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Abstract. Coherent wavelets form a unified basis of the multichannel perfect recon-
struction analysis-synthesis filter bank of high resolution radar imaging and clinical mag-
netic resonance imaging (MRI). The filter bank construction is performed by the Kep
plerian temporospatial phase detection strategy which allows for the stroboscopic and
synchronous cross sectional quadrature filtering of phase histories in local frequency en-
coding multichannels with respect to the rotating coordinate frame of reference. The
Kepplerian strategy and the associated filter bank construction take place in symplectic

affine planes which are immersed as coadjoint orbits of the Heisenberg two-step nilpotent

Lie group G into the foliated three-dimensional real projective space P(R x Lie(G)*). Due
to the factorization of transvections into affine ililations of opposite ratio, the Heisenberg
group G under its natural sub-Riemannian metric acts on the l ine bundle realizing the
projective space P(R x Lie(G)-). Its ell iptic non-Euclidean geometry rvithout absolute
quadric, associated to the unitary dual G, governs the design of the coils inside the bore
of the MRI scanner system. It determines the distribut;ional reproducing kernel of the
tracial read-out process of quantum holograms excited and coexisting in the MRI scanner
system. Thus the pathrvay of this paper leads from Keppler's approach to projective ge-
ometry to the Ileisenberg approach to the sub-Riemannian geometry of quantum ph1'sics,
and finally to t.he enormously,appealing topic of ensemble quantum computing.

Keywords: Quantum computing, quantum holography. magnetic resonance tomography,
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Magnetic resonance imaging (MRI) scanners are cognitive systems which reconstruct
cross-sectional images ofobjects and perform the reconstructive amplification by coherent
quantum stochastic resonance as a form of multichannel parallelism. The reconstructive
process from multichannel phase histories is through probing the magnetic moments of
nuclei employing strong magnetic flux densities and radiofrequency radiation. The whole

process of MRI is based on perturbing the equilibrium magnetization of the object with
a train of pulses and observing the resulting time-cvolving response signal produced as a

free indrrction clecav (FID) in a coil.

Nuclear spins ancl the arra5's of clrrantum bits ("<1ubits") thev repteseut can be rnarripn-
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lated in a multitude of different ways in order to extract site inlormation about molecular
structure and dynamic information about molecular motion. Due to the spin 6ynamics,
a preparation cf the sample can be achieved such that the reconstructive ampiification
process by coherent quantum stochastic resonance is a well posed problem. pith NMR
tolnography it is possible to observe, non-invasively, cross-sections through ob.iects, an6
thus obtain synthetic aperture radar (SAR) l ike image information ubo,r i  d"rrr i ty, f low,
and spectral l-v local ized chenrical composit ion (Gii l ier[25]).  The preparation procedures
of NMR and MRI turn the reconstruction into a rvei l  posed probl im. Specif ical ly, an ap-
pl icat ion of the blood oxygen level dependent (BOLD) contrast method of human brain
mapping to morphological cranial anatomy (Sanders [39]) allorvs for an observation of
activation of the brain in uit 'o.

The monlent of birth o-f the ternporal magnetic resonance phenomenon was markeri by
F'el ix l3loch's dynamical approach. The great Ibl ix Bloch ( i i05-rgg3), the f irst gra<iuate
student and assistant to Werner Karl l leisenberg in Leipzig, outl ini  the NMI{ experi-
nrent in his sorrrce paper of 1946 as fol lows (F-ukushirna [24], Mattsorr [34]):

"'Ihe first successful experintents to detect rnagnetic resonance by electromagnetic efects have been car-ried out recently and independently at the physics laboratories of Ilarvar<l ind Stanforcl [-iniversit.ies.
The considerations upon rvhich our u'ork rvas baæd have several features in common with the t,rvo exgreri-
ments' previously mentioned, but differ rather essentially in others. tn the first place, the radiofrequency
field is deliberately chosen large enough so as to cause at reson:ulce a considerable change of orientation
of the nuclear moments. In the second place, this change is not observed by its relatively small reaction
upon the driving circuit, but by directly observing the induced electromotive force in a coil, due to theprecession of the nuclear moments around the constant field and in a direction perpendicular both to thisfield and the applied r-f field. This appearance of a magnetic induction at rigËt angles to the r-f field isan effect which is ofspecifcally nuclear origin and it is the main characteristic feature ofour experiment.In esselce, the observed perpendicula-t nuclear induction indicates a rotation of the total oscillating fieldaround the constant magnetic field."

Because the computer performance rvas severely limited at the time of the discovery of
NMR. spectroscopy, and the fast Fburier transform (FFT) algorithm was not available
to Bloch and his coworkers,- the enormously appealing persp-ective to spin isochronrat
computers is not present in his dynamicai approach. Such a machine performs a calcu-
lation using quantum parallelism at the molecular level and then amplifies the results to
the macroscopic level via coherent quantum stochastic resonance * u fo..., of multichan,
nel paralielism. Recent experintents in neurobiology verified the amplification effect of
stochastic resonance in the inforrnation transfer p"ifornred by weak .ignul, in biological
neural netrvorks (Douglass [20]).

Frorn the dynamical approach to NMR spectroscopy, however, llahn's spin echo nrethod
popped up. Due to its favorable signal-to-noise ratio, his spin echo pulse sequence is ex-
tensively used both in cl inical MRI, NMR spectroscopy and NMR -i .ror.opy (calraghan
[6])' It-plays a rnajor role in the emuration of quanturn computers by NMR spectroscopy
(Cory [11], Gershenfeld [26], Lloyd [J3]).

The inrmersion aspect or.the 
.spectroscopic approach has been summarized by Nico-

laas Bloembergen, Bdward Ntills Ptucell (i912-1997), ancl Robelt V. pouncl a.s follows
(Fukushima [24], Mattson [34]):

"In nuclear tnagnetic reaonattce aboorption, energy is transferred from a radiofrequeucy circuit to a svs-
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tem of nuclear spins immersed in a magnetic field, Ho, as a result of transitions among the energy levels

of the spin system'"

"The exposure of the system to radiation, with consequent absorption of energy, tends to upset the equi-

l ibr iumstatepreviouslyat ta ined,byequal iz ingthepopulat ionof  thevar iouslevels.  Thenewequi l ibr ium

state in the pi"""n"" oithe radiofrequency field represents a balance between the processes ofabsorption

ofenergy by the spins, from the radiation field, and the transfer ofenergy to the heat reservoir comprising

all other internal degrees of freedom of the sustance containing the nuclei in question'"

',Fioally we review briefly the phenomenological theory ofmagnetic ræonance absorption, before describ-

ing the experimental method. The phenomenon lends itself to a variety of equivalent interpretations.

