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Abstract In this pâper we try to resolve the problem of decision of the optimal ther-
apy when the diagnosis is known. In papers [2], [3], [4], [9i,[10], [11] the mentioned
problem wa.s treated by methods of fuzzy sets theory. Fuzzy sets were considered
there as mappings from a set to [0,1] real interval.

Here this problem has been considered using fuzzy sets from a more general point
of view, as mappings whose co"domain is a special lattice valued monoid. The model
developed in this paper is an improvement of the one given in [5]. In the same time
it is an anticipatory model since it predicts efÊciency of all possible drugs to the
disease in question and it suggests the optimal therapy for every patient.
Keywords : ftnzy sets, lattice, lattice valued monoid, application to medicine,
optimal therapy,

I Introduction

Up to now, several fuzzy decision models have been developed to help in solving
some medical problems. An overview of applications of fuzzy sets in medicine can
be found in [7].

In papers [2], [3], [4], [9],[10], [11] the problems of decision of the optimal therapy,
when the diagnosis is known, have been discussed. In [3] and [4] these problems
have been treated in the case when clinical symptoms retreat completely after the
treatment, by methods of ïuzzy sets theory. In [10] and [11] similar problems have
been solved in the case of syrnptoms not retreating completely after the treatment.
In the mentioned pâpers fuzzy sets were considered as mappings from a set to [0, 1]
real interval.

In [5] a fuzzy model is developed to solve similar problems, using lattice valued
fuzzy sets. In [13] an application of lattice vaJued ftzzy relations in biogeography is
given.
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In this paper, another Lhnzy set model of the best therapies when the diagnosis
is known is proposed. our approach is based onfinzy set theory, where the codomain
of a htzzy set is a special lattice valued monoid. This approach enables a use of a
binary monoid operation in computation of the level of the convenience of a certain
therapy. The ordering relation in the lattice ordered monoid enables comparison of
those levels for diflerent therapies, and selections of the optimal ones.

2 Preliminaries

Let be given a set X. A fiizzy set Z of X (sometimes called a fuzzy subset 7), by its
original definition [14], is a pair (X,Â), where Z is a mapping Â: X .-- [0,1], with
the known properties of this secalled membership function. This concept is most
frequently used in applications. Goguen generalized this notion to lattice valued
fuzzy sets [6]. BV this approach, a lattice valued fuzzy set is a mapping Z from
a nonempty set X to a lattice L,A: X --+ L.

Here, a generalized concept is used and applied. Namely, fuzzy sets (relations,
correspondences) in this paper are considered to be mappings with a special lattice
valued monoid a.s a codomain.

In this way, I'vzzy relations and fuzzy correspondences a,re considered here as
mappings from products of sets again to a lattice ordered monoid.

In the sequel some basic definitions concerning lattice ordered monoids are given.
In section 3 lwzy sets and relations are considered as mappings to lattice ordered
monoids. Some definitions and properties of such fuzzy sets are provided. In section
4 the mathematical model for decision of the therapy when diagnosis is known is
presented. In section 5 the given model is illustrated in an example from practise.

2.1 Lattice ordered monoids

A lattice ordered monoid is an algebraic structure (-L, *, A, V, e, 5), where *, A, V
are binary operations, e a nullary operation (constant) and ( a binary relation, all
on set .L, such that (tr, A, V, <) is a lattice, (L,*,e) is a monoid and the isotonicity
condition is satisfied: for all a,b,c € L

o < ô  i m p l i e s  0 * c 1 b * c  a n d c * a 1 c * b .

Simply ordered monoid is a lattice ordered monoid Z, such that for all r,y e
L , r l y o r y l r .

A lattice ordered group is an algebraic structure (G,*,Â,V,-1 ,e,3), where
-l is a unary operation, such that (G, *, A, V, e, S) is a lattice ordered monoid and
(G, +,-r , e) is a group.

Simply ordered group is a simply ordered monoid G, which is also a group.
A zero of a lattice ordered monoid ,L is an element o e L, satisfying:
o 1 r  a n d  o * t : r * o : o  f o r e v e r y r e L .
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In a lattice ordered monoid ,L, element r is positive if e ( r. r is negative
e lement , i t x3e .

A structure considered in this paper is a simply ordered commutative monoid
(L,*, A,Y,o,e,<) with zero o) such that (r\{r}, *, Â, V,-1 , e, () is a simply ordered
commutative group.

