














Making a comparison, category theory as the theory of concrete universals has
quite a different flavor from set theory, the theory of abstract universals. Given
the collection of all the elements with a property, set theory can postulate a more
abstract entity, the set of those elements to be universal, while category theory must
find its universals among the entities with the property.

3 Optimisation Problems Categories

In this section a categorical approach to optimisation problems is presented in such
way that the notion of reduction from a problem to another one appears, naturally,
in the conceptual sense of morphism between two objects. Reductibility provides
the key-concept to this approach. The recognition that the only structure that an
object has is by virtue of its interaction with other object leads to focus on struc-
tural aspects of optimisation problems. A preliminary and short version of this idea
appeared in (Leal et. al., 2000 [12]).

The introduction of an appropriate notion of reductibility between optimisa-
tion problems allows to formally state that an optimisation problem is as hard to
approximate as another one. In particular, the notion of approximation-preserving
reductictibility orders optimisation problems with respect to their difficult of being
approximated. Hard problems are the maximal elements in a class, with respect to
this order, and capture the essential properties of that class. In this sense, NP-hard
problems are universal to NPO class.

We assume that the basic concepts of computational complexity theory are fa-
miliar. We are following the notation of Garey and Johnson (1979 [6]), which is
universally accepted, as such as the known books by (Ausiello et. al., 1999 [1], Bovet
and Crescenzi, 1994 [3], Papadimitriou, 1994 [15]). In the following, we briefly review
the basic terminology and notation.

3.1 NP-Optimisation Problem

On the analogy of the theory of NP-completeness, it there has been more interest
in studying a class of optimisation problems whose feasible solutions are short and
easy-to-recognize. In an optimisation problem, one is given an instance to which
a finite set of feasible solutions is associated. A properly defined measure function
attributes an integer cost to any such solution, and the goal is to find a feasible
solution of optimum cost. Hundreds of natural problems from Computer Science,
Operations Research and Engineering (but also Discrete Mathematics, Theoretical
Physics, Molecular Biology,...) are formulated in this way.

Definition 5. An NP-optimisation problem p is a triple p = (I, S,Opt), such that
Opt : (I,S) — Z*, where: (i)The set of instances I is recognizable in polynomial
time; (ii)Given an instance z of I, all the feasible solutions of z belonging to the
set S, are short, that is, a polynomial p ezists such that, for any y € S;,y < p(z).
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Moreover,it is decidable in polynomial time whether, for any = and for any y such
that y < p(z), y € Sz. (111) The objective function Opt is computable in polynomial
time.

Definition 6. The NPO class is the set of all NP-optimisation problems, and the
PO stands to the class of NPO problems that admits a polynomial algorithm to find
their optimum solution.

Similarly to ”P=NP?” fundamental question in Computational Complexity, also it
is not known whether "PO=NPQO”. '

By means of the notion of reductibility between optimisation problems it is
possible to define hardness to NPO class.

3.2 Reductions

In general, within complexity theory, a reduction from a problem A to a problem
B specifies some procedure to solve A by means of an algorithm solving B. In the
context of approximation, the reduction also should guarantee that an approximate
solution of B can be used to obtain an approximate solution for A.

Definition 7. A reduction between the optimization problems p = (I, S, Opt) and
q = (I',5',0pt') is a pair of polynomial time computable functions (f,g), where
f:I—TIandg:(I',S") — (1,S) are such that the diagram in the figure 1 com-
mutes.

..............................

g

iopr| | __reducao i |OPT
: (f,g) ;

Fig. 1. Reduction between Optimisation Problems

The meaning of that diagram commutes is that, in order to obtain the optimum
solution for the problem p, it is possible firstly to reduce the problem p to the
problem q, and secondly to solve the problem q. The solution obtained will be the
same solution given by some procedure which solve the problem p directly.
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Reductions are defined in such way that they are composable and they satisfy
transitivity and reflezivity properties. Two problems are said polynomially equivalent
whenever they reduce to each other. It follows that a reduction defines an equivalence
relation, and thus it imposes a partial order on the resulting equivalence classes of
problems.

Definition 8. Given a reduction, an NPO problem p is said to be NP-hard respect
to that reduction, if for all NPO problems p' we have that p' reduces to p.

