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Abstract

Since the introduction of strong anticipation by D.Dubois the numerous investigations
of concrete systems had been proposed. Discrete dynamical systems with anticipation
constitute one of such system class. But not very many investigations of such objects
exist recently. More intensive investigations of counterparts to properties of common
systems need — namely to stability of solutions, bifurcation diagrams, chaotic behavior.
So the investigation of one modification of well known logistic equation by anticipatory
property is considered. One of the most interesting properties in such systems is
presumable multivaluednes of the solutions. The next issues are described: the
examples of periodic and complex solutions, attractor’s properties, and dependence on
the parameters.
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1. Introduction

Since the introduction by D. Dubois the definitions and first examples of strong
anticipation [1-4] many aspects of strong anticipation have been investigated, especially
for discrete models for socio-economical and systems, traffic problems, biology-
inspired models (game ‘ALife’) [1-8]. Many interesting properties and interpretations
have been discussed. But now more vide investigations of anticipative systems behavior
is necessary. Of course some general theoretical mathematical results exist which
concerned the equations with anticipation. First of all we may remark some theoretical
results on retarded-advanced differential and difference equations (with some names of
researchers: C. Corduneanu, V. Lakshmicantam, L. Elsgoltz, S. Norkin, R. Bellman, K.
Cooke). Also some examples of simple discrete equations with anticipation have been
considered in papers from CASYS conferences (see the names D. Dubois, G. Weber, P.
Beda, M. Burke, E. Otlacan, L. Leydesdorff, S. Holmberg). But such investigations
have been implemented with some simple equations and with relatively simple
behavior.

Further development of the theory and applications of strongly anticipative systems
depends partially on searching of new kind of anticipation manifestation, on more
detailed analysis of possible behavior, on further development of mathematical tools for
complex multivalued solutions investigation and on development of recognitions and
interpretations of solutions peculiarities.
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So, any investigations of new equations with anticipation are interesting. Because of
this we describe in proposed paper the investigation of complex behavior of one
difference equation with anticipation. We propose the equation, computer investigations
of solutions behavior and results of corresponding periodic solution investigations,
including long-periods circles.

2. One dimensional discrete time equations with anticipation.

2.1 Analytical investigations of equation

Let us consider the discrete dynamics equation with anticipation which is the
modification of well-known logistic equations. The proposed equation has the form:

xn+1=’1'xn'(1-xn)—a'xl%+l n

where a # 0 (for @ =0 we have a classical logistic map) is an anticipatory factor.
So, our anticipatory equation is reduced to the two-branch evolution operator

-1i1/1+41axnil—xn )
)

2a

First of all we would like to get the fixed points of our anticipatory equation. Obviously,
there are exist two fixed points satisfying the following equation

x=A-x-(1-x)-a-x*. Theyare x;, =0 and x, = i ;

A+a
Now, when will they be stable? To answer this question we have to get the derivations
of each branch: Rq . M2y = a0 -2) , that is

d, 2a-x,+1 fl+4la-x,(1-x,)

|A(1~2x)

o =

As we well know the fixed point will be stable when its multiplicator is in(~1;1). In this
|A(1-2x)|
Jl+ 4ha - x(1-x)

way, the fixed point x; is stable if <1¢& A e(~1;1) and the one x; if

|¢'(x;] <1 i+ da-Z|<(A-a)i-a+dad)+4a’ R <

de3
¢:>(1~/1)(i—1/3)(a+2.)(a~231_1)<0
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So, resolving this inequality, we can say that there are the different areas of the pair-
wise stability of x, and x,.

Alpha

100 D75 050 D25 000 025 050 075 100 126 150 175 200
Lambda

Figure 1. The stability area of x,

Let’s consider the conditions (on o and 1) under which x does not leave (xf; xz)
interval or leaves it using only one of the branches or both of them.

Denote yﬁ(x”)=,lxn(1——xn) and ya(xn+,)=axj+1 +x,,, so our equation (1) becomes
y,(x,,)=v,(x,). Having obtained y, fromx,, we get x,,, fromy, = ax’, +x,,,. Our
iterations are following x; — (x;;xf)—) (x;;xzz;xg;xg )—>

Consider @ <0,4>0 case (because of existing of the areas of hyperincursion in this
part of (4, a) plane, we will concentrate on the strict inequality). Considering other
cases is similar. The roots of y, =0 (atx=0,x=1) and y, =0 (atx=0,x=-1/a)

will be useful for our investigation.
The map y,(x) has maximum value —1/4a atx=-1/2a. And as we know y, (x) has

maximum value 4/4 atx=1/2.
So, depending on

1) the location of the maximums of y,and y,
2) the location of the roots 1/~ and 1

3) the derivation of y A,(O) = A (under or over 1)

we divide @ <0,4 > 0case on 8 (2*) sub-cases.
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-l<a<0
1) {4€(0;]) In this case and x, >0 the sequences {x,} will stay in (x, ; xz) it’s
AL/~
explained by the stability of the both fixed points. Ifx, <0, there exists the sequences
witch start from (x; : x;) and leave it (Figure 2a).

~l<a<0

2)34>1 In this case, according to the Figure 1 x, fixed point is unstable but the
A<l/-a

other one may be stable or unstable. So, there is exists a sequence {xn} that leaves

(x; : xz) (e.g., started from a negative x, ).