More details about notions in this section can be found in the book [11.

3 Fuzzy sets and fuzzy correspondences

A mapping A: X , L, where X is a nonempty set and ,L a lattice ordered monoid
is a lattice ordered monoid valued hnzy set.

A level set Ap, for every p € .L is defined by
A o : { r e X l A ( r ) > p } .
The characteristic function 4 , X - {0, 1} corresponding to level '4n is defined

by
Âo@) :1 if and only if A(*) > P, md is called a level function.
If A and B are nonempty sets, and L a lattice ordered monoid, then a mapping

R: A x B --+ L is a lattice ordered monoid valued fizzy correspondence.
Since only lattice ordered monoid valued fuzzy sets and correspondence are used,

they are called simply fuzzy sets and fuzzy correspondences throughout this paper.
Naturally, to every fuzzy correspondence there corresponds a matrix having el-

ements from l, with rows indexed by elements from ,4 and columns indexed by
elements from B.

To every fuzzy correspondence E : A x B -'-+ L severa,l fuzzy æts are a.ssociated,
as follows.

For r € A, a fuzzy set F : B --+.L defined aVÊ@) ::R(r,y) is called t-rorv
fuzzy set,  and for y €. B, fuzzy set E" :  A--- .L def ined byf l@)::E(r,a) ' ts
called y-colurnn hnzy set.

If E : A x B -+,L is a fuzzy correspondence, then for every p € L a mapping
defined by 4(", U) : I iff E(r, A) > p is a level correspondence. A related level set
(crisp correspondence) is denoted by trt, i.e., (r, y) e Rp if and only lf R(r,y) >-p.

Let E: Ax B ---+ tr be afizzy correspondence, where (r,S) is a lattice ordered
monoid. The following two propositions are coroliaries of the similar propositions for
the lattice valued fuzzy conespondences, and thus are valid also for lattice ordered
monoid valued fuzzy correspondences. Although they are formulated for the first
time here, we skip the proofs, because they could be deduced from the analogue
theorems in [12].

Proposition l. Theorem of decomposition for lattice valued fuzzy corre
spondences.
LetE: Ax B --. L be a fuzzy correspondence. For euery @,a) e Ax B, the
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followi,ng suprenlurn erists'in L: Y(p e LlRo@,A): l), and

R(" ,ù :  Vh e  L l -R ( r ,U)  :  1 ) .

Proposition 2. If E: A x B --+ L is a fuzzy correspondence, then:
( l )  ITp 1q, for p,8 € L, then for eaery (r ,g) € A x 8,f l ( r ,y) SF',z,A);
0,i,) A the supremum of a subset Q ol L erists, then:

fl(qPe Q) : Rv@tpcq,i

(iii)

U(fupeL):AxB;
(iu) For euery (r,y) e A x B,

0(&l(",'y) e R")

helongs to the family of leuel relations of R.

Lemma 3. In a lattitce ordered mono'id (.L, *, A, V, e, (), from a { b and, c I d, it
f o l l o w s t h a t a * c 3 b ' r d .

Proposit ion4. LetA :  X + L be a fuzzy set,  where (L,*,A,Y,o,e,<) i ,s a
monoid, unth zero o. If Â(r) - p andÂ(A) : q, then:

@ )  i f  p )  e .  t h e n Â ç r 1 * Â @ )  > A ( y ) ;
(b )  t l  p  1  e ,  thenAçr1"4(a)  SA(a) :
(") tf p ) e and, q ) e, thenA(r1 *A(ù 2 

";(d) t l  p I  e and Q I  e,  thenA(r) xA(y) S e;

Proof. (a), (b), (c) and (d) follows straightforwardly by the isotonicity condition.

Proposition 5. LetA : X --+ L be a fuzzy set as 'in preuious proposition, such
that L\{o} determines a submonoid, which i,s a lattice ordered, group. If A(r) : p
andA(y) - q, where r,A e X, then

(") p: o and q - o i,f and only tfÂ(r) *Â1y1 : s'
(b )  p*  s>  e  i . l  and  on ly  i lpàq- | .

Proof. (a) "Only if part" follows by the definition of zero. On the other hand,
by the condition that the restriction of r, to f \ {oi'determines a submonoid, r ,, g
should be different from o for r f o and y f o.

