where the SN conditions meet

individual mode Duffing (cubic) nonlinearities and dispersive intermodal coupling [40]. The entire potential is thus
given by

U =
1
2

(
ω2

4A2 + ω2
5B2

)
+

1
4

(
γ4A4 + γ5B4

)
+

1
2
κA2B2, (1)

where A and B represent the drive and sense modal displacements respectively, ω4 and ω5 denote their eigenfre-
quencies respectively, γ4 and γ5 describe their Duffing coefficients respectively, κ indicates the dispersive coupling
strength, and the modal masses are normalized to unity. Due to cyclic symmetry, the modes have equal coefficients
and we thus define ω0 = ω4 = ω5 and γ = γ4 = γ5. The parameters in the potential, which involve both mechanical
and electrostatic effects [40], are to be characterized for the FE model by COMSOL, as subsequently elaborated in
Sect. 3.

With these terms, a two-mode nonlinear ROM captures the essential system dynamics of interest and, after it
is validated with COMSOL, it will be employed for analysis and numerical simulations to determine the gyroscope
input-output gain. To derive the equations of motion, the kinetic energy is taken to be simply T = Ȧ2/2 + Ḃ2/2 and
the Lagrangian approach is employed. Also included in the model are linear dissipation, resonant harmonic forcing
applied to the drive mode, and the Coriolis coupling [40]. Putting these terms together, the ROM dynamics are
governed by

Ä + 2ζω0Ȧ + ω2
0A + γA3 + κAB2 = νΩḂ + f cosωt, (2)

B̈ + 2ζω0Ḃ + ω2
0B + γB3 + κA2B = −νΩȦ, (3)

where ζ represents the modal damping ratio (assumed to be the same for both modes), Ω dictates the angular rate of
the gyroscope (the quantity to be measured), f indicates the direct drive amplitude, ω specifies the drive frequency,
which is near ω0, and the coefficient ν captures the Coriolis coupling strength (ν = 8/5 for a thin ring gyroscope [40]).
The amplitudes of the time-dependent quantities A and B are denoted by a and b respectively, and a nondimensional
frequency detuning parameter is defined as ∆ = ω/ω0 − 1.

In these systems, the drive mode is maintained at some fixed amplitude and the Coriolis coupling generates a
signal in the sense mode under rotation. In the present work, nonlinear mode coupling is used to amplify the Coriolis
coupling via parametric amplification [43, 44, 37, 40]. For realistic operating conditions, the sense mode amplitude
is much smaller than the drive mode amplitude. Thus, for the drive mode, the back-action from the sense mode is
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assumed to be negligible due to its relatively small amplitude [40], in which case the terms associated with κ and νΩ
in Eq. (2) may be ignored. This assumption results in one-way coupling from the drive to the sense mode, and is
justified by the FE simulation results.

Fig. 2 shows the steady-state operating condition of the drive mode, where the back-action from the sense mode
is assumed to be negligible. These response curves are obtained from the numerical simulations of the two-mode
ROM. Using the stated assumption, the critical operating condition for the drive mode can be directly obtained from
the cusp bifurcation condition of a simple Duffing oscillator using the method of averaging [23]. This condition, which
provides the largest drive mode signal possible without inducing bistability, has excitation amplitude and frequency
expressed as [45]

fcr =
16ω3

0

3

√
ζ3
√

3 |γ|
, (4)

ωcr = ω0 +
√

3ζω0sgn (γ) , or ∆cr =
√

3ζsgn (γ) , (5)

This yields the critical drive mode amplitude

ācr = 4ω0

√
ζ

3
√

3 |γ|
, (6)

which is treated as the maximum allowable vibration amplitude of the drive mode. This ensures a monostable
frequency response, i.e., it operates in its linear dynamic range, which is inherently limited by the Duffing nonlinearity
γ. The plots in Fig. 2 use the characterization results given in Sect. 4.1 with ζ = 0.0025 (equivalent to a quality factor
of Q = 200) which yields fcr = 0.0372 µm/µs2 and ωcr/ (2π) = 1.03 MHz, or, equivalently ∆cr = −0.00433.

In applications, instead of an imposed harmonic drive, such systems are typically driven using a feedback loop with
an amplifier and a phase locked loop (PLL). In this case, the open-loop direct drive term f cosωt in Eq. (2) is replaced
by a closed-loop term f cos

[
ω0t + φ (t) + δ

]
, where φ defines the phase of the drive mode response relative to its

input, and δ represents an imposed phase shift. By varying the phase shift δ from 0 to π, the PLL produces the same
frequency response as the open-loop system except for the fact that unstable portion of the response (see dashed
curve on Fig. 2a) becomes stable. This gives an advantage that the unstable branch (as in an open loop system)
is also measurable in experiments [46, 47]. For the Duffing drive mode model using closed loop operation, that is,
with a PLL, the method of averaging can also be used [48], allowing one to determine its steady-state frequency and
amplitude. This yields the closed loop frequency response in terms of the parametric equations