Oiu 
"an 

begin with static nuclear paramagnetism and proceed to paramagnetic dispersion, or one can

follow Bloch's analysÈ, contained in his paper on nuclear induction, ofthe dynamics ofa system ofspins

in an oscillating field, which includes the absorption experiments as a special case. We are interested in

absorption, ratier than dispersion or induction, in Lhe presence of roea& oscillating fields, the transitions

induà by which can be regarded as non-adiabatic. We therefore prefer to describe tbe experiment in

optical tetms."

Bloch and purcell shared the 1952 Nobel Prize in Physics in recognition of their pioneering

achievements in condensed matter. The methods due to llloch and Purcell-are not only of

high intellectual beauty ieading finally to quantum computing, they also place an analytic

mËthod of high efficacy in the hands of scientists. Therefore, during the next quarter of

a century NùR spectroscopy flourished, and more than 1000 NMR units were manufac-

tured. The award of the Nobel Prize in Cherristry to Richard Robert Ernst in i991 later

s€rved to highlight the fact that high resolution NMR spectroscopy is not only aû essential

physical t"JSniqrr" for chemists and biochemist, but also offers a fascinating application

àf oon---**utative Fourier analysis to system theory. Ernst summarized the applica-

tion of Fourier transform spechoscopy to NMR as follows (Fukushima [24], Mattson [34]):

"lt is well-known that the frequency reaponse function and the unit impulse resPoDse of a linear sys-

tem forms a Fourier tranrform pair. Both functioas characterize the sydem entirely and thus contain

eractly the same information. In magrei.ic riesonauce, the frequeocy resPons€ function is usually called

the spectrum and the unit impulse is represented by the free induction decay. Although a spin system is

not a linear systern, Lor+e and Norberg (1957) haræ proved that under sorre very lome restrictions the

spectrum and the free induction decay after a 90o pulse are Fourier transform of each other. The proof

can be generalized for arbitrary flip angles'"

"Fot complicated spin systems in solution, the spectrum contains the inform.ation in a more explicit form

than does the free induction decay. Hence it is generally assumed that recording the impulse response

does not give any advantages compared to direct spectral techniques. The present investigations show

that the iÀpube rcÉponse method can have significant advantages, especially ifthe method is generalized

to a eeries of equidistant identical pulses instead of a single pulse. In order to interpret the result, it is

usually necesary to go to a spectral representation by mea^us of a Fourier tralsformation. The numerical

transformation can conveniently be handled by a digital computer ot by an analog Fourier analyzer."

"Here are some features of the pulse technique: (l) It is possible to obtain spectra in a much shorter

time than with the conventional spectral sweep technique. (2) The achievable sensitivity of the pulse

experirnent is higher. All spins with reeonance frequencies within a certain region are simultaneously

excited, increasing the information content of the experiment appreciably compared with the spectral

sweep technique where only one resonance is observed at a time'"

Based on the work of the Nobel laureates Pauli, Bloch, Bloemberg,en, Purcell, Gabor

and Ernst. a whole new science culminating in Fourier transform IvIR.I has been createtl

wlere nole existecl before (Mattson [34], Stark [46]. Scirempp [a5]). This nerv scieuce of

ensemble quantum computing needs its own mathetnatical foundation based on elliptic
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geometric analysis. surprisingly, spin isochromat computing by NMR spectroscopy has
its deep roots in the Kepplerian dynamics of physical astronomy.

The Kepplerian temporospatial phase detection strategy of physical astronomy is derived
from the quadrature conchoid trajectory stratification and the second fundamental Iaw of
planetary motion analysis (stephenson [az]), as displayed in Keppler's Astronomia Nova
of 1609. The dynamics of the quadrature conchoid trajectory stratification which seems
to have almost escaped notice in Iiterature, is best understood from the viewpoint of pro-
jective geometry. Although Keppler described the projective approac:h to astronomical
observations in the Paralipomena of 1604, he is not recognized, along rvith Desargues, as
one of the pioneers of projective geometry which then culrninated in Poncelet's in"vestiga-
t ions.

Projective geometry, rvhich is since about the mid 1980's standard jn the computer vi-
sion and robol,ics literature, allows for the stroboscopic and synchronous cross sectional
quadrature filtering of phase histories in local frequency encoding multichannels with
respect to the rotating coordinate frame of reference (Freeman [23]), and pirovides the im-
plementation of a matched filter bank by orbit stratification in a symplectic affine plane.
An application of this procedure leads to the landmark observation of the earliesf Sen
pioneer, Carl A. Wiley, that motion is the solution of the high resolution radar imagery
and phased array antenna problem of holographic recordin! by quasi-optical syrùni"
(Leith [32], Wu [52]). Whereas the Kepplerian temporospatiaistrategy is realized. in SAR
imaging by the range Doppler principle (currona [13], Leith [gl]), it is the Lauterbur
spectral localization principle (Schempp [45]) which takes place in clinical MRL Having
Damadian's approach to tumor detection in mind, Lauterbur wrote the following obserl
vation into his 1971 notebook under the title of "Spatially Resolved Nuclear M"agnetic
Resonance Experiments" (Mattson [34] ):

"The distribution of magnetic nuclei, such as protons, and their relaxation times and difiusion cæfficients,
may be obtained by imposing magnetic field gradients (ideally, a complcte set of orthogonal epherical
harmonics) on a sample' such as an organism or a manufactured object, and measuring the intensities
and relaxation behavior of the resonance as functions of the applied magnetic field. njditional spatial
discrirnination may be achieved by the application of timedependent grâient patterns so as to distin-
qullf' for example, protons that lie at the intersection of the zero-fielà 1t"t.tiul to the main magnetic
Iield) lines of three linear gradients."

