


to describe structure and homogenity of the unknown atom cluster. In cases of
high density and, for this, a more global lattice section provided, the orbits may be
regarded as discrete approximations of continuous trajectories. We remark that in
cases of rotations, the orbits pointwise follow a moving and detectingrad,ar beam;
this model is well-known in the discrete mathematics of oriented matroids [7, 8]. In
the partial or local windows of our research, or just globally, we may for our resea"rch
think of general'ized radar beams working.

The concerted interactions of all these functions and the matrices, called invari-
ance and equivariance, leads to dimensional reduction [17, 18]. Finally, semidefinite
and nonlinear integer programming problems have approximatively to be resolved.
Before we mention some basic ideas on these optimization methods, let us state the
central conditions which. in fact, are fulfilled for a number of constellations of our
examples on functions and matrices:

Inaarionce mearrs

r@cQr) : rQ)  v8e Q,ceC,

u'here / is one of those appropriate criteria"
Equiuarionce means

F(s@)) :  QnF(r) V s eÇ, r  e N.

Urrder these assumptions and the fact that our set is compact and convex, Jensen's
inequali,ty [62] implies that (Pz) has an optimal solution. In the paper [1fl on
optimal experirnental design, an iterative algorithm for solving (P2) approximately
is given. \À:e adapt and apply it suitably for our discrete tomography problems. In
order to achieve a better convergence rate, the following quadratic approximation is
constructed:

. f  (^ )  = T(^ , )+ 18, .m -  n ,  ) <H, (m -  m , ) , r r r -  f f i ,  )  (m  eC) .

Here, g, is the gradient, IL is the Hessian of / at mvl the iteration point at the v-th
iteration, respectivell', and < ',' ) stands for scalar product. Sometimes, we only
have approximates Eu, H, for the gradient and Hessian in hand. The line search
method and the step length can be chosen most efficiently. In order to minimize our
quaclratic approximation to the objective function f , Hi,ggi,ns-Polalc meth,od [37] is
used [17] (for further optimization methods cf., e.g., 15, 51, 521).

Figure 4, being the result obtained by both Gaffke and Heiligers [1] and Sloane

[33], illustrates the outcome of our algorithm. Since [17] asks for optimal designs
with rational weights, GafIke and Heiligers finally'' apply the group orbitsg on their
optimal approximate (real) solution points, e.g., they apply rotations, perturbations
and sign changes, on their optimal approximate (real) solution points, and a round-
ing procedure on the weights [591. This procedure works a bit like a cake-cutting
algorithm. All of the indicated points constitute a (symmetrical) exact design with

1
I

+-
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Fig. 4: An optimally reconstructed, (small) atom cluster (desi,gn).

rational vi'eights. The dark points constitute an approxinrate design with real-valued
weights. Concerniug our application from VLSI chip design, we consider an atom to
be given at a grid point. if the corresponding weight exceeds some small threshold
e > 0 which is prescribed bi us. 501 Since usually the set to be reconstructed is
nozs1,'mnetric, i.e., not ideallv equivariant. we use the following treatment. \Âte can
still apply' our orbits g, e.9., make rotations, perturbations or sign changes, whereby,
we just include those lattiee points which are neighbouring but not necessarily ex-
pected to be in the atom cluster, h1- giving them zero rveights. Namely we can add
some small neighbouring parts of the lattice to get more symmetries so that we can
optinrize more easily. This means à, pre.processdng which maJ', in addition, also be
made at the beginning of every iteration step. At the end of the algorithm, we delete
these further auxiliary points. at least partially. Moreover, as explained above, we
perform a backuord assignment by means of all the equivariance conditions used,
including a successive iucrease of the dimensions. Firrally, we are are back in our
original problem dimension for all the wi,nrlows which, herewith, such to say, became
closed. This concludes our algorithm.