It is important to observe that hardness means different things to different peo-
ple. As a matter of convenience, the theory of NP-completeness was designed to be
applied on decision problems. To other kind of problems, such as optimisation prob-
lems or those problems not belonging to the NP class, should be used the hardness
term. On the other hand, hard and complete problems are defined for all kind of
problems. Let p be any class of problems and o a given reduction. A problem p is
said to be p-hard if for all problems g in p it has g &< p. A p-hard problem p is said
to be p-complete if in addition p is in gp.

An approximation-preserving reduction is defined as a reduction between op-
timisation problems adding some conditions that guarantee some property related
with approximation.

Definition 9. A approximation-preserving reduction between the NP optimization
problems p = (I,S,0pt) and q = (I',S',Opt’) is a triple of polynomial-time com-
putable functions (f, g,c), where f : 1 — I', g: (I',S') — (I, S) andc: Z+ — Z*
are such that the correspondent diagram commutes.

s | — @9
! ——— H
g
lOPT reducao i | OPT’
f, 80 :
Z+ <—C—— Z+

Fig. 2. Approximation-preserving Reduction

Here is introduced a function ¢, which role is that of preserving the quality of
approximation. Depending on the imposing relation between quality approximation
of problems, several different approximation-preserving reduction have been defined
in the last fifteen years, according Trevisan (1997 [20]).
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3.3 OPTS Category

The polynomial time soluble optimisation problem category OPTS has PO optimi-
sation problems as objects and reductions between optimisation problems as mor-
phisms.

Theorem 1. OPTS is a category.

Proof. Since reductions are defined as computable functions satisfying the reflexive
and transitive properties, it has that identity morphisms are guaranteed by means of
reflexivity, and composition with associativity is obtained by means of transitivity.

After we have given a first step in the categorical approach with the definition of
the polynomial time soluble optimisation problems category, it is natural to pursue
in this direction, aiming at extending to NPO optimisation problems considered
intractable. Next, considering the notion of approximation-preserving reduction as
morphisms between optimisation problems, it is possible to define an wider category.

3.4 OPT Category

The optimisation problems category OPT has optimisation problems as objects and
approximation-preserving reductions as morphisms.
Analogously to OPTS category, is easily verified that OPT is really a category.

Theorem 2. OPT is a category.

Proof. Approximation-preserving reductions are defined as computable functions
satisfying the reflexive and transitive properties. Thus it has that identity-morphisms
and composition with associativity are guaranteed by means of reflexivity and tran-
sitivity, respectively.

Theorem 3. NP-hard problems are concrete universals to OPT category.

Proof. Given a reduction , let U a NP-hard problem respect to oc. We have to
show that U is a concrete universal object for some participation relation x and a
equivalent relation ~, according to Definition 4. Let the participating relation be:
(ppU) iff (p x U), where F(p) = “p reduces to U”, and the equivalence relation ~
the polynomial equivalence relation defined in terms of the reduction o.

It has that, U satisfies the universality condition, by NP-hard problem definition,
that is, for any NPO-problem p, (p 1 U) iff (p o< U). Also, since the reduction induces
an equivalence relation, it has that if U’ is also a NP-hard problem, then U x U’
and U’ « U, that is, U is polynomially equivalent to U’. Therefore U is a concrete
universal object to OPT category, which concreteness condition corresponds to the
reflexivity property of reduction.
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4 OPTS Category x OPT Category

Having defined both the polynomial time soluble optimisation problems category
and the optimisation problems category, the next step is to identify the relationships
between them. We start from these basic questions:

1. How do OPTS and OPT categories interact with each other?

2. What does it mean to say that a problem A “approximates” an optimisation
problem B?

3. What is it understood by the “best approximation” for such an optimisation
problem?

The goal is now to provide mechanisms for the comparison between such cate-
gories. This will lead us to the categorical shape theory. A first version of this idea
is showed in (Leal et. al., 2001 [14]).

4.1 Categorical Shape Theory

Very often we wish to find a mathematical model of a structure in order to explain
its properties and predict its behavior in different circumstances. Related to the
approximability issue to optimisation problems, it is likely that the categorical shape
theory would be such a model. It does provide a comparison mechanism to establish
the meaning of an approximation system, identifying the universal properties in
the category theory sense, in order to describe how an object "best approximates”
another object. This section has been motivated from previous works by Rattray
(1994 [16], 1995 [17]). The basic idea of categorical shape theory due to Cordier
and Porter (1990 [4]) is that, in any approximating situation, the approximation are
what encode the only information that it can analyze.
In the context of categorical shape theory it has:

1. a category B of objects of interest;
2. a category A of archetypes or model-objects;
3. a “comparison” of objects with model-objects, ie. a functor K : A — B.