"'fhe experiments ptoposed above can be done most conveniently and accurately by measuremetrts ofthe
Fourier transform of the pulse response of the system. They should be capabie of providing a detailed
three-dimensional map of the distributions of particular classes of nuclei (culinea by nuclear-species and
relaxation times) within a living organism. For example, the distributiàn of mobiie protons ln ti""u"",
and the differences in relaxation times that appear to be characteristic of malignant tumors, should bc
measurable in an intact organism.,'

Thus the Lauterbur spectral localization is based on affine dilations. These are imple-
mented on a modular stratification basis by linear magnetic field gradient matrices into
rvhich transvections admit factorizations (Schempp [+sl;. fne meaiurements of the one-
dimensional Fourier transform have been refined by the two-dimensional Fourier trans-
forrn spectroscopy contributed by Ernst, and the spin-warp version of Fourier transform
À'IIII developecl by !V.A. Eclelstein, J.M.S. Hutchinson, ancl J. Illallarcl of the Aberdeen
Llniversity group in Scotland.
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With regard to possible appl icat ions of his spectral local izat ion method, Larrterbur drew

the fol lowing conclusions without expl ici t  ci tat ion of Damadian's paper (Mattson [34]):

,,Applications o[ this technique to t]re study of various inhomogeneous objects, not necessarily restricted

in size to those commonly studied by magnetic resonance spectroscopy, may be anticipated. A possible

application of considerable interest at this time would be Llrc in uiao study of malignant tumors, which

have been shown to give proton nuclear magnetic resonar:,ce signals with much longer water spin lattice

relaxation times than those in the corresponding normal tissues."

At the background of both the SAR and MRI high resolut ion imaging lechniques l ies the

construction of a mult ichannel coherent wavelet reconstruction analysis-synthesis f i l ter

bank of matched f i l ter t ,ype (Davies [15], Rihaczek [38], Freeman [23]).  l ]eyorrd thest:

appl icat ions to local frequency encoding subbands, the Kepplerian tentporospal, ial  phase

dct,ection st,rategy leads to tire corrcept of Feynman path integral or surnmation over pitase

hisl,orics.

As appro.r,ej by quantuln electrodynamics, geometric quantization al lows for a semi-

classical approach to the interlerence pattern of quantunr holography and the spit t  ex-

ci l .ar iol prol i les oi IVlRI (Schempp [42], [43], [44], [45]).  lmplenrentatiort of i t t t ,erference

1eeds, of course, phases coherency arrd therefore the transit ion to the frequerrcl '  dotnain

l-t5,a dunl i ty procedure. Indeecl, the unitary dual ô of the l leiscnberg group G consisi-

ing of the equivalerrce classes o[ irreducible unitarv l inear representations of G al lou's lor

a coacl joint orbit  fol iar ion of svmplectic af i ine leaves (2, \ ,  * 0), spatial lv locat,cd as a

stack of tomogra,phic si ices, and decomposing the dual vector spa.ce Lie(G)- of the real

I leisenberg Lie algebra Lie(G) (Schempp [a0]).  This fact is a consequence of the Kir i l lov

'omeonrorp' ism 
c --+ Lie(G)./coAd6(G)

rvhich establ ishes 1he canonical fol iat iorr of the three dimensional sui>et en<:oding 1;ro. iec-

l , i ve  space P(R x  L ie (G) . ) .

r T|e conrrected, simply connectcd I leisenberg trvo-step ni lpotent Lie group G adrnits

a real izat ion b; 'a faithful matr ix representation G ----+ SL(3'IL).

in terms of standard coordinates. the l leisenberg group G is real ized by the set of unipo-

t errt  matr ices
l 1  I  z \

( I  ^  |  |  - - l
i l u  '  y l l r . y , z e t t j

\ 0  0  1 i

under the rnatr ix mult ipl icat ion law of LIrc dual pair ing presentation

( 1  1 1

l o  I
\o  o

The form of  rank one def in ing the non-commutat ive matr ix  rnul t ip l icat ion of  G is nei t i rer

ant isynrrnetr ic  nor norr-degenerate.  IJowever,  i t  1s cohomolt tgous t< ' t  the t ton-deger lerate

al tet lat i lg  {ete lnr iuant  fo l rn.  I t  suf{ ices to t tse anv fo lnt  i l ' l i ic l r  is  col lonrologol ts to a

tuon-cleset terate al te lnat inq bi l iuear '  lomr to def ine the mul t ip l ical iot r  lau '  of  (J '

, ' \  l l  1 2  t r \  ( l  t t * r z  z t + 2 2 * r r ' 9 2 \

y ' l . l o  r  a r l= lo  1  a t tez  I
t ) \o  o  r )  \o  o  1  )
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The difÏerential operator associated to the natural sub-Riemannian nretric o[ G is the sub-
Laplacian Lc on G. Notice that the sub-Riemannian geometry is to the sub*Laplacian
in the sub-el l ipt ic realm what Riemannian geometry is to the Laplacian in the el l ipt ic
realm. The solut ions of the Hamilton-Jacobi equations associated tà the pri lcipal symbol
of ,C6 project onto the constant velocity locally length minimizing curves in G.

e The geodesics with respect to the natural sub-Riemannian metric of G are the
Heisenberg helices.

In terms of the coordirrates of the dual pair ing presentation of G, the sub-Laplacian 16,
takes the form of a llôrmander sum of souares

u:-l(tft-,*r+rft+,*r)
' fhe l leisenberg Eroup G ]ras two presentations that are part icrr lar ly importalt  in appl i-
cations. I t  is standard that the radical of a brrndled alternating bi l inear forrn is thr: only
invariant of the bundled form. Therefore, the dual pair ing presentation of G is isornorphic
to the ôasic presentation of t l te Heisenberg group G rvhich is given by the rnult ipl icai ion
law ol the unipotent matrices

l uec ,zeR) .

Computations are usually easiest in the basic presentation ol G because the straight
lines throrlgh l;he origin are the one-parameter-subgroups. I)ue to tire planetary oiLit
stratificatiorr, the Kepplerian temporospatial phase detection strategy lea4s to the 6asi<:
presentation (Schempp [45]).

o There is a realization of the l{eisenberg group G by a faithful matrix representatiorr
G --+ Sp(4, R) defining the image group as an extelsion via matrix rnult ipl icat iorr.