We mention that Haase [29] suggests wavelet methods for the investigation for
fractal-like structures of a high roughness, e.g., also in VLSI design. Such a roughness
is often given in situations of little local symmetries, which we took account of
in our previous reflections. One further important way how to take into account
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violations of equivariance, e.g., symrnetry breabing, can be learned from the theory

of discontinuous dynamical systems [57, 5Sl. In fact, let us think that our orbits are

close in approximation to solutions of a system of differential equations where, in

addition, jumps are allowed as soon as the trajectories transversally hit a manifold

[38], i.e., without any tangential effect. This means impulsive guidance of the local

or global flow to a different place where, then, the flow goes on. With these jumps

or impulses? we can take account of discontinuous parts in the structure of the

atom cluster or tissue, which may result from clamages in the production processes

or, in medical applications, from violations, surgeries or mtrtations. For related

consideratiorls we refer to Il, 241. On the stage of the objection functiorr, this
occurrence of jumps may in future necessitate a further development of discont'inuous
optimi.zati.on [10, 39, 721.

Our combination of conbinuous optimization methods with exploiting geornetrical-
algebraical symmctries or, âs we just discussed, broken symmetries, is a new contri-
bution to the inverse problems of DT.

4 Applications

Although ttre birth of Discrete Tomography is not long a time ago, it has been rrsed

in many applications. Ivlostly, DT is applied for electron microscopy-techniques, for
qualit;' c<lntrol of industrial products in industrial imaging, for reconstruction of
the shape of heart chambers from orthogonal biplane cardiac angiograms in medical
imaging and for quality control in VLSI chip design. These applications pronrise to
lead to significant improvements in their fielcls.

The study of DT with medical applicati.ons is emerging às àn important nerv
research area. To recover cross-section images from a nuntber of projectit-rtrs. the
object is exposed to X-ray beams from a number of directions. The transmitted
rays convey information about the density distribution inside of the bodl-. The
problem consists in reconstructing the best appr<.rximatitln of the real cross-set:tion.
In order to rnodel the 3 dimensional shape of the left or right heart chambers front
the density distributions oforthogonal biplane ventriculograrns, Onnasch and Prause

[54[ introduce a reconstruction method. In [5,11, techniques of image acquisition and
restoration are also presented. We remark that our interest in a small number of
X-ray measurements is not only of economical interest, but also for the sake of
health of a medical patient. Finally, in molecrrlar biology, atom structures change
their geometry in time. This raises a prediction problem [43] and a necessit-v to
take the dynamical aspect into consideration during the course of measurements
and statistical learning.

In i,nd,ustri.al 'imagi.ng, to obtain shape and dimensional information of industrial
parts, CT ha.s been used as an important and powerful tool [12], e,g., in reconstruct-
ing radioactive materials. Pointing out that most of the objects are made by one
material only, one can use DT by representing the related material with 1 and air
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with 0. In [9], the authors explain how DT offers valuable support in industrial
imaging and manufacturing. This may be applied to a wide range of materials [65].

5 Conclusion

Discrete Tomography is a promising field of mathematics which is developing rapidly.
Having various applications, its use requires appropriate modelliug of the problem
and efficient implementation of the algorithms. Hence, further research in this field
suggests significant improvements. In this paper, we hal'e investigated DT fronr the
new viewpoint of a combination of optimization theory, of analysis and utilization
of equivariance structures, and of statistical learning.

To mention an open problem, please consider a grid with a known number of
objects of the same size to be put on each row or column. The aim is to cover the
whole area with the objects. The problem is solvable in poll'nomial tirne if there
is only one object, wherea^s the computational complexitl' of the tu'o object case is
a open protrlem. For three or more objects the problem is NP-complete. It is also
known that it is NP-hard for six or more objects.

Such NP-hard problem complexities ask for approximative algorithms. The uti-
lization of optimization theory in a frame.work of permanent learning is promising
for this purpose, and recom:nended in this paper. In the future, rve want to continue
to refine, extend and apply the results and methods which we introduced.
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