(b) Flom p+q> e and q-l ) q-t, by the isotonicity condition, p) q-r.
If p2q-t, by the same condition and q> q, then p *q) e.
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corollary 6. under the conditions of the preu'ious proposit'ion, if p > e and q I e,

then
( . )  p*  q>  e  i I  and  on ly  i f  p>  q- ' ;
(b) p* q < e il and only il p 3 q-\.

proposition 7 . LetA : X - L be a fuzzy set as in the preaious proposit'ion.

L e t r e A o a n d A € A q .

@) If p - q )- €, thenA(r) *A(ù 2 p

b )  ï p )  e ,  q 1 e ,  a n d p 2 q - r ,  t h e n Â ( r ) * A ( y ) >  e -

Proof. If r € Aoand g € .4n, then A(") 2 p andA(r) 2 u.
(") By the isotonicity condition and p : q,A(r) *A(y) ) p * p ) p * e : p.
(U) nrorn p) q-1, by the isotonicity condition, it follows thatA(r)*A(ù >

p * q > q - l * q : e .

4 Mathematical Model

In this part we provide a mathematical model using simply ordered monoids and

fuzzy correspondences defined on these monoids.
Let T : ITr,...,n\ b" a set of possible drugs or therapies and ̂ 9 : {St, ..., S*}

a set of all symptoms or different factors included in an anamnesis. Let w : T -+

N (I{ : {1,2,3,...} is the set of natural numbers) be a function that assigns a
weight to every symptom or different factor. If a factor (or symptom) S, is "more
important" than a factor Si, then u(Sr) > w(S).

Let (L,+,A,V, o,e,:) be a simply ordered monoid with zero o, such that (I\

{o}, *, A,V,-r , e, () is a simply ordered group.
We define a hnzy correspondence E, on sets T and S, as follows.
If 4 is a drug or therapy, and ,9; is a symptom, or different factor, then E(fr, Sr) :

p e L, where :
. p) e,if. the influence of the therapy 4 on the factor Si is positive;
. p < e, if the influence of the therapy Tt on the factor (organ) Si is negativel
. p : e, if there is no influence of the therapy 4 on the factor 57, or if influence

is not known.
. p : o, 7f the influence of the therapy fi on the factor ,5r' is extremely bad.
Values ofthis fuzzy correspondence and weights ofdifferent factors should be set

in advance by experienced physicians (specialists).
After that, a fuzzy set on the set of therapies A : T --' I is computed by the

following formula:

Â(r,) : rtluto,,s5))'(s:), ' i: !,...,n,
j = t

where f[ is the multiple application of the operation *.
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In formula eq.l, E(fr, Sr)) is a value Trom L (simply ordered monoid). ul(Si) is
a natural number, ana E(4, Si))'(s;) is defined in a natural way, by

E(Ti, sj)) *R(To,Si)) * . . . * E(4, sj)),

where EQ,, S)) repeats u(^S1) times. Thus, E(7,, Sj))-(si) is also a value from .L.
By the definition, Z(4) is computed by

(E(Tn,^91 ) )'(sr ) * (R(Ti,s, ) )'ts,l * . . . r( (E(T,s- ) )-(s-),

and it is an element from .L.
Thus, a function from the set ? to ,L is obtained (a fuzzy set).
Since -L is an ordèred monoid, we find a maximum functional value of this lazzy

set. A drug (therapy) from set ? with the ma><imum value of this fuzzy set should
be applied.

4.L Explanation of the Method

The fuzzy correspondence E on sets ? and S shows influence of various therapies
on all factors relevant to the recovery of the patient. The importance of all factors
(weights) should be set in advance such that more important factors have greater
weights. If influence of the therapy fr on a factor ,5r' is positive, then the value
of hnzy relation E1fn, St1 is set to be greater than e. The more positive is the
influence, the value ofthe relation is greater. Such a positive influence of a therapy
Ti on a factor ,9i increa.se the value Â(n) of the tuzzy set 7 : T -"--- L.

If influence of fr on Si is negative, then the corresponding value E(?i,,91) is tess
than e, and the vatue Z(4) of the fuzzy set Â : T --+ L will be decreased. The
more negative is the influence, the value of the relation is lesser.

The relation has value e in cases when there is no influence of. T; on Sr'.
The relation is set to be o in cases when the influence of the therapy on a factor

is extremely bad. By the definition of the zero element in monoid, the value Z(fr)
will be o. Therapy fr should be rejected in this case, regardless of the influence on
other factors.