In terms of the left-invariant vector fields

the sub-Laplacian f,6 takes the form

t "  = - r rçwï +ww;

The spectrum of the sub*el l ipt ic operator .C6 is absolutely continuous with uniform mul-
t ipl ici ty on the longitudinal center frequency axis R, t .ar,ruerr" to the symplectic aff ine
plane R @ R. The density of the spectrum on the longitudinal center frequency axis R is
given by the Pfaffian of G.

o The symruetries of the sub-elliptic clifferential opelator' 16 are rellected i1 tlre tinre
tevetsal, which is implicit in the spin echo methocls ancl the coljugatiol of t5e
graclient echo imaging methods.

,(i î 
àt't'+"t1

w:  
* - , b * ,  w :  

* * * * ,
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The coordinate functions

/ 1

t t  r
I
l 0  I
I

\ 0  0 i)(iii)(iTi)

(i ';i) ft:+) (i :"i")
of G define transuections or shearings of a three-dimensional real vector space (Dieudonné

[19]). The mult ipl icat ive group of longitudinal di lat ions transforms the transvections into

the transvections

lor a f 0. Conversely, it is easy to verify that transvections admit factorizations into affine

dilations of opposite ratio. With respect to the sub-Riemannian metric of G, each dilation

multiplies lengths by the fixed value lal. The existence of dilations shows that stnall

neighborhoods are similar to large neighborhoods in G. The reflections irr:plementing the

time reversal implicit in the spin echo method and the gradient echo technique are given

by the improper matrices
( r  0  \
\o  -11

in the rotating coordinate frame of reference, and

( - r  1 \
\  o  r l

in t-he laboratory coordinate frame of reference, respectively.

The contact geometry of the quotient projection

G --+ Gfcenter

gives rise to the contact one-form

\ :  dz +rra.av -  y .dx)

where
d ? : d c A d Y

holds with respect to the laboratory coordinate frame of reference.

If the unipotent matrices {P,Q,I} denote the canonical basis of the three-dimensional

real vector space Lie(G), where the elementary matrices

ôre given l>y the matrix exponential diffeomorphism

expç :  L ie(G) 1G,
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@ t'Û), , : I ; r ' i . c l u r A c l t t r

the coadjoint action of G on Lie(G)* is given by

:(i ; î)
1'herefore the action CoAdç reads in terms of the coordinates {c,B,z} with respect to
the dual basis {P*, Q*,1*} of the real vector space dual Lie(G)" as follows:

= (a - uy)P" + (B I vx)e* 1- vI*.

o In radar imaging, z f 0 denotes the center frequency of the transmitted coherent
pulse train, whereas in clinical MRI the center frequency z is the frequency of the
rotating coordinate system defined by tomographic slice selection.

In clinical MRI, the Pfaffian of G allows to select the tomographic slice by an application
of linear magnetic field gradients.

r The pitch of the Ileisenberg helices is inversely proportional to the polarity of the
linear slice select gradients.

For an illustration of the Heisenberg helix after excitation by a nutation f pulse. The
pitch of the Heisenberg helix indicates the energy gain due to the longitudiial relaxation
effect. This is typical of a single-frequency FID.

The linear varieties

(2,  = CoAdc(G)(vl-)  = RP*+RO"+r/ . f"  A i0)

."^0"(i i ù

( r  '  , \
t 'oo" 

[3 
'o 'r)"" t eQ. + '1.1

P(-dv - yr'l

2-form

lc: "d^dyl

actually are symplectic affine planes in the sense that they are in the natural way compati-
biy endowed with both the structure of an affine plane and a symplectic structure. There-
fore the triviai line bundle R. e R on the symplectic ufÊn" pi.rrà O" ,_+ Lie(G)- (, * 0)
of connection differential l-form

and rotational curvature differential

in the cohomology group

A'(o,) = H2(R o R, R) (, * o)

forms the predestinate planar mathematical structure to implement the Kepplerian tem-
porospatial phase detection strategy over the bi-infinite stratigraphic time line R of time
c}'cles or .epetitior ti.res. The closecl exter.ior clifferential 2-forrn
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is a representative of the magnetic moment referred to in Bloch's dynamical approach.

In the NMR experiment, the intr insic dynamics is due to the driving { lat radiofrequency

circuit .

ln MRl, the syrnplectic affine linear varieties o, .-+ Lie(G)- (" * 0) are predestinat,t:

to carry quantum holograms or spin excitat ion profi les acting as mull , ichanrrel perfect

reconstruction analysis-syntiresis f i l ter banks (Schempp [41], Farre [22]).  The quanl,urrr

holograms are impiemented by the frequency modulation action of G.

The stat ionary singular plane (?- - i  Lie(G)- of equation

v = Q

consists of the single point orbits or focal points

O * : { e ç , a 1 1 @ , 0 ) € R O R i

corresponding to thc onc-dimensi<-rnal representations of G. The elemertts of the plane

O* are the analogs of the resonance nslveet spots" of the conventional spectral swecp

l,echnique emplol 'ed in the early Nt, lR spectroscopy, as rvel l  as the prototype whole bod-v

t\{RI scanncr. The rvorld's f i rst rvhole-body scanner, dubbed "Indomitable" b1'Damadiarr

to capturc the spir i t  of i ts seven-year construction (Schempp [45]),  provided a tec]rnique

rramed FONr\R to achieve the f irst MIl l  scan o[ the human body in uiuo. and t,o convince

the medical community that NIRI scanning rvas' itr fact, a reality.

T[e inf ini te dimensional irreducible unitary l iuear representations of G associated to the

symplectic a{Iine leaves O,(, I 0) collapse clon'n to characters of G. 
'Ihe st,ate vector

reduction, or col lapse of coherent wavelet can be described by the transit ion

' i u  e  € b . n ) d o  €  d d  ( ,  #  0 )

As a1 energetic edge, the confocal plane at inf ini ty P(R x (?-) plays a fundamental role in

the energetic structure of observation (Farre [22]),  and specif ical ly in the coherent optical

processing of radar data (Cutrona [13]),  morphological MRI studies, and neurofunctional

r\ IRI detection for the mapping of the activi i ies of the hurnan brain to morphological

cranial anatomy. Frorrr there the reconstructive amplification via the rnultichannel paral-

lel ism of coherent quantum stochastic resonance takes place.