ω = (1 − ζ cot δ)ω0 +
3γ f 2 sin2 δ

32ζ2ω5
0

, (7)

ā =
f sin δ
2ζω2

0

. (8)

At the critical condition, the above equations coincide with Eqs. (5)–(6).
The sense mode amplitude of the gyroscope provides the desired information about the rotation rate Ω. The

gyroscope input-output gain is a crucial measure of performance, taken here to be the rate sensitivity S , defined to be
the ratio of the amplitude of the output (sense mode) signal normalized by the rotation rate (the input). We assume a
constant rotation rate Ω and steady state operation of the drive and sense modes. We also assume that the drive
mode is operating at its critical condition with amplitude ācr, resulting in a sense mode amplitude of b̄, for which the
sensitivity is expressed as [39, 40]

S =
b̄
Ω

∣∣∣∣∣∣
ā=ācr

. (9)

To improve the rate sensitivity, the gyroscope gain is enhanced by increasing b̄ for a given Ω using two effects that
are governed by system nonlinearities: (i) extending the linear dynamic range of the drive mode and (ii) parametric
amplification of the sense mode which originates from inter-mode dispersive coupling that is inherent in the system.
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In normal operation the sense mode amplitude b is much smaller than the drive mode amplitude a. This is verified
for our model using numerical simulations based on the results obtained in Sect. 4. In the drive mode, the A3 term
limits the range of the amplitude a, since the drive mode should not experience bistability. Therefore, it is desirable
to reduce the Duffing coefficient γ of the drive mode in order for it to operate at large amplitude, thereby increasing
the Coriolis coupling effect by maximizing the driving term on the sense mode, νΩȦ in Eq. 3. In the sense mode,
this Coriolis term serves as its direct excitation, and the κA2B term, which stems from dispersive coupling with the
drive mode, has an oscillating component at near 2ω0 and is thus able to produce a parametric pumping effect that
can amplify b. Thus, the dispersive coupling coefficient κ should be increased. (A more detailed elucidation of the
parametric amplification can be found in Appendix A.) These two effects are both nonlinear and are linked to the
physics of the device, and the complete dynamics must be considered in order to achieve the optimal effect on S . It
is important to note that the two coefficients of interest are both contained in the potential, which incorporates both
elastic and electrostatic sources, and this allows for a relatively simple characterization approach employing static
deformations, which is corroborated with dynamic simulations, both using COMSOL, as shown in Sect. 4.

2.3 Derivation of ROM Coefficients From the FE Model

Modal projections are used to distill from the FE model the model coefficients that describe the coupled dynamics of
the drive and sense modes. To this end, it is important to note that we assume the nonlinear effects are relatively
weak, so that the drive and sense eigenmodes remain valid descriptors of the dynamics of interest. The displacement
of a given mode is determined using the projection of nodal displacements onto the mode of interest. In COMSOL,
this calculation can be accomplished with a line integration function. In particular, a circular path is constructed along
the center of the undeformed ring, where each point on the path has a coordinate (x, y) and an attendant spatial
displacement (u, v). We take θ to be the circumferential angle measured around the ring and denote qn(t) as the
time-dependent anti-node displacement of mode n. Hence, the projection onto the nth mode allows one to obtain the
modal amplitude by the integral

qn (t) = cn

∫ 2π

0
(u (θ, t) , v (θ, t))T • ϕn (θ) dθ, (10)

where

cn =
1∫ 2π

0 ϕ
2
n (θ) dθ

(11)

is a normalizing coefficient and ϕn (θ) is the vectorized eigenfunction.
Some selected modes of interest are depicted in Table 1, which indicates the mode types, the attendant ϕn (θ),

their eigenfrequencies, and illustrations of the mode configurations. In order to determine the displacement for a
mode of interest, Eq. (10) is used, wherein the angle θ is related to the COMSOL x and y coordinates by

θ =

{
tan−1 y

x , x ≥ 0
tan−1 y

x + π, x < 0 . (12)

As a consequence, the trigonometric terms in the integrand of Eq. (10) that stem from ϕn (θ), are evaluated using the
expressions shown in Table 1, and are given as

(cos kθ)mk (sin lθ)nl =

[
cos

(
k tan−1 y

x

)]mk
[
sin

(
l tan−1 y

x

)]nl [
sgn (x)

]kmk+lnl , (13)

where k, l, mk, and nl are nonnegative integers related to the harmonic orders of the modes and their powers. This
relationship allows for adopting the appropriate signs for the integrand in Eq. (10), so that the integral can be evaluated
correctly.