By the fact that the codomain tr of the flzy relation E is a sirnply ordered
monoid, all values of the relation are mutually comparable. The same is valid for
the values of the hnzy set Z. Therefore, there is a therapy [, such that the value
Z(4) ir the greatest, and this therapy should be chosen.

By Proposition 4 and Corollary 6, fuzzy set Z have the greatest value for the
therapy with the optimal influence on all the relevant factors (elements from set ,S),
taking into account weights of factors.
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4.2 Modification of the method

In the following, a modification of presented method is described.
In this modification, all therapies that have influences negative to some extent

are excluded. This could be done by considering level correspondences.
A level p e L should be chosen in advance, for which it is not tolerated a,ny

factor to be under. For instance let the level be a fixed p < e.
Now, a level correspondence: &, T x ,9 ----r {0, 1} is considered.
The following characteristic function

m

4w:fIB(r",s),
j=1

determines a subset of ?c of ?:
T c : { T i e f l - A e g ) : l } .
All therapies Q for which 4Q) has the value 0 are excluded. After that a com-

putation can be continued by the main method, taking into consideration remaining
the set Tç of therapies.

A level p should be chosen in advance by an experienced specialist.

5 Example

Here we give a simplified example taken frorn nephrological practice (for types of the
therapies see also [8]). A lattice ordered monoid in this example is taken to be the lat-
tice of all non-negative real numbers, with the usual multiplication: (^R+U{0}, ., max,
min,0,S). This lattice satisfies all required conditions, namely, (r?*,.,ma>r, min,
-r, 1) is a simply ordered group.

Diagnosis: Acute bacterial pyelonephritis (E. coli), uncomplicated

Patient: Woma,n,35

Possible Therapies:
T1: Penicillins
T2: Ampicillin
T3: Cephalosporins
7a: Aminoglycosides
?5 : Thimethropin/Sulphamethoxaaole
?6: Quinolones

Symptoms and other factors (a.'i is the weight of the factor S;, assumed by
the physician on the ground of his medical knowledge and experience):

,91: bactericidal agents, ur : 4
52: resista,nce, 'u)2 : !
Sa: renal insufficiency, Its:2
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Sa: hypersensitivity, ua :1
Ss; toxic reaction, as :7
,96: symptoms, signs of complicaùions, at6 : 2
57: others (ag",...), u)r :1

Let ,S : {Sr, Sr, . . . , Sz} and T : {?1, Tz, . . ., ?t}. W" take e : 1 and the scale
of an evaluation of the influence of the therapy I on the symptom si, e.g. the
following one:

positive efficiency of a drug:

very good > 10 (points)
almost very good > I
more than good > 8
good > 7
almost good/more than sufficient > 6
sufficient > 5
almost sufrcient > 4
poor > 3
very poor > 2
none > 1

negative (destructive) efficiency of a drug:

hardly negative (weakly marked)> 0.9
negatively marked
rather clearly unfavorable
unfavorable
more tha,n unfavorable
destructive
very destructive

> 0.9
> 0.7 - 0.6
> 0.5
> 0.4 - 0.3
> 0.2 -  0 .1
>0

Fuzzy relation E: T x S -* À+ is given by the following matrix

Sl Sz ^93 Sa .9r So Sz

10
10
|  0.2

0.8 0.6
0.8 0.4
0.8 0.5

T1
T2
Ts
Ta
T5
T6

2 0
4 0.2
7 4.4
9 0.6
6 0.4
4 0.4

1 1 1
1 3 5

0 . 6 8  8
0 . 2  I 5
0.4 5 5
0 . 4 5  5
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One can easy see that e.g. therapy fi (penicillins) has extremely bad influence
on the factor ,S2 (resistance) and no influence on the symptom 53 (renal insuffi-
ciency. In turn, therapy ?a (aminoglycosides) has very good influence on symptom
51 (bactericidal agents) and also on symptom 56 (signs of complications).

A fuzzy set f : T ---+ fi+ is, according to eq.1, computed by the formula:
,

Â(n) :  f l (E(q,  s) ) - ' ,  ' i : r , . . . ,6

Now, compa.ring values of. fuzzy set A, we conclude that the best therapy is Ta.