The quantun'r holograms which are generated by neurofunctiorral NIRI experirrrents rep-

resent "matière à pensée" (Changeux [9]),  or shadows of the mind implemented by the

rotat ional ly curved planes of inrrnauence in the phi losophy of constructivism (Deleuze

[16], [17]),  or symplectic aff ine planes of incidence (Farre [22]).

"Din rnaschinelles Gefùgel ist, den Schichten zugewandt, reinen Intensitâten, die sie zirkulieren làBt um
die Selektion der "Konsistenzebene" zu sichern und der sich die Subjekte zuordnen, welclten sie einen
Namen nur als Spur einer Intensitât lâ8t."

The shaclorvs of the nrincl emulated bv I\{RI scanner svstettts seetn to l  rovide a 1rt 'ol t t is i t tg
conceptual apyr.-oach to the missiug science of rortsciottstte.s's.

r"agetrcenretrt" ut Frcrteh
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o The canonical foliation of the three-dimensional super-encoding projective space
P(R x Lie(G).) allows to deduce the phase coherent wavelet collapse phenomenon.

r There exists no equivalent ofthe state-vector reduction, or coherent wavelet collapse
phenomenon in the realm of classical physics.

e The arnount of information that can be extracted from a spin isochrornat computer
is limited by the phenornerlon of phase coherent wavelet collapse.

In contrast to the coadjoint orbit  visual izat ion of the unitary dual ô, the standard bra-ket
procedures of quantum mechanics provide no implication that there be any rvay to de-
duce the col lapse phenomenon as an instance of the deterrninist ic Schrôdinger evolut ion.
lVhereas the rveak containment of the identity representation 1 in the tensor product
representation provides a geometric symmetry condit ion for the decryption of quanturn
information from the holographic encryption, there is in standard quantum mechanics no
ciear rule as to when the probabil ist ic col lapse rule should be invoked, in place of the deter-
minist ic Schrôdinger evolut ion. This establ ishes the extraordinary power ol the coadjoint
orbit  visuai izat ion in terms of the three-dimensional real project ive space p(R x Lie(G)-).
and the confocal plane ar inf ini ty P(R x (?-) included.

In order to define the transvectionai G-action of G, it is convenient to irnrlerse t|e
CoAd6(G)-fol iat ion of Lie(G)" with typical f iber R g R into irs projecrive completion
P(R x Lie(G)-) by the bi- inf ini te strat igraphic t ime l ine R. I t  wi l l  be shown tf iar t ,he
concept of projective space P(R x Lie(G).) which is helpful in the realms of computerized
geometric design, computer vision and robotics, is also useful in non-invasive radiodias-
nostics"

r The intrinsic construction provides the foliated three-dimensional super--encoding
projective space P(R x Lie(G)-) as the project ive completion of the dual vector
space o[ the affine dual of any of the tomographic slices (2, -r Lie(G)- (u I 0) by
the bi-infinite stratigraphic time line R.

e The stratigraphic time line R records sirnultaneously the time cycles or repetition
times of the MRI protocol as well as the superposition of spin up and spin down
states, and the arrays of qubits they are representing in coexistence.

r The unitary dual ô of the l{eisenberg group G can be immersed into the foliate6
three-dimensional projective space P(R x Lie(G)*). The confocal plane p(R x (?-)
is the plane at infinity of P(R x Lie(G).). The two-dimensiorral projective varieties
P(R x 0")(,  # 0) are contained in i ts complement.

o Due to the factorization of transvections into afEne dilations of opposite ratio, the
Lauterbur spectral localization controls the transvectional action of G on the line
bundle model P(R x Lie(G).) of ô.

r The three-dimensional el l ipt ic non-Eucl idean space p(R x Lie(G).) is homeomor-
phic to the compact unit sphere 53 -+ Ra under antipodal point i{entification via
the action of the group { id, - id}.

r The three-dirnensional elliptic non-Euclidean space p(R x Lie(G)") is homeomor-
phic to the compact solid ball Ba .-+ R3 with the antipoelal (ctiametrically opposite)
points of its bounclary Sz : DBr identified.
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It follows from the classification of the coadjoint orbits of G in the foliated projective

space P(11 x Lie(G)-) the highly remarkable fact that there exists no finite dimensional

irreducible unitary linear representation of G having dimension ) 1. Ilence the irreducible

unitary linea.r representations of G which are not unitary characters are infinite dimen-

sional and unitarily induced. Their coefficient cross sections for the I{ilbert bundle sitting

over the bi-infinite stratigraphic time line R define the holographic transforms which sum

the free induction decaYs.

r In the data acquisition process, the holographic transform collects the decay'rng

response wavelets of the radiofrequency pulse trains in quantum holograms, or FIDs

in spin excitation profiles.

Let C denote the one-dimensional center of G, transverse to the plane carrying the quan-

tum holograms or spin excitation profiles. Then

C = R.expcl

is spanned by the centra.l transvection exp61. In coordinate-free ternts' G forrns the

non--split central group extension

C <G ---+ GIC

where the plarrc GIC is transverse to the line C. Thus G is deflned t,o be the unique

ceatral exteasion

{0} -) R ----+ G ---+ Il o R ---+ {0}

which does not contain any line R as a direct factor. This condition of not containing R

as a factor is equivalent to the 2-cocycle of the extension which always can be taken to

be alternating bilinear, being non-dqenerate. The uniqueness follows from the fact that

every pair of non-degenerate such forms are cotrgment in GL(2,R)' the outer automor-

phisur group of the plane R O R..

The irreducibie unitary linear represeniations of G associated to the projective coadjoint

orbits P(R xO,) "+ P(Rx Lie(G).)(,  * 0) are uniLari ly induced in stages by the unitary

cha.racters of closed normal abelian subgroups which provide a fibration of G sitting over

the bi-infinite stratigraphic time line R. The elements w Ç Ot of the typical fiber are

represented by complex numbers of the form

( x  - t / \  
:  ( '

\ v  t )  \ o

including the difierential phase

and the local frequency

( r  o \
\ 0  x  )

as real coor.clinates with respect to the frame of reference rotating with centel fre<lueucv

u I 0. "lbe alternating matrix 
, _ (0 _1 

\' = \ l  o  )

o\  ,  / v  o \  (o  - l \
' i ' \ o  y / ' \ t  o  )

(r;)
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of Pfaffian
Pf ( . r )=  1

acts as imaginary unit of the basic presentation ol G. It generates the special orthogonal
group SO(2,R) -+ O(2,R). Together with the reflection defined Uy ttre data roîting
matrix

( I 0 \
\0  - r ) '

the non diagonalizable matrix J generates the orthogonal group o(2, R). The group
O(2,R) can be l i f ted to thegroup of al l  isometriesof à with respect to the natural sub-
Riemannian metric of G.