3 Characterization Methods

While COMSOL can readily determine the eigenfrequencies and eigenmodes of a system, coefficients for the ROM
nonlinearities cannot be obtained directly from the software. Therefore, two methods of characterizing from the FE
model the two essential nonlinear parameters for the ROM, γ and κ, are elaborated in this section. One method uses
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Table 1: Summary of the Gyroscope Modes

n Eigenmode
Vectorized eigenfunction
ϕn (θ)

Eigenfrequency
ωn/ (2π) Mode shape

1 torsional modes
(
− sin θ
cos θ

)
0.351 MHz

2 x translational mode
(
1
0

)
0.437 MHz

3 y translational mode
(
0
1

)
0.437 MHz

4
cos 2θ mode
(drive mode)

(
cos 2θ cos θ
cos 2θ sin θ

)
1.033 MHz

5
sin 2θ mode
(sense mode)

(
sin 2θ cos θ
sin 2θ sin θ

)
1.033 MHz
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static deflection and the other uses the damped free vibration response, i.e., ringdown. The results derived from these
two approaches are compared in Sect. 4.1. The characterized coefficients are then used in the ROM in order to
evaluate the rate sensitivity.

For the following two subsections, the characterization procedures for determining γ and κ are carried out for the
unforced ( f = 0) and nonrotating (Ω = 0) system, since these are device parameters that are not affected by the drive
mode input or the rotation. Due to their cyclic symmetry, the eigenfrequencies ω0 = ω4,5 and the Duffing coefficients
γ = γ4,5 are equal for the drive and sense modes (and for other pairs of degenerate modes [36]). Also, due to this
symmetry, although not as obvious, is the fact that for a VRG (and possibly more generally) the dispersive coupling
strength κ between these modes is equal to γ [40]. As described above, the use of the proposed arrangement of
electrodes conveniently preserves this symmetry. Accordingly, characterizing these parameters for only the drive
mode and its coupling to the sense mode are sufficient to obtain the necessary model coefficients.

In COMSOL, the triangular element type is selected for meshing, where cyclic symmetry is imposed as mentioned
above. As for the solver configurations, the linear solver is chosen to be direct, and the nonlinear solver is chosen to
to fully coupled. Additionally, for the time-dependent solver (for the ringdown characterization only), the method of
backward differentiation formula (BDF) is employed, and the time stepping is taken to be constant since the ringdown
frequency is close to the eigenfrequency. The ensuing fitting is carried out in Mathematica to fit the acquired data to
the polynomials of the desired forms (indicated by Eqs. (15)–(16) and Eqs. (17)–(18) respectively), where the fitting
method minimizes the L2 norm of the numerical difference. We next describe the two characterization methods and
subsequently show and compare the obtained results.

3.1 Characterization Using Static Deflection

Measuring the deflection of the gyroscope ring under a varying static load is an expeditious approach to characterizing
the parameters in the potential required for the ROM. There have been several works that utilize static loads to
study nonlinear stiffness, [49, 50, 51], for instance, by employing the implicit condensation method [52]. In this work,
this method involves exerting, in the FE model, an external load along the circumference of the ring with a desired
azimuthal dependence, resulting in a static deflection of the ring that is very close to the desired mode shape. This
approach is very simple in FE analysis and may be possible to realize in experiments. The coefficients are measured
by comparing the measured deflection, as projected onto the mode of interest (the drive mode), to that predicted by
the potential for the ROM. To capture nonlinear effects, the ring must be distorted such that leading order nonlinear
stiffness effects are measurable. To make the ring deflect as intended, the applied load per unit radian along the
circumference is expressed as

w (θ) = wϕ (θ) , (14)

where w is the magnitude of the modal load applied to the drive mode in the following discussion, namely w =

c4
∫

w (θ) • ϕ4 (θ) dθ where ϕ (θ) describes the pattern of the applied load, which is taken to be the drive mode
shape. It is also known from Eq. (1) that the normalized force associated with the drive mode can be expressed as
∂U/∂A = ω2

0A + γA3 + κAB2. Because the modal mass has been normalized to unity in the ROM, the eigenfrequency
squared can be used to represent the linear stiffness. To obtain the static displacement measurements, a parametric
sweep of w is conducted by varying the magnitude of the DC bias force. The range of w is restricted so as to preclude
higher-order nonlinear effects so that the cubic nonlinearities in the stiffness provide an accurate fit. Under this
condition, pull-in (electrostatic buckling) is also prevented. Curve fitting is applied to the resulting load-displacement
data in order to determine the Duffing and dispersive coupling coefficients. These curves are well fitted to an equation
with linear and cubic stiffnesses. The linear part matches the independently obtained eigenfrequency and the cubic
part yields the nonlinear coefficient of interest. This is carried out for different levels of nonuniformity in the bias.

To characterize the Duffing coefficient γ, the pattern is given by ϕ (θ) = ϕ4 (θ) so the displacement of the sense
mode is kept at B = 0, which yields the modal load as a function of the drive mode displacement

w|B=0 = ω2
0A + γA3, (15)

In COMSOL, the external load has the dimension of force per unit area, and therefore the modal load w is directly
proportional to the external load. Additionally, since ω0 is known, either from COMSOL’s prestressed eigenfrequency
study or from COMSOL’s time dependent study for a free vibration near zero amplitude, the Duffing coefficient γ can
thus be determined from the curve fit.