6 Conclusion

In this paper ïve have used fivzy sets in order to deal with the problem of deter-
mination of the optimal therapy when the diagnosis has already been made. We
construct a formula which takes into account influence of every therapy to all fac-
tors, and weights of different factors. An example taken from nephrological practice
is provided, which illustrate the use of the formula.

It is possible to make further advance in these problems by modelling the in-
comparability, by using a general lattice ordered monoid, instead of simply ordered
monoid. However, this would make the formula eq.1 more complicate and not so
applicable in medical practice.

Acknowledgements
The authors are grateful to dr Petar Tepavèevié, Professor of Internal Medicine

- Nephrology, Medical Faculty Novi Sad, for the medical data in Example.
The research of the second author was supported by Serbian Ministry of Science,

Technology and Development, grant no. 1227.

References

[1] Birkhotr, G., (1984) Lattice Theory, American Mathematical SocietS Collo-
quium publications, Volume XXV, Third Edition.

[2] Gerstenkorn, T., Rakus, 8., (1992) A Method of Calculating the Membership
Degrees for Symptoms in Diagnostic Decisions, Cybernetics and Systems Re-
sea,rch '92, Yol.l, Editor R. Tfapl, World Scientific, pp. 479-486.

(i:3 )
I n s776.4b I
I rn 26$7sr I
I C 424.67 |
\ 76 104.86 /

r54



t31

[4)

IoI

Gerstenkorn, T., Rakus, 8., (1994) An application of fazzy set theory to difieren-
tiating the effectiveness of drugs in treatment of inflammation of genital organs,
Fuzzy Sets and Systems 68, 327-333.

Gerstenkorn, T., Rakus-Andersson, E., (1997) Methods for Construction Menr-
bership F\rnctions in the Case when Symptoms are estimated Qualitatively and
Quantitatively, Biocybernetics and Biomedical Engineering 1997, vol. 17, Num-
ber 1-2, 115-126.

Gerstenkorn, T., Tepavëevié, A., (2000) On a Mathematical Model of the De-
cision on a Therapy when the Diagnosis is Known, Proc. of the Sixth National
Conference on Application of Mathematics in Biologr and Medicine, Zawoja
4+49.

Goguen, J.4.,(1971) I-F\zzy Sets, J. Math. AnaI. Appl. 18 t4ç174.

Klir, G.J., Yua,n, 8., (1995) Fuzzy Sets and Rrzzy Logic Theory and Applica-
tions, Prentice Hall P T R.

[8] The Merck Ma,nual of Diagnosis a.nd Therapy, (1997) Editor: Robert Berkow,
M.D., Merck Sharp & Dohme Research Laboratories, 15. ed.

[9] Rakus-Andersson, E., Gerstenkorn, T., (2000) A Comparison of Ftzzy Decision
Models Supporting the Optimal Therapy, Fvzzy Systems in Medicine, Physica-
Verlag, A Springer-Verlag Comp. (in the Studies in Fuzziness and Soft Comput-
ing, Series Editor J. Kacprzyk, Editors of the Volume: Piotr Szcrepa.niak, P.J.
Lisboa, J. Kacprzyk, Heidelberg-New York 2000,561-572.

[10] Rakus-Andersson, E., Gerstenkorn, T., (1997) Application of a F\rzzy Model of
Making a Decision to Choose a Medicine in the Case of S5rmptoms Prevailing
a"fter the T[eatment, Medical Informatics Europe '97, C. Pappas et. al. (eds.),
IOS Press 97,277-279.

[11] Rakus-Andersson, E., Gerstenkorn, T., (1997) AF\nzy Model of Decision Mak-
ing to the Choice of a Medicine in the Case of Symptoms Prevailing a.fter the
Tteatment, Bulletin of the Polish Academy of Sciences, Technical Sciences, Vol.
43 ,  No.4 .

[f Z] SeSefa, 8., Tepavéevié, A. (1995) Partially ordered and relation al vilued tuzzy
relations I,Fuzzy Sets and Systems 72,20.5"2L3.

[13] Tepavëevié, A., Vujié, 4.,(1996) On an application of fuzzy relations in bio.
geography Information Sciences, 89, 1-2, 77 -94.

lL4l Zùeh, L.A.,(1965) F\uzy Sets, Inform. and Control8, 338-353.

[6]

t7l

155


	Casus_v14_pp146-155_Gerstenkorn