It becomes ôbvious that lwl2 : det rr and that the rotational curvature differential 2-form
u, or o, is exactly the standard syrnplectic form of RgR, dilated by the center frequency
z I 0. Tlrus G implements the oscillator driuen dynamical system

R < R O R

of longitudinal center frequency axis R, transverse to the symp.lectic affine plane R @ R.
Keppler described the idea of an oscillator driven cyclic cto.t*o.l as an act of profanation:

"Mein Ziel ist es, zu zeigen, daB die himmlische Maschinerie nicht von der Art eincs gôttlichen Leùe.wesens, sondern von der eines Uhrwerks ist, das die ganze Mannigfaltigkeit ihrer Be*egungen von eincreirfachsten magnetischen kiitperlichen Krâft herrùh;, so wie alle-Bewfouagen des uhrwerks allein votrdem es treibenden Gewicht."

The B-linear isomorphism
/  c  - g \

( a , y J . e \ y  
z  )

of Or onto the realification C(R 0 R) of the field C of complex numbers sugests anextension from two dimensions to three dimensions via the reai quaternion skew-field H.The R-linear mapping

( u . w ' \ *  (  t  - ' \
'  \ - u l  w )

provides an isomorphism from the image of C2 onto ff. In terms of the matrices of this
type, the multiplication in H reads

( . i ,  - _ r ' \ . (  * t .  u , z ' \ :  (  . r . r - t n { w z ,  t t r t o z , * ? r r , ? r 2 \
\ -rr l  wr /  \  -mz' wz / \  -(m102, i  w1,w2) wtwz _ .r, .r ,  )

The tangent space of s3 - Ra at the neutrar element of su(2, c) is isomorphic to thevector space R3. The isomorphism suggests to introduce ttre pauti spin matrices forming
the canonical basis of the Lie algebra associated to su(2, c), and the real clifford algebrJ
9{ç'r)(n)' These matrices.generate analyzing one-parameter subgroups of the group
su(2' c)' The corresponding elements in thè ,k"*-fi"rd H u." giu"r, by the pure ortraceless quaternions.

r The group s3 is the.non-t' ivial covering spin(3, R) of the rotation group so(3. R).
The group so(3,R) conta,ins two normar subgroups, both isomorphic to s3. wrrich
give rise to the Cllifford translations acting transitively on the foliatecl projecti'e
space P(R x L ie(G)*) .
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r ldentification of the group s3 .+ Ra with the unit sphere of the skew-field H

provides the multi-slice imaging capability of the MRI modality via the abelian

g.orrpt SO(2, R) of Clifford translations of tomographic slices in the elliptic non-

Euclidean space P(R x Lie(G)-).

o Identi f icat ion of the unit sphere se .-+ Ra with the compact group su(2,c), or

the compact homogeneous manifolds (SU(2, C) x SU(2' C))/SU(2' C)'  or

SO(4, R)/SO(3, R) provides the design of pairs of surface csils of the MRI scanner

bore via zonal spherical harmonics.

The interleaving of data acquisition through multi-slice imaging provides a sirnple nlealrs

of acquir i lg daba in al l  three dimensions, and is widely used in cl inical imaging. Due to

the multiplanar imaging capability of MRI, direct transverse slices of superior to inferior

orientation of the plane normal, sagittal slices of anterior to posterior orientatiorr of the

normal, and coronal slices of left to right orientation of the normal, as well as oblique

plane selectiols can be performed without changing the patient 's p<xit ion. In X-'ra1'cont-

puted tomography (XCT) imaging. sagittal and coronal images are reconstructed from a

set of contiluous images. 
'l'he orthogonal and oblique scan planc selection offer clinical

a6vantages of MRI ovcr XCT. Actual ly, NIII I  is closer to high resolut ion radar irnagirrg

than to ÎCT. The high soft,-tissue contrast resolution is another advantage over XC'l'.

Nelroradiologists think that if history of science was rewritten, and XCf invenled afl,er

MIiI, nobody would bother to pursue XCT irnaging. For whole-body imaging radiol-

ogists, however, the prediclions of XCT's imminent demise and MRI's ascendency no

lorrger seern so prescierlt.

T'he bundle-theoret,ic interpretation of the irrducing mechanisrn gives rise to the pair of

isornorphic irreducible unitary lirtear representations

(U ' ,V ' )  ( "  r  0 )

of G unitarily induced in quadratrrre by the unitary characters of the associated closed

normal abelian subgroups of G. The induced Hilbert burrdles sitting in quadrature over

the bi- inf ini te strat igraphic t ime l ine R, admit for anl '  Fourier transformed pair of excit ing

phase cohercnt wa'elets 

0p,ç)

in the frequency rnodulation space t'c(R), and element z € C the contiguous cross-

sections of a phase-splitting netrvork of uncorrelated multicltannels in quadrature formal,
' 

(Freernan [23], Farre [22])

(xo , ezni,(.-1.-"o)v).4,i-r;) , (ao , " '""("*'tv-v.t).t1r;) 
(("0, 

4€ 
T CI s)

where es € ? denotes the phase reference of the stroboscopic phase cycling at which

system state change. Moreover, go € 5 denotes the intermediate frequency reference of

the syrrchronous period cycling clockwork of transitions determined by the computer's

programmirrg, and 
ç= Fa,4,

rvl1gr.e the phase coherent rvavelet g is the Fourier trattsfornt of {'. The linear t'epresetrta.

tion U" of CJ ancl its swapped copy 1.J" are glollally squa.re iutegrable mod Cl. Iudeed, it
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is well knovr"n that a coadjoint orbit is a linear variety if and only if one (and hence all) of
the corresponding irreducible unitary linear representations is globally square integrable
modulo its kernel. An equivalent characterization of square inleg."bility mod C i, tt ut
the Pfaffian of G does not vanish at the center frequency ,.