In a similar fashion, to characterize the dispersive coupling strength κ, the force pattern is given by ϕ (θ) =

ϕ4 (θ) + ϕ5 (θ) so that the displacement of the sense mode is maintained at B = A, which yields

w|B=A = ω2
0A + (γ + κ) A3. (16)
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Fig. 3: Drive mode displacement versus time for characterization using a dynamic ringdown response, with rDC = 0 and VDC = 150 V.
The blue data points indicate the purely Duffing response with B(t) = 0, and the orange data points indicate the response with
dispersive coupling and Duffing, that is, B(t) = A(t). Note the slight frequency difference evident as time grows, which is due to the
differing nonlinear frequency shifts between γ and γ + κ. This shift is small for both cases, but can have a dramatic effect on the
system behavior

Since both ω0 and γ have been previously determined, the dispersive coupling strength κ can be found from the curve
fit. Note that for the VRG with uniform DC bias, the system with B = A has an effective Duffing coefficient that is
simply double that of one of the isolated modes.

It is recognized that in a physical device the coupled mode behavior is affected by many factors, including dynamic
effects not considered in this static approach. However, the approach provides baseline values for the nonlinear
stiffness and coupling parameters that can be used as a starting point for more refined device tuning that will
account for unmodeled effects. The static approach is straightforward and not computationally demanding. Its utility
for describing dynamic behavior is considered by comparing its results with the ringdown simulations, which are
described next.

3.2 Characterization Using the Ringdown Response

The ringdown response is a commonly used experimental method to characterize an oscillator’s system parameters,
namely the system damping ratio, eigenfrequency, and nonlinearities [53, 54]. This characterization method is based
on the fact that system relaxes from its initial state to thermal equilibrium along the backbone curve of the mode
of interest, that is, along the path that specifies the amplitude-dependent (nonlinear) natural frequency, which is
dictated by nonlinear stiffness. The measurements are taken while the oscillator decays from a specified initial
condition–typically obtained from a steady state under an external drive that is switched off–and undergoes free decay
in a nearly single mode response. When the decay rate is small compared to the natural frequency, the backbone
curve is followed quite closely [53].

This approach is applied to COMSOL simulations in this work, where the gyroscope ring is driven to an intended
initial condition, after which the AC drive is switched off, and the ringdown is captured by acquiring the time-domain
data. The characterization for both the Duffing coefficient γ and dispersive coupling strength κ are carried out under
zero rotation rate (Ω = 0) with a damping ratio ζ = 0.0025 (equivalent to a Q factor of 200) for each mode.

In a MEMS vibratory gyroscope, such a ringdown measurement is complicated by the fact that the two modes
have identical frequencies and are dispersively coupled. The actual situation in measurements is additionally subtle
due to the fact that the phase difference between the two modes can dramatically impact the transient dynamics,
which typically involves beating type responses and requires special treatment [55]. Therefore, the derivation for a
special condition, one achievable in COMSOL, is presented in Appendix B, namely, the condition B (t) = βA (t), where
β is a constant. This assumption, on which the theory is based, allows a strategy analogous to that described in Sect.
3.1 to be adopted. By examining the ROM Eqs. (2)–(3), two properties of the dynamics during the ringdown response
become manifest: (i) if the system has an initial condition of B (t0) = 0 and Ḃ (t0) = 0, then ∀ t > t0, the sense mode
remains at B (t) = 0 (that is, the drive mode is invariant, even in the nonlinear case [54, 56], as is the sense mode); (ii)
if the system has an initial condition of B (t0) = A (t0) and Ḃ (t0) = Ȧ (t0), then ∀ t > t0, the equality B (t) = A (t) persists

226 | doi:10.25518/2684-6500.96 Donghao Li et. al

http://dx.doi.org/10.25518/2684-6500.96


Journal of Structural Dynamics, 1, (pp. 217-235) 2022
Computational Modeling of Nonlinear Dynamics and Its Utility in MEMS Gyroscopes

(that is, the plane B = A is also invariant). These two cases correspond to β = 0 and β = 1 respectively. While the
ROM predicts these invariances, COMSOL simulations will, of course, involve coupling between many modes due to
imperfections. However, it is shown that these properties of the ROM are largely preserved in COMSOL. Note that in
experiments, parasitic coupling may not allow for such a clean ringdown signal [55].

To characterize the eigenfrequency and the Duffing coefficient γ using ringdown, the drive mode is excited by
applying a harmonic AC voltage on the drive electrodes, in addition to the DC bias voltage, with the drive frequency
near the natural frequency. The driven response is allowed to reach steady-state at an amplitude adequate to observe
nonlinear effects, while the sense mode naturally stays at zero amplitude (or nearly so). This ensures B (t) ≈ 0 during
the ringdown response. The COMSOL response, projected onto the drive mode as it decays along the backbone
curve, is compared with the amplitude-dependent natural frequency as a function of the drive mode amplitude obtained
for the ROM, namely,

ω0,NL|B(t)=0 = ω0 +
3γ

8ω0
a2. (17)

This comparison allows one to determine both ω0 and γ from a curve fit.
To characterize the dispersive coupling strength κ, the drive and sense modes are driven by identical AC drives

to adequate (equal) amplitudes, after which both AC drives are simultaneously turned off. This ensures B (t) ≈ A (t)
during the ringdown response. By comparing the resulting ringdown measurement with the following expression for
the backbone curve for the ROM,

ω0,NL|B(t)=A(t) = ω0 +
3 (γ + κ)

8ω0
a2, (18)

one can use curve fitting to determine κ, since ω0 and γ have been previously determined.
A sample plot of a ringdown response for the rDC = 0 case is shown in Fig. 3, from which the nonlinear coefficients

can be obtained. Specifically, the frequency data is obtained by finding the zero-crossing points of the displacement
using linear interpolation; this also assists in acquiring the amplitude data, which lie half-way between the zero-crossing
points. Fig. 3 illustrates that the two ringdown responses correspond to slightly different amplitude-dependent natural
frequencies, which stems from the fact that the system evolves along two distinct backbone curves, as shown in
detail in the next section. While these nonlinear effects appear to be quite small in this Figure, they are evident on
a backbone curve, as shown in the next section, and, most importantly, their effects on the system response are
significant, as subsequently demonstrated.

These two approaches are next used to characterize the nonlinear coefficients of the system and their dependence
on the tuning of the nonuniformity of the DC bias. This dependence is used to determine a tuning that optimizes the
gyroscope sensitivity.

4 Results

There are two main groups of results described in this section. The first relates to the COMSOL device characterization
results as a function of the bias nonuniformity tuning parameter rDC, which provides confidence for the second, and
main, results of the paper, namely, the improvement in the device sensitivity achieved by tailoring the nonlinear
coefficients in the ROM using nonuniform DC bias.

4.1 Characterization Results

Fig. 4 shows a summary of the characterization results obtained using COMSOL. The system parameters of primary
interest characterized by COMSOL are the eigenfrequencies, the Duffing and dispersive nonlinear coefficients,
their dependence on the rotation rate Ω, and their dependence on the DC bias and its nonuniformity. Since the
eigenfrequencies of various modes can be tuned by electrostatics, it is important to determine how they depend on
the uniform part of the DC bias voltage. Fig. 4a illustrates that increasing the level of a uniform DC bias reduces the
eigenfrequencies of the 2θ modes (as expected, since electrostatic effects are softening), has no effect on the torsional
modes (as expected), and softens the translational modes, even to the point of buckling. Moreover, changes in the
angular rate engender splittings in the eigenfrequencies of the degenerate modes, as expected and as displayed in
Fig. 4b. However, for rotation rates relevant to applications–usually on the order of 1 Hz–such separation is regarded
as inconsequential. since they are well below those expected due to imperfections arising from finite fabrication
tolerances.
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Fig. 4: COMSOL characterization results. (a) Changes in eigenfrequencies as the uniform DC bias voltage is increased for a
non-rotating gyroscope, that is, for rDC = 0 and Ω = 0. Electrostatic buckling can occur for the translational modes, indicated by
an eigenfrequency going to zero. (b) Changes in eigenfrequencies as the angular rate Ω is increased, for zero DC bias on all
electrodes, that is, for VDC = 0. Splitting of the degenerate modes occurs as the angular rate is increased. Note that the range of
rotation rates shown far exceeds that used for sensing. For (a) and (b): the magenta curves represent the torsional mode, the
green curves represent the translational modes, and the brown curves represent the drive and sense modes (2θ modes). (c)
Comparison of the two characterization methods, with rDC = 0, VDC = 150 V, and Ω = 0. Solid curves represent static deflection
characterization, and the red dots represent ringdown response characterization. The blue curve indicates the Duffing effect
(γ) and the orange curve indicates the sum of the dispersive coupling and Duffing effects (γ + κ). (d) Characterization results
versus DC bias nonuniformity rDC using static deflection (dashed curves) and ringdown response (solid curves), with VDC = 150 V
and Ω = 0. Eigenfrequency is shown in gray, Duffing coefficient in blue, and dispersive coupling strength in orange. Data are
normalized by the corresponding values for uniform DC bias. It can be seen from panels (c) and (d) that the results obtained using
the two characterization methods are in excellent agreement

The characterization results for the two main nonlinear parameters, the Duffing coefficient γ and the dispersive
coupling strength κ, are shown in Fig. 4c. The solid curves are created using the parameter values characterized
by static deflection, serving as the backbone curve for the amplitude-dependent natural frequency, where the blue
curve corresponds to B = 0 and the orange curve corresponds to B = A. The red dots illustrate data points of
the instantaneous frequency computed during the ringdown process for B(t) = 0 and B(t) = A(t), respectively.
The ringdown responses track closely along the statically obtained backbone curves, indicating the that the static
nonlinearities described by the potential U dominate the backbone curve. For rDC = 0, VDC = 150 V, and Ω = 0, the
coefficients for the ROM are ω0,0/ (2π) = 1.033 MHz, γ0 = −13.83 rad2/µm2µs2, and κ0 = −14.97 rad2/µm2µs2.

Results for nonuniform DC bias are similarly obtained using both methods and are presented in Fig. 4d, where
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Fig. 5: Numerical simulation results using the ROM with f = fcr. (a) Sense mode amplitude versus frequency detuning parameter,
with Ω = 1 Hz. The blue, solid curves show the values of b̄ for a variety of rDC values, and the magenta dashed line indicates the
detuning value corresponding to the critical drive frequency ωcr. (b) Steady-state amplitude of the sense mode versus angular rate,
with ω = ωcr. A significant improvement in the rate sensitivity is illustrated for the nonuniform DC bias tuning (green curves) in
comparison to uniform DC bias (gray line, which does not even register an appreciable amplitude on the scale shown)

the value of rDC ranges from −0.8 to +1.0, with an increment of 0.2. 3 As seen in the figure, by decreasing rDC from
zero, the Duffing nonlinearity is fairly unaffected while the dispersive coupling is strengthened, which is favorable
to enhancing the gyroscope gain since it increases the intermodal parametric pumping without reducing the linear
dynamic range. Furthermore, the fact that the two approaches have excellent agreement across this range of rDC
verifies the validity of the approaches and results for the nonuniform DC bias considered.

4.2 Optimization of S Using the ROM

For a system with weak damping and nonlinear coupling, the time to reach steady state can be orders of magnitude
larger than the time constant suggested by the damping ratio. As a consequence, it is likely to be infeasible, or at
least inconvenient, for a computational tool to simulate the system’s steady state using the FE model, especially for a
parameter study. Therefore, using the coefficients for the ROM determined by the characterization analysis described
above allows for fast simulation of the system dynamics, and even theoretical analysis in some cases [40]. Of course,
this must be checked with experiments, but the ROM is very useful for evaluating potential designs.

Fig. 5 shows a summary of numerical simulation results using the ROM with parameters obtained from COMSOL.
Fig. 5a shows the sense mode steady-state amplitude in the frequency domain for harmonic excitation applied to
the drive mode at the critical amplitude. The response curves are given for a variety of rDC values from a set of
simulations, plotted versus the nondimensional frequency detuning parameter ∆ = ω/ω0 − 1. As displayed, the critical
drive frequency yields the optimal sense mode amplitude for the system, which justifies the reason for its selection
as the operating condition. Also, for ∆ values near −0.8, however, the system may not be robust, in view of the
narrow −3 dB bandwidth, which is on the order of 10 Hz, under which the phase noise of the drive mode must be
circumscribed. It should be noted that at the critical amplitude the response of the drive mode is highly sensitive to
fluctuations in the operating point, so if variations in the drive frequency (in open loop) or phase shift (in closed loop)
are noticeable, a more robust operating point can be selected. Also, if operated in closed loop, no bistability occurs
and it may be possible to operate well above this critical point.

The main results in the form of bcr versus Ω, from which one determines S , are shown in Fig. 5b for a variety
of pertinent rDC values. These curves are determined using the critical excitation condition ( f = fcr and ω = ωcr)
on the drive mode. The first thing to note about this set of curves is that the uniform DC bias, rDC = 0, represented
by the gray curve, is nearly zero on the scale shown, indicating a very small value of the gain, given by the slope
S 0 = 4.24 × 10−5 µm/Hz near the origin. As clearly displayed, the green curves, representing different levels of
nonuniform bias, generate a significant improvement in rate sensitivity compared to uniform bias. For instance,

3The results where rDC is in the proximity of −1 are of no practical importance since the AC drive would be unable to operate the system.
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rDC = −0.6 provides the largest gyroscope gain near 0Hz rate, yet rDC = −0.7 gives a relatively large gyroscope gain
while retaining a broader range of linear operation, that is, where the sensor input-output relationship is linear. Since it
is oftentimes the sensor’s linear range over Ω that is of interest in applications, one can select the optimal rDC value
that brings about the largest gain for a desired operating range of Ω. For example, using rDC = −0.6 improves the rate
sensitivity by a factor of 500 for a range of Ω of 0–0.3 Hz, while rDC = −0.7 leads to an improvement by a factor of 120
for 0–2.0 Hz.

It is seen that by utilizing the nonuniform DC bias tuning strategy, the rate sensitivity can be dramatically improved
solely from self-induced parametric amplification, which does not entail other complications in the system, e.g.,
additional control measures. Moreover, for a given device, one can vary the value of rDC to tune the rate sensitivity
and linear range based on the specifications of interest.

5 Conclusion

This paper considers a MEMS vibratory gyroscope and demonstrates significant improvements in the rate sensitivity by
tuning its nonlinear characteristics using a specified pattern of nonuniform DC bias, as described by the parameter rDC.
Specifically, a COMSOL model is employed to characterize the system parameters, most importantly two nonlinear
stiffness coefficients, for a range of rDC values. Two methods of characterizing the nonlinearities are described, one
using static deflection, which is favorable and fast with finite element computational tools, and the other uses dynamic
ringdown response, which is often more convenient in experiments. To justify the ringdown response characterization,
the amplitude-dependent natural frequency for a nonlinearly coupled two-mode system is defined and derived. The
results show that the two characterization methods are in excellent agreement, thereby providing confidence for the
subsequent numerical analysis using the ROM.

The large improvement in the angular rate sensitivity, by a factor of up to 500, is demonstrated using the nonuniform
DC bias tuning. The results allow one to select the optimal rDC value that leads to the largest gain for a desired range
of operating angular rates Ω while maintaining sensor linearity. Consequently, this also allows the possibility of using
a single sensor that can maintain the maximum rate sensitivity for multiple operating ranges, which is achieved by
varying the corresponding rDC accordingly.

The link between the FE model and the ROM requires knowledge about the desired dynamics of the device.
In gyroscopes it is well known that the Coriolis coupling of the drive and sense modes is key, and that the Duffing
nonlinearity imposes a limit on the operating amplitude, thus affecting the signal to noise ratio. More recently brought
to light is the useful role of dispersive coupling between these modes, which enhances the input-output gain, and is
exploited in the present study. These facts guide the form of the ROM and the coefficients of interest. This makes
possible the connection between the FE model and the ROM.

It is important to note that there are many possible nonlinear coupling terms between eigenmodes of vibration.
From the theory of normal forms it is known that most of these have inconsequential influence on the system response
and, in fact, can be removed from the ROM using coordinate transformations [23]. For the present system it is
known that dispersive coupling captures the essential effect, and it is distilled from the computational FE model using
modal projections. The combination of computational tools with those from dynamical systems are just now gaining
momentum and should pave the way for improved designs of mechanical and electro-mechanical systems that utilize
and/or exploit nonlinearity [24, 57]. As they gain maturity, one should be able to incorporate other important effects
in such nonlinear analyses, such as three dimensional effects, material anisotropy and nonlinearity, input-output
transduction, and the ability to tune characteristics with shape optimization [24]. Along these lines, it will be important
to be able to tune and optimize characteristics while enforcing certain constraints, for example, maintaining desired
eigenfrequencies.

Appendix

A Parametric Amplification From Mode Coupling

In order to examine how the sense mode is parametrically amplified by the combined effects of the dispersive coupling
and the Coriolis coupling, the generic equation of motion for a parametric amplifier [43, 44, 58] is introduced as

q̈ + 2ζω0q̇ + ω2
0 (1 + λ cos 2ωt) q + γq3 = f cos (ωt + ψ), (A.1)
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where λ defines the nondimensional parametric pump level, and ψ describes the relative phase between the two
drives. This equation is to be compared with the equation governing the sense mode dynamics. A notable feature
of parametrically pumped systems is that one operates below the parametric instability threshold, so that a linear
model can be used to predict the response. This instability threshold, commonly known as the Arnold tongue, when
expressed in terms of a critical pump amplitude, is given by

λAT = 4
√
ζ2 + ∆2, (A.2)

where ∆ is the nondimensional frequency detuning parameter defined in Sect. 2.
Moreover, with the drive mode response A replaced by a cos (ωt + φ), the two coupling terms (linear and nonlinear)

in Eq. (3) can be rewritten as

−
8
5

ΩȦ =
8
5
|Ω|ωa cos

[
ωt + φ −

π

2
sgn (Ω)

]
, (A.3)

κA2B =
1
2
κa2B +

1
2
|κ| a2B cos 2

[
ωt + φ +

π

4
−
π

4
sgn (κ)

]
. (A.4)

By comparing these expressions to the generic form given in Eq. (A.1), the nondimensionalized eigenfrequency shift,
the effective parametric pump level, the effective direct drive amplitude, and the relative phase can be acquired for
use in Eq. (A.1). These parameters are given by

∆s =
κa2

4ω2
0

, (A.5)

λeff =
|κ| a2

2ω2
0

, (A.6)

feff =
8 |Ω|ωa

5
, (A.7)

ψ =

[
1
4

sgn (κ) −
1
2

sgn (Ω) −
1
4

]
π + 2nπ. (A.8)

It can be seen that the dispersive coupling engenders a softening effect on the eigenfrequency. The expressions also
shed light on how the dispersive coupling corresponds to parametric pumping and how the Coriolis effect relates to
direct excitation. A phase difference of nπ/2 suggests a relative phase that gives rise to an amplifying effect [58].

Finally, to examine the amplifying effect in light of the self-induced parametric amplification, a nondimensional
parameter η, which characterizes the relative parametric pumping strength, is introduced as

η =
λeff

λAT
. (A.9)

As parameters are varied, if η approaches 1, the sense mode amplitude increases rapidly (conforming to the growth
associated with approaching the parametric instability), and the effective parametric gain is salient (on the order of
(1 − η)−1), thereby significantly amplification of the sense mode. The values of η in the frequency domain are shown
in Fig. A.1a for a variety of rDC values, and the results are consistent with those shown in Fig. 5a, where the critical
drive frequency corresponds to the optimal gain for the system.

The parametric amplification at the critical drive parameters condition is obtained using ∆eff = ∆cr − ∆s,cr and
ā = ācr in Eq. (A.2) and Eq. (A.6) respectively, after which Eq. (A.9) simplifies to a pumping strength ratio of

ηcr =
1√

3
(
3 γ
κ
− 1

)2
+ 1

. (A.10)

This demonstrates that ηcr depends only on the ratio of the two nonlinear parameters γ/κ, and that it has a maximum
value of 1 when 3γ = κ. This condition renders the most favorable tuning of the nonlinearities, in which case the
effective parametric pump level, in theory, reaches its threshold value. In terms of the nonuniform DC bias, Fig. A.1b
illustrates how η depends on rDC when the system is operating at the critical condition. This shows that the simplified
analysis described here provides a good guide to what is observed in simulations of the two mode model.
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Fig. A.1: Self-induced parametric amplification with f = fcr. (a) Relative parametric pumping strength versus frequency detuning
parameter, with Ω = 1 Hz. The blue, solid curves show the values of η for a variety of rDC values, and the magenta dashed line
indicates the detuning value corresponding to the critical drive frequency ωcr. (b) Relative parametric pumping strength versus DC
bias nonuniformity parameter, with ω = ωcr and f = fcr. It can be seen that ηcr has favorable values for rDC between −0.8 and −0.4,
from which the optimal DC bias tuning can be selected based on the desired linear operating range of the angular rate

B Derivation of the Amplitude-Dependent Natural Frequency

The dynamic ringdown response analysis for this coupled two-mode system requires the introduction of an amplitude-
dependent natural frequency that is valid when both modes are active. In the following derivation, the relationship of
B (t) = βA (t) is assumed, where β is a constant, implying that the amplitudes of the two modes maintain a constant
ratio and the phases are kept equal. That this relationship can be achieved for β = 0 and β = 1 is evinced by the
aforementioned discussions in Sect. 3.2, although dynamic stability was not considered. Fortunately, the existence
and stability of these constrained responses are verified by COMSOL. Moreover, this requirement can be fulfilled for
an arbitrary β if γ = κ, which holds for uniform DC bias (rDC = 0), yet the result may also be able to provide a sensible
approximation for other cases. Additionally, the system is assumed to undergo a ringdown process with slowly varying
amplitude and phase, which occurs when the damping ratio is small, the system is unforced, and the spin rate is zero.

For Eq. (1), we substitute the stiffness coefficients ω4 = ω5 = ω0 and γ4 = γ5 = γ, and we impose the constraint
B = βA. The constrained potential energy is then simplified to

Uc (A) =
1
2
ω2

0

(
1 + β2

)
A2 +

1
4
γ
(
1 + β4

)
A4 +

1
2
κβ2A4. (B.1)

The total constrained energy can thus be taken at the maximum displacement |A|max = a, namely, Ec = Uc (a). The
total constrained kinetic energy Ȧ2/2 + Ḃ2/2, therefore, is equal to Ec − Uc, which can be rewritten as

1
2

(
1 + β2

) (dA
dt

)2

= Ec − Uc (A) . (B.2)

This naturally leads to an integral that determines the period of oscillation,

τ = 4
∫ a

0

√
1 + β2

2 [Ec − Uc (A)]
dA = 4

√
2ξK

(
2ω2

0ξ − 1
)
, (B.3)

with

ξ =
1 + β2[(

1 + β4) γ + 2β2κ
]
a2 + 2

(
1 + β2)ω2

0

, (B.4)

where K (k) is the complete elliptic integral of the first kind. A Taylor series expansion is then used to obtain the
amplitude-dependent natural frequency

ω0,NL = ω0 +
3
[(

1 + β4
)
γ + 2β2κ

]
8
(
1 + β2)ω0

a2. (B.5)
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In Sect. 3.2, the values β = 0 and β = 1 are taken successively to characterize γ and γ + κ respectively.
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