-l1<a<0
3)34>1 In this case, according to the Figure 1 both of fixed points are unstable.
A>l/-a

So, the sequences {xn} of each branch from the equation (2) leave (x; 3 x;) More over,
there are the sequences {x,,} witch do not have the real solutions of (2) (see Figure 2b).

~-l<a<0
4) {Ae(0;1) There is not existing of solutions.
A>1/-a

a<-1
5)3A>1 In this case, according to the fig.1, x; 1s not stable. So, there is exists a
A2l/~-a

sequence {xn} that leaves (x1 N xz) More over, there is the sequence {xn} witch does not
have the real solutions of equation (2) (Figure. 2c).

a<-1
6)ile (0;1) According to the fig.1, both of fixed points are stable, so the sequenées
AL/-a
{x,} don’t leave (x; s x;) Always there are roots (2) (Figure. 2d) (important that this
area is interested cause of potential existing of the fractal structures).
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Figure 2. Lamerei’s diagrams: we denote the iterations of our
equation y,(x,,,)= »,(x,) by the dotted lines, y,(x,) is denoted as the thick solid lines,

YV, (xm) is denoted as the thin solid lines.

a<-1
DRVAS (0;1) According to the Figure 1, x; is always stable. There is exists a sequence
A>1-«a
{x,} that leaves(x]; x,) More over, there is the sequence {x,} witch does not have the
real solutions of equation (2).

a<-~1

8) {4>1 There are not the real solutions of (2).
A<l/~a

Now, (2) will have both roots when 1+ 44ax,(1-x,)> 0

4ix” —4lax—-1<0

These roots are x;, = 2ol e e

202 Aa
Let’s consider three cases in which we have both roots of anticipatory equation (1)
{aﬁ >0

d, d
xne(xl,xz)
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ad <-1
{xn e (e xf Jo et +0)
-l<al<0
{xn ER :
1t is simple to show that:
a) in case of ad >0 we have (x,d; xf): (0;1);
b) in case of ad <—1 we have (xld; xg)c (0;1);
Now, we are interested in that when each anticipatory solution branch (2) will be
contractive. Each branch of (2) will be contractive on x if

() <1 {IA(I —2x) < T+ 42ax(1 - x)

1+4ax(1-x)>0

Consider first 44x*(1 + a)-4Ax(1+a)+ A2 -1<0

x_4/1(1+a)i\/16/12(ﬁ+a)2—16/1(/1+a)(12—1)~l+l P~
i 8i(1+a) 272V Mi+a)
Aa+1

It will have the roots when 0.

—_—>
Ai+a)
The above inequality implies 8 cases (four couple of the similar cases)

3 4

@) 2) v
&)
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(1=
2 2
if x don’t leave < | l—g;l+l 1——/Ii , then this interval will be
2 2\ Md+e)2 2V A+e)

contractive one for all x from 1+44ax(1-x)>0.

(2)=(6)

For all x for 1+41ax(1-x)>0 the equation (2) will be contractive.

3=

This interval will be contractive one for all x from1+4ax(1~x)>0.

4)=(®)
There isn’t a contraction.
2.2 Results of computer investigations of solutions

Finally, let’s sow a behavior of the dynamical system given by anticipatory equation.
The Figure 4 presents the atlases of the charts of the dynamical regimes. This figure
obtained by computing modeling of the dynamical behavior of the anticipatory equation
(1).

For each parametric point (ﬂ;a) we start few trajectories (as rule, not more than 10)
from different initial points. At some instantn, we have the set of points
(xf,l),xiz),...,xim) ) m < 2" achievable from initial point x, after n iteration of (2). After

next instant #+1, some branches of (x,(i‘),x(z) ,...,x,(,’”)) leave the initial defined interval,

and some of them may have not the following points of the trajectory branch.

At our figure, distinguish regions corresponds to the different periods of found
trajectory orbits.

So, first region corresponds to one-periodic trajectory orbit (the area is denoted by (1)),
second implies two-periodic orbit (denoted by (2)), third — 4 (denoted by (4)), forth — 8
(denoted by (8)), fifth — 3, sixth — 5 and so forth ...

As we see in this case, periodic-doubling leads to chaotic regime. Periodic-doubling
starts after A leaves the interval of stability (1;3) (in the simple case = 0). So the most

interesting in our computer investigations are may be two things. First is that in
proposed modification of logistic equation we have the manifestation of period —
doubling scenarios of transitions for regimes which may be recognized multi-valued
chaos. Second is founded stabilizing role of anticipation which is seen from Figure 4.
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Of course many question are interesting for investigation concerning the definitions of
multi-valued regimes and their development (see for example [9, 10]).

Atlas of charts of dynamical regimes
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Figure 4. Atlas of charts of dynamic regimes

3. Conclusions

Thus in given paper we propose one simple equation with anticipation. Period-doubling
mechanism of transition to multi-valued analog of chaotic behavior had been found.
Such investigation are one of the steps in understanding of multi-valued counterparts of
single-valued objects such as periodic and chaotic solutions; scenarios of transition to
chaos etc. Also interesting is the stabilizing role of anticipation (that is suppressing the
development of complex behavior in common logistic equation).
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