It is reasonable to regard global square integrability as an essential part of the Stone-
von Neurnann theorem of quantum physics, because a representation o[ a nilpotent Lie
group is determined by its central unitary character y, if and,only if it is globally square
integrable mod c. Thus 1, allows for selection in the tomographic slice e1n * o) +
P(R x Lie(G)-) (,  *0) a coordinare frame rotat ing with." i t . .  fr"qu"ncy u f0 via an
a{Ene dilation in the longitudinal direction of the line C. The corresion4ing equivalence
classes of irreducible, unitari ly induced, l inear representations (J" o1 G acting on ttre
contplex Ililbert space of globally square integrable cross sections for the l{ilbert bundle
sit t ing over the bi- inf ini te strat igraphic t ime l ine R are inf ini te 6inrensional and can 6e
realize<l as llilbert-Schmidt integral operators with kernels Ii, é Lz(F.rD R) (Schempp
[40), [42), [43], 144), [45] ). The deri ved representarion

U ' (Lc) ,

evaluated on the sub-Laplacian Lç or G in the universal enveloping algebra of Lie(G), is
the harnronic oscillal,or Ilamiltonian of center frequency u I 0. Drré to t1e global square
integrability mod C of LI' lor v f 0, the center of Lie(G) coincides rvith the center of the
universal enveloping algebra of Lie(G).

The center of the product group 53 x 53 is given by the set

{ 1 ,  - l i  x  { 1 ,  - l }  .

and therefore has order 4. It contains the kernel

{ l ,  t i  x  { - 1 ,  - t }

of order 2 of the natural group epinrorphism 53 x 53 ___+ SO(4, R).

Due to the antipodal point identification of 53, the realization of the foliated three-
dimensional super-encodin-g projective space p(R x Lie(G)*) is diffeomorphic to the quo-
t ient of s3 by the actionof the gro_up { id, - id}. As 

" 
,"ruit ,  the center of s3 x s3 in thed i r e c t i o n p l a n e R @ R o f  P ( R x  o , ) ( r * 0 )  l i v e s r i s e t o t h e d i s t r i b u t i o n a l  r e p r o < r u c i n g

kernel

L u 8  l '

:"""(R 
x o,) '+ P(R x Lie(G).) corresponding to the rotat ional curvature dif lerential

z-Iorm

ar, € H2(R o R, R) (" * o).
It defines the symplectically reformatted two-dimensional Fourier transform

acting as a spectral sweep by syrnprectic conuorution (Schempp [44], [4b]) on the symplecticspinors of P(R x (),) '-+ p(R x Lie(cJ)-) (v * 0). In contrast to the con'entio'a,l two-dirnensional Fourier transform of orcler 4, the symplectic Fourier transform a<['rits orcler2 (sclrernpp [43]' [44]). This corresponds to the in'olutor5, entatryring map I,r'- t,y- oicluarrtum computation (Schempp [4b]).
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r The kernel function I{' e L2(R O R) associated to the irreducible unitary linear

representation[J'  ol centra] unitary character \v: (J" I  C implements a mult ichan-

n4 coherent wavelet perfect reconstruction analysis-synthesis filter bank of matched

filter type.

In order to paratactically synchronize the rotating coordinate frame l,o the laboratory

frame of ,eference, the kernel function 1{" has to be composed with the symbol map or

which is defined by the llopf fibration

S: --+ Sz

with fiber S1 into Clifford parallel circles 51 "-+ Sa. The Clifford parallelism is understood

in the sense of the elliptic non-Euclidean geometry'

r The decomposition of the complement of P(R x O-) in the real projective space

p(R x t ie(C).) by the canonical fol iat ion P(R x 0")(" * 0) corresponds to the

decomposition of the unit sphere Sg '-+ Ra by the llopf fibration'

In terms of a partial Fourier cotransform, the symbol of 1{' takes the explicit form

o( I i ' ) (x ,y )  =  e -2" i " 'o  fz  n* I { ' ( c ,  y )  ( ( " ,  y )  e  R 0  R)

The ercitation profile, generated by the density / of proton-weighted spin isochromats'

takes the form of the symplectic spinor extension

U'(T)

correspondin g to tJ' (L6). If the tempered distribution

K ' :K i

represents the kernel associated to u'(J), the symbol o(Ki) o1 .I{i results from the

standard spin echo puise sequence.

r The continuous affine wavelet transform performing the spectrai localizatiorr of the

proton-weighted spin isochromat density /  in the leaf P(R xO")(v l0) by l inear

gradient stratification lifts to the central spectral transform for the sub-Laplacian

Lc .

r The central spectral transform lor Lc diagonalizes the weak action of 16 on the

symplectically reformatted two-dimensional Fourier transform. It gives rise to the

distributional reproducing kernei 1 I 1 for the tracial read-out sweep of quantum

holograms in the laboratory frame of reference'

r The Karhunen*Loëve expansion associated to the central spectral transform pro'

vides the information distribution within the quantum hologram'

o The reconstructive amplification process is performed by coherent quantum stochas-

tic resonance as a form of multichannel parallelism'

e The multichannel reconstruction of the phase histories in local frequency encoding

slbbancls from the symbol o(Ifi) is performed by the synrplectic Fourier transform

* ( 1 "  O  1 " ) .

367



The spin echo method and the Lauterbur spectral localization method are closely related
refocusing techniques. why Lie group theory in the field of spin isochromat computing?
Because the the lleisenberg group G allows to describe the synirgybetween radiofrequency
pulse trains and linear gradient stratification. This ,yrr".iy alually is the core of thetracial encoding procedure. performed by MRI protocols. The Heisenberg group approach
leads to the etplicit tracjal reconstruction formula

I@,a) = !re"i,,!o(lii)* (t, g t;1f,r,f,v)

The two-dimensional Fourier transform method, contributed by the physical chemist
Ernst, forms the completion of the Lauterbur spectral localization method. It is remark-
able, that the elliptic non-Buclidean geometry of the pro.iective space p(R x Lie(G)-)
provides the unifying fundament for both of the achievements.

The lleise'berg group approach leads to the non-locar entangling phenomenon of quan-
tum physics (schempp [41L [45]), and to major application alas"oi pulse train ...àu".y
metltods, the corner turn algorithm in the digital processing of high resolution SAR data(wehner [51]), the spin-warp procedure in clinical MRI À an lpplication of the FFT
algorithm, the gradient echo imaging method.s, and finally to the àriants of the ultra_
high-speed echo-planar imaging technique of functional tttRt ls.Lrnpp [45]). combined
with.multi-slice imaging via,interleaviag of data acquisition, the spin-warp version of
Fourier transform NIRI is used almost exclusively io current .orrtin" .iioi..t exarninations
(Crooks[12]'Reiser[37],Stark[a6]). Forupdatedsurveysofpractiealmagneticresonance
tomography, see the monographs by Bdtran [4], Brown[b], Cardoæ 1Z;, La H";";Èî

The speed with which clinical MRI spread throughout the world as a diagnostic imagingtool was phenomenal. In the early 1980s, it burst onto the scene with even more intensity
!1]] XCT imaging in the 1970s. The superiority in spectroscopic sensivity of MRI overXCT imaging was first approved by the non-invasive âetection of demyelinating plaquesin multiple sclerosis (MS) patients. For the MRI based diagnosis oi à"-yain.ting dis_orders such as MS, several ch.elates of gadolinium 

"o 
rr"*iËbl. f* ,,." as intravenousparamagnetic contrast agents (Knaap [æ], paty [J6]).

Similarly, MRI is more sensitive than XCT for detecting the epileptogenic zones and issuperior to XCT for predicting seizure outcome uft"r ,ur:g.ry. 
' r <

Whereas at the end of 1981 there were only three working MRI scanner systems a'ailablein the united states, presently there are more than +.ooî imagers f".ror.rring in a non_invasive manner more than 8.5 million examinations p". y"".." o,r, to its spectroscopic
sensitivity and specificity, MRI provides the techniques of .hoi." to assess MS plaques ofdemyelination in the periventricular white matter, cerebral cortex, cerebellum, brainstem,
and spinal cord, and to monitor the short-term as well as the long-term evolution of MS(Beltran [4], Knaap [29]). The contrast developed by lesions depËnds on the orientation
of myelinated white matter tracts relative to the linear magnetic field gradients. Withgradients perpendicular to the lrreclominant fiber direction,lhe lesions are poorl.y see'.
With gladients pa,rallel to the filter.s, the5, are reaclily seen. XC]T irnaging is not relia.l>lefor the diagnosis of IVIS.
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The speed of growth is a t,estimony of the clinical significance of this sophisticated tectr-

nique. Today the modality is Iirmly established as a core diagnostic tool in the fields of

neuroradiology (Ball  [1],  Barkovich [2],  [3],  Damasio [14], Jackson [28], Kretschmann [30],
patel [35], Truwit [49]) and musculoskeletal imaging (chan [8i,  Deutsch [18], Edelman[2i] ,

Stoller [48], Vahlensieck [50]), routinely used in all medicai centers in Western Europe and

the United States. The abi l i ty to display the morphological anatomy of l iv ing individ-

uals in rerrrarkable detai l  has been a tremendous boon to cl inical practice. I t  etabl ishes

that non-tr ivial mathematics can be applied to the benefi t  of humankind. Due l ,o the

i n c l u s i o n s  
R . - r c - H ,

the claim that four-dimensional spaces are q:uite etceptioncl, is no idle talk, at leasl, from

the point of view of cl inical MRI which offers a fascinating intel lectual study in i ts own

right.

Surnmarizing the signif icant breakthrough which MRI represerrts ir t  conjurrct ion with the

recent hardware and software developments, the future of cl inic.al MRI as a non invasive

{iagnostic imaging modali ty seems to be bright. With i ts marty advantages, including

ulrestr icted mult iplanar imaging capabii i ty, high spatial resolut iort imaging, exquisite

corrtrast imaging of soft tissues, in addition to great versatility offering the ability to im-

age bloo<i flow, motion during the cardiac cycle, temperature effects, and chemical shifts'

niorphological MRI studies are a well-recognized tool in the evaluation of anatomic, patho'

logic, and functional processes. Specifically, clinical MRI allows for greater depiction of

tumor exterrsion and staging (Edelman 121], Reiser [37], Stark [a6]).

I tadiologists are ski l led at interpreting original cross-sectional scans. Nevertheless, rrtore

advarrced techliques such as magnetic resonânce angiography need computer-based rned-

ical three-dimensional imaging. Despite formidabie challenges, technical advances ltave

already made i t  possible to develop mult iple surface and volume algori thms to generate

clinically useful three-dimensional renderings from MRI data sets.

Although MRI has not reached the end of i ts development, this diagnostic iniaging nrodal-

ity has already undoubtedly saved many lives, and patients the world over errjoy a higher

quality of life, thanks to MltI. The previousiy impenetrable black holes of lung air spaces

are f inal ly yielding their secrets to MIIL Uti l iz ing inhaled 3He or 12eXe gases that are

hyperpolarized by laser light, MRI scans can be acquired in a breath-hold that promise

to reveai new insights into pulrnonary anatomy and function. Because the exhaled gases

can be recycled, MRI will play a role also in the earlier detection of chest diseases and

bronchiectasis, and surgical planning of iung transplantat ion.

The dramatic advances made in clinical MRI within the last few years, the resulting en-

hancement of the abi l i ty to evaluate morphological and pathologic changes (Crooks [12],

Stark [46]), and the non-invasive window on human brain activation offered by neurofunc-

t ional MRI studies to the preoperative assessment (Cohen [10], Kretscirmann [30], Sarrders

[Bg]), demonstrate the unity o[ rnathematics, science, and engineering in an impressivc:

-"nrr"r. T|is unity of sciences proves that the frontiers between dilÏerent disciplines are

only co1r,e1tional. The fi'ontiers change accorditrg to the state of hulratt knora'ledge. the

rrrrrlerstapcling of nature, and the computer pelforma.nce in silicio availallle. 
'Ilrev catl

l;e penetr.a.teci |1, na.thema.tical rnetlr^dology rvhich a.ilorvs to sttpport the semalrl,ic filtel
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needed as an essential component of all observations and interpretations in biology and
medicine.
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