Roughly speaking the idea behind categorical shape theory is that recognizing
and understanding an object of interest B via a comparison K : A — B requires
the identification of the corresponding archetype A which best represents B.

Definition 10. Given category A of archetypes, category B of objects of interest,
and a comparison K : A — B, an approximation to an object B in B is the pair
(f, A), where A in A is an archetype and f : B — KA.

A morphism between approximations h : (f, A) — (g, A') isa morphism b : A — A’
of the underlying archetypes, such that K(h)of = g , ie. the triangle
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cominutes.

Approximations with their morphisms form a category B | K, the comma cat-
egory of K-objects under B. The cone-like form of the morphisms in B giving the
approximations for some object B, suggests that taking the limit object of the di-
agram would result in an archetype A* “as near as possible” to B. See figure 3
below.

B
f g h
KA KA’ KA”
Ki Kj

Fig. 3. Approximations to B

The notion of “most closely approximates” is given by a universal object.

Definition 11. Let K : A — B be a comparison functor. An archetype A of
A is said to be K-universal for an object of interest B of B if there ezists an
approzimation (f, A) to B such that, for each approzimation (g,A’) to B, with A’
in A, there exists a unique morphism h: A — A’ in A with g = K(h)°f.

Definition 12. Category A is said to be K -universal in B if every object of interest
of B has a K -universal archetype in A.

4.2 Connections with OPTS and OPT Categories

In the scenario of categorical shape theory, we may consider the OPT category
as the category of objects of interest B, the OPTS category as the category of
archetypes A, and K: OPTS— OPT would be a comparison mechanism related
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to an approximation method (for instance by using the relaxation). Through this
theory it is possible to identify the best approximation to an optimisation problem
B, if it exists. In fact, the existence of optimisation problems not allowing any kind
of approximation makes the proposition below consistent.

Proposition 1. OPTS category is K-universal in OPT if and only if PO=NPO.

4.3 Approximations Category

In order to characterize approximation degrees by means of categorical shape theory,
the basic idea is the construction of a system approximation to each optimisation
problem using limits (or colimits). A limit construction provides a means of forming
complex objects from patterns (diagrams) of simpler objects. By using colimits, a
hierarchical structure can be imposed upon the system of approximation.

Definition 13. Given a comparison functor K: OPTS— OPT and an optimiza-
tion problem B in OPT category, an approzimation problem to B in OPT tis the
pair (f,A), where A in OPTS is a polynomial time soluble optimization problem
and f : B— KA.

In this case, the comma category of K-objects under B give the approximations
for the problem B.

In this direction, other properties are being investigated at the present moment,
regarding some aspects of categorical shape theory which have not been dealt here.

5 Conclusion

The main objective of this work is to develop a formal theory to approximative al-
gorithms, considering them as a feasible alternative to intractable problems in such
way that integrates the Structural Complexity’s conceptions to the fundaments of
suitable semantic model. The recognition that the notion of reductibility between
problems substantiate in a specialization process of Category Theory, led to an in-
vestigation on sﬁructural aspects of approximation classes through of categorical
approach, focusing over the approximation preserving reductions between optimisa-
tion problems.

Category theory provides basic notation and a universal language for explaining,
investigating and discussing concepts and constructions from different fields, in a
uniform way. It allows this from a viewpoint different to that of set theory in which
an object is described in terms of its “internal” structure. In categorical terms the
only structure that an object has is by virtue of its interaction with other objects,
described in terms of “external” features. Through categorical approach we have
improved our understanding and development of many concepts within structural
complexity related to approximation for optimisation problems. Theory of universals
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has provided a mathematical foundation to explain basic universal elements from
complexity theory in an elegant way.

A comparison between OPTS and OPT categories has been motivated from pre-
vious work by C. Rattray (1994 [16], 1995 [17]), based on categorical shape theory.
The study that we have started in this paper is an attempt in this direction. Along
this line, a number of important questions remain to be studied, and we think that
in order to establish connections among optimisation problems and their approx-
imability properties, it may be fruitful to find relationships with other results drawn
from other approaches, at the same level of abstraction, such as the one developed in
(Rattray, 1998 [18]). The work is still on-going and involves many aspects of categor-
ical shape theory. The study of approximation hierarchy to optimisation problems
identifying problems with intermediate degrees is in order for further